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problems defined by Lloyd and Peake (AIAA paper 2008—2840). A gust strength parameter
is introduced and the correct three-dimensional (3-D) response is obtained. The classic
similarity rules are extended; the approach can be used to extend any 2-D methods to
account for oblique gusts and 3-D mean flows. It is validated against analytical approxi-
mations for single-airfoil and cascade responses. The method is used to investigate the

Keywords: R . .

Ae};oacoustics effect of gust angle a; on the unsteady lift and the sound field. It is found that as «g in-
Gust - cascade interaction creases, the 2-D equivalent response varies slightly. However, the 3-D lift is amplified by
Turbofan jet engine noise factor 1/cosag, and the spanwise phase variation increases. Cascade effects are also

studied. The inter-blade phase angle (IBPA) is important even for very low solidity. As the
solidity increases, the chordwise distribution of lift is no longer leading-edge dominant.
Cascade effects are small only when the cascade blade count is lower than a limit. A
statistics analysis reveals that Mach number is the most important parameter for deter-
mining this blade count limit, and frequency is the least important.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The philosophy in turbofan engine designs today is to maximize the bypass ratio (BPR). It benefits both engine efficiency
and noise reduction. As BPR increases, jet noise is significantly reduced and fan noise becomes more important. Fan noise
tends to overtake jet noise and dominate at all conditions in the next generation of engines.

Fan noise includes tones and broadband noise (BBN). With the development of mitigation technologies in the past few
decades, tone noise can now be effectively controlled; BBN is receiving more attention in new engine developments and
academic research. There are two types of fan broadband noises: the self-noise and the interaction noise [1]. Self-noise is
generated by turbulence in airfoil surface boundary layers scattered at blade trailing edges (TE). Interaction noise is generated
by turbulent flows interacting with downstream blade rows. The most important broadband noise source is the interaction
between fan wakes and outlet guide vanes (OGV). Depending on the operation conditions, fan self-noise and noise generated
by casing boundary layer - fan tip interaction may also be important.
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Nomenclature

ag sound speed in the mean flow, dimensional, velocity scale
airfoil chord length, dimensional, length scale

C

ﬁ;n(khkz,lg) chordwise integrated unsteady lift
+

h

AS =\ |E,,+m|2 (summation over all the cut-on modes)

K vortical wavenumber magnitude

kq, ky, k3 vortical wavenumbers in the &, n, and z directions respectively

kq w/ap, acoustic wavenumber

L unsteady lift due to oblique gust - cascade interaction

l unsteady lift due to 2-D gust - cascade interaction calculated by LINSUB
M Upy/ag, Mach number

M Ugz /ag, Mach number in the ¢ direction

m spinning mode number

N, number of the blades

n radial mode index

p acoustic pressure

R radius at which the annular duct is unwrapped

R; rth acoustic pressure at the reference blade leading edge calculated by LINSUB
S spacing between blades in the linear cascade

u = (ug,uy,uz) unsteady velocity vector & its components
Uy, ug  mean flow velocity magnitude and vector

w \/3TKE , time-averaged upwash velocity

X,y axial and tangential coordinates in the unwrapped duct coordinate system
z spanwise coordinate along the leading edge of the reference blade
Qs gust angle to the &-axis

o wavenumber in the x (axial) direction

I3 wavenumber in the y direction

Bm =4/1—- M2 compressibility parameter

T; parameters defined in Eqs.(20) & (28)

n chord-normal coordinate on the reference blade

0 stagger angle of the linear cascade

A turbulence integral length scale

A w/ug, reduced frequency

¢ chord-wise coordinate on the reference blade, normal to the blade leading edge
Po density of the mean flow, dimensional, density scale

o (S, inter-blade phase angle (IBPA)

1% acoustic velocity potential

¥ mean flow angle to the £-axis

® circular frequency

We = 0 — k3lp, = ks, effective frequency

Subscripts

0 mean flow

r acoustic wave index

S source (vortical component)

a acoustic component

Superscript

* complex conjugate

Caret “ Fourier components

Over bar ‘-’ variables in two dimensions

+ downstream (+) and upstream (-)
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Fig. 1. Gust - cascade interaction. (Span-wise coordinate z is normal to the paper.)

Vorticity waves in the upstream turbulent flow convect through the cascade (Fig. 1), inducing the normal component of
the vortical velocity on the blade surfaces. To satisfy the impermeable boundary condition at the blade surfaces, the normal
component of the acoustic velocity and the sound wave are generated. The normal vortical velocity is the ultimate driver of
the interaction noise. The cascade has two effects. One is to scatter an incident vorticity wave into other vorticity waves [2].
The other effect is the acoustic interaction between the blades and the occurrence of cascade resonances under some con-
ditions. In a ducted engine, the duct has a significant effect on sound propagation. It cuts off acoustic waves with high
wavenumbers, only letting a limited number of modes to propagate (cut-on).

Modeling noise generation and propagation involves two steps: the cascade harmonic analysis and the broadband
modeling. In the first step, a method is developed to calculate the response from a cascade subject to a harmonic vorticity
wave. For an unloaded flat-plate cascade in a uniform flow shown in Fig. 1, a harmonic wave with frozen vorticity has this
form:

Fei(k1g+k27}+k327a)t)7 w =k Ug; + k3 tig,. 1)

¢ is the coordinate on the reference blade, normal to the blade leading edge. z is the spanwise coordinate along the leading
edge. 7 is the coordinate normal to both ¢ and z. kq, k3, and k, are wavenumbers in these three directions. I' represents the
strength of the vorticity wave. The source of the broadband noise is the random turbulence in the flow. Since turbulence is
composed of correlated/uncorrelated harmonic waves in a wide spectral range, the second step, broadband modeling, is
needed to compute the sound power.

Cascade harmonic analyses are fundamental for broadband noise predictions. Hundreds of gust - cascade responses are
calculated to predict the sound power at each frequency. Quick turnaround computation is critical for predicting a spectrum.
Analytical or semi-analytical methods are preferred. Over the years, several analytical solutions have been proposed. High-
and low-frequency approximations for 3-D gust - single airfoil interactions were developed by Adamczyk using the Wiener-
Hopf technique [3,4], and by Amiet using the Schwarzschild's theorem [5]. The blade tip end effect was accounted for in the
Amiet's theory by Roger et al. using a composite two-dimensional Schwarzschild's technique [6]. The 3-D gust - linear cascade
response using the Wiener-Hopf technique was proposed by Glegg [7] and Posson et.al. [8]. A high frequency model for 3-D
gust - annular cascade interaction was developed by Envia [9]. Some semi-analytical models have also been developed, such
as the 2-D bound vorticity model LINSUB by Smith [2], the lift model for 3-D gust - annular cascade by Namba [10], and the lift
model for 2-D gust - linear cascade by Ventres et.al. [11], etc. Based on these harmonic analyses, several broadband models
and codes have been developed. Based on Glegg's analytical harmonic analysis [7], Hanson developed the BBCascade code
[12]. Morin extended it to 3-D using the strip theory and developed the BFaNS code [1]. Nallasamy and Envia [13] developed



98 H. Ju, R. Mani / Journal of Sound and Vibration 436 (2018) 95—111

the RSI code based on Ventres et.al.’s semi-analytical harmonic analysis [11]. The RSI code was explored and validated by
Grace [25]. Posson and Moreau proposed a model based on their analytical cascade response function [26]. Cheong et al.
developed a broadband model based on LINSUB [14].

Cascade harmonic analyses for 3-D gust - annular cascade, such as Namba's model [10], account for realistic geometries
and mean flows. However, broadband models based on these analyses may be very complex, with little flexibility to adapt to
even slightly different geometries or flows. They are not necessarily the best choices in applications [11]. On the other hand,
methods based on 2-D theories are easier to develop and are more flexible in applications. For example, LINSUB was modified
for perforated cascades by Reba and Morin [15].

In 2-D methods, assumptions must be made for responses with k3 #0. If turbulence lengthscales are small and duct modal
shapes change little within the integration range, in the region away from the duct walls the 2-D gust (k3 = 0) makes most
contribution to the noise. Responses from oblique gusts cancel each other and can be simply disregarded [13]. This leads to
under-predictions of sound power level (PWL) when compared with methods that include oblique gust effects [16]. On the
other hand, equal responses from all k3 are assumed in some methods; and sound power is usually over-predicted [14].
Obviously, it is necessary to study oblique gust effects and account for them in the response.

Two major effects of an oblique gust are illustrated in Fig. 2. The spanwise phase gradient (iksei*s?) is first introduced. This
increases the source cancellation and more sound waves are cut off, both reducing the sound power in the far field. On the
other hand, the phase gradient and the source cancellation in the chordwise direction are reduced. The reduced frequency
decreases as the gust tilts and the cascade response becomes stronger according to the Sear's function. For a long blade
(aspect ratio > 1), the benefit from the spanwise source cancellation is larger than the chordwise noise penalty; therefore
the tone noise in the far field is reduced. This is the major mechanism of the tone noise reduction in swept cascade con-
figurations. Sweep of blades also introduces secondary effects, such as introducing the spanwise mean flow, reducing effective
inflow velocity, and reducing the inter-blade phase angle, etc [7].

Theories fully accounting for 3-D gusts include: Filotas [ 18] and Mugridge [19] for incompressible flows, Adamcyzk [3] and
Amiet [5] for isolated airfoils in compressible flows, Namba [10] for annular cascades, Martinez and Widnall [20] for rect-
angular wings with finite span, Goldstein [17] and Atassi and Hamad [21] for rectilinear cascade with endwalls, Glegg [7] and
Posson et al. [8] for linear cascades, etc. Recently there are attempts to extend 2-D methods to account for oblique gusts. For
example, the integral equation in LINSUB was modified by Reba and Morin to calculate responses from 3-D gusts interacting
with a perforated cascade [15]. Similarity rules and 2-D equivalence theories were also developed, in which only the inputs to
a 2-D method need to be modified. Graham [28] and Adamczyk [4] reveal that the response from an isolated airfoil only
depends on two parameters. Similar analyses apply for cascades, except that parameters related to the cascade geometry are
also involved. Atasii and Hamad [21] developed the similarity rules for cascades in 2-D flows. Lloyd and Peake [22] further
considered 3-D mean flows. They found that all the five inputs to LINSUB need to be modified and the equivalent 2-D lift was
directly used in the 3-D response. However, the similarity rules in Eq. (80) and the acoustic pressure in Eq. (85) in Ref. [22] are
not consistent with Egs. (7), (26) and (27) in Ref. [21] when the span-wise mean velocity is zero.

The 2-D equivalence method in Ref. [22] is revisited in this paper. Similar boundary value problems are defined; but a
different solving procedure is proposed. It is found that, in addition to the five inputs to LINSUB, the upwash velocity also
needs to be modified. The 3-D lift is not equal to the equivalent 2-D lift. The method is validated against analytical solutions by
Adamcyzk for isolated airfoils [4] and by Posson et al. for linear cascades [8]. Since there is no need to modify original 2-D
methods, this approach is very useful for extending any existing 2-D models to account for 3-D gusts and 3-D mean flows.

The rest of the paper is arranged as follows. The boundary value problem (BVP) for the oblique gust - cascade interaction
and the BVP for the 2-D gust - cascade interaction are defined respectively in sections 2 and 3. The equivalent 2-D problem is
discussed in Section 4. The 3-D response is derived in Section 5. The major results are the similarity rules in Eq. (32), the lift
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Fig. 2. Effects of an oblique gust interacting with a linear cascade. (a) 2-D gust (k3 = 0); (b) 3-D (oblique) gust (k3+0): @ higher spanwise phase gradient — more
source cancellation & cutoff modes for tones, @ less chordwise phase gradient — lower reduced frequency — higher response.
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distribution on blades in Eq. (34), and the acoustic solution in Eq. (37). The method is validated against analytical solutions in
Section 6. Effects of oblique gusts and cascades are discussed in Section 7. Concluding remarks are made in Section 8.

2. 3-D vorticity wave - cascade interaction
2.1. The linear Euler equations

Two coordinate systems shown in Fig. 1 are used in the analysis. Cascade coordinates (£, 7, z) are convenient for describing
the turbulent flow (the acoustic source) since the upwash velocity is in the 7 direction. Duct coordinates (x, y, z) are suitable
for describing sound propagation in the duct. In the cascade coordinate system, the linearized Euler equations for an adiabatic
process are:

Dp oug au77 ou,

% oy Tz =0 @
Du; E)p

toe=0 3)
Dun ap
Dr T on =0, (4)
Du, op
W+ =0, (5)
Dp _Dp
Dt~ Dt’ ©

where

Dt ot = g T "0%z

Variables with subscript ‘0’ are mean flow quantities. Others such as p are perturbations. All variables are non-
dimensional. The scales for these variables are: length: chord C, velocity: sound speed ap, time: C/ag, density: pg, and
pressure: poa3.

It has been shown that the blade geometry (thickness and camber) and the flow angle of attack mainly affect the steady
force [17,22]. Their impact on unsteady loading is in higher orders. A recent numerical study confirms that the blade thickness
has effects only at high frequencies [27]. An unloaded flat-plate cascade is considered in this paper. The mean flow is uniform
and parallel to the cascade plates.

This form of Fourier components with time factor e~i! is adopted in the paper:

PEN.Z,t) = Re{ Bl kg ks w)eltithanshoz—ot ) erc (7)

The analysis applies for positive or negative w. If time factor ei®t were used, w in all the formulas should be replaced by — w.
Substituting Eq. (7) in Euler Egs. (2)—(6), one finds three families of linear waves: vorticity waves, acoustic waves, and entropy
waves [2]. Wavenumbers kq, k, and ks satisfy three dispersion relations. Vorticity waves and entropy waves have frozen
patterns. They are determined by upstream boundary conditions. If there are no entropy waves in the upstream flow, the
solution to Eq. (6) is simply:

p=D.
Similar equations can also be established in the duct coordinate system for

P(x.y.2,t) = Re{p(a, B, ks, w)ellx iy thoz=ot L erc.

aand § are wavenumbers in the x and y directions respectively. The relations between the two coordinate systems are:

E=xcosf+ysinf, n=—xsinf +ycos¥,
a=kycosf —kysind, =k sinf+kycosb, (8)
(XX-‘rﬁy:k]g-‘rsz].
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0 is the stagger angle. The last equation indicates that the phase of a plane wave remains unchanged in the two coordinate
systems.

2.2. Vorticity waves as the source of gust - cascade interaction

We consider upstream vorticity waves as the source of the gust - cascade interaction. A vorticity wave carries no fluc-
tuating pressure (p, = 0); associated with it is only fluctuating velocity ;. Subscript ‘s’ denotes the source. The following
relations must hold to satisfy Euler Eqs. (2)—(6):

we=w — k3llg, = kg1 lige, 9)

ksl asg + ksZﬁSn + k3ﬁsz =0. (10)

Only one Fourier component is to be considered in the z direction. Since el¥sZ is a common factor for all the waves, k3 is
used instead of k3. To define a unique vorticity wave, five of the seven variables, such as sy, iU, ki, k3, and o, need to be
prescribed. Amplitudes s, and i, are usually determined from the turbulence kinetic energy (TKE), turbulence integral
length scale 4, and a turbulence spectrum model such as the Liepmann spectrum, the Karman spectrum, or the Gaussian
spectrum. For the other three parameters, it is convenient to prescribef( = ks; sin § + ks, cos f),k3, and w for engine noise
studies.

The upwash velocity at the cascade blades induced by the vorticity wave is:

asnei(kﬂE+I<Szn+kgz—o)t) _ asnei[o)eE/uw(ﬁs—o)e sin 0 /ug; )jS+ksz—wt] (11)
for jSsinf <& <jSsinf+ 1, n = jScos § = 2mjR cos §/N,, j=0,1,..., Ny-1. N, S and R are respectively the blade count, the
spacing between two blades, and the radius at which the annular cascade is unwrapped. w, is the effective frequency defined
in Eq. (9). j =0 represents the reference blade; j=1 is the blade above the reference blade, etc.

2.3. The boundary value problem defined in acoustic velocity potential

Define the acoustic velocity potential ¢:

ug = Vo, (12)
_ Do
P=—p (13)

Assume this form of acoustic waves:
o(5,1,2,) = Re{p (¢, 1, ks, w)el oz} |

p(E,n,z,t) = Re{p (¢, 1, k3, w)elloz-wV} |

Substituting them in Eq. (2)—(5) and (12)—(13) yields

e + igr 5 LT 2)s—0 (14)
e Ofag @ 652 61]2 319 =Y,

p= (iwe - u05%>5. (15)

Apply the Prandtl-Glauert transformation:

g = ‘57 77, = ﬁMTIs (ﬁ(gv 77” k37(1)) = \6(57 m, k37 w)eiKMEE-, (16)

K= we/ﬂf,, = kslmg/ﬂ,zw, M; =gz, By = /1 Mg

Then acoustic Eq. (14) can be written in terms of ¢ as:
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2 o k2>
—+—+K> -2 )5=0. (17)
2 2 2
(65 o’ B

Formally it is the acoustic wave equation in a stationary medium. The boundary condition at the blades, Eq. (11), is recast
as:

Ugy = —Usy = _asnei[weg”/ugng(ﬂs—we sin 0 /ug; )jS+ksz—ot| ie.,

N

3¢ Usn ik uge-+(B—o sin 0)uge )i

= , 18
o Bum ' (18)
forjSsinf <& <jSsinf+ 1,7 =jByScosf, j=0,1,..., Ny-1.
The Kutta condition requires the continuous pressure at the blade trailing edges and in the wakes:
Ap = 0.
Applying (15) on both sides of the wake, the Kutta condition is satisfied if
: 0N\ T~/p ZiKM;E
1e _L’OE_ A[(p(gvn 7"37(’))6 = 07
'85
. . Mg 0 -
for£ >jSsinf+ 1,7 =jfyScosf,j=0,1,..., N1
Egs. 17—19 form a complete boundary value problem for ¢. Its solution is determined by six parameters:
Tl = \/K2 - (1(3/61\/1)27 Fz = K/Mg, F3 = <5S - wesinﬁ/u(,g)S
I'y=Ssind, I's = fyScos 0, T'g = sy /B (20)

For the gust - isolated airfoil response, the solution only depends on three parameters: cut-off parameter/';, frequency
parameterl’;, and gust strength parameter I'g. The other three parameters, I'3, I'4 and I's, are related to the cascade geometry.
It is noted that gust strength parameter I's was not considered by Lloyd & Peake [22].

Once ¢, or iI',¢ — 8¢ /8¢, is known, the acoustic pressure is determined from Eq. (15), or:

P = ugze KME (T, 5 — 0g/0F). (21)

3. 2-D vorticity wave - cascade interaction

Based on Eq. (17), it is possible to define an equivalent frequency to account for the k3 effect. However, k3 also appears in
the source [Eq. (18)] and in the Kutta condition [Eq. (19)]. All the variables, not only the frequency, need to be accounted for in
the 2-D equivalence problem.

Both the gust and the mean flow are assumed to be two dimensional. Variables in two dimensions are denoted by overbar
‘-’. The 2-D cascade coordinates are related to the duct coordinates by
£ = Xcosf + ysind, j = —xsinf + ycosf.

Define acoustic velocity potential ¢:

Assume the Fourier components
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90,0 = Re{p(E, n.@)e ™}, P, 7.0) = Re{p(E, n.@)e ™. (23)

Applying the Prandtl-Glauert Transformation:

E=E ' = Bum, 9.0, 0) = (€, 7, 0)e kM (24)

R:D/ﬁfm BM:\/TMWz,M:ﬁosv

the acoustic equation in terms of ¢ is:

02 02 2\
@"Fan—,z'i‘ 1 »=0. (25)

I'; is to be defined later in Eq. (28). It will be shown that the variables such as &, 7/, #, and I'y in the 3-D BVP are the same as in
the equivalent 2-D BVP. Therefore over bar ‘-’ is omitted on these variables.
The boundary condition at the blade surfaces is:

0P Crp
— _J.ell2é+13)) 2
on 6€ , (26)

forjliy <&<jl4+ 1,7 =1TI5sj,j=0]1,.., N1
The Kutta condition at the blade trailing edges and in the wakes is:

.1 9N, o
(17, )= 7
for¢>jl4+ 1,9 =TIsj,j=01,..., Ny-1.
Eq. (25)—(27) form a BVP for two dimensional gusts interacting with the linear cascade. ¢ is uniquely determined by these
six parameters:
F] = R, F2 = K/ME7 F3 = <BS — ESin@/ﬂog)g, F4 = §sin9, F5 = BMECOSB,

L (28)
FS :ﬁsn/ﬁM~

Acoustic pressure is computed by [ref. Eq. (21)]:

p= ﬁoge‘ims’g(ifﬂ — 09 /05). :

4. The equivalent 2-D problem

BVPs for acoustic potential (&, 7', w) in 3-D [Eq. (17)—(19)] and in 2-D [Eq. (25)—(27)] have exactly the same form. If the six
parameters in Eq. (20) match those in Eq. (28), the two problems have the same solutions in the transformed coordinate
system (&, 7') shown in Fig. 3(a).

The cut-on condition for acoustic waves in the 3-D case is:

[5(1 - M?) +Mywe]2
1-M?

+k§(1—1\/1§)<w§.

For cut-on modes in a subsonic flow,

i < o /8- (30)

We can define an equivalent 2-D problem by matching the parameters in Eqs. (20) and (28):
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Fig. 3. (a) The 2-D BVP and the 3-D BVP have the same geometry and solutions in the transformed coordinate system (£,7). (b) In the physical coordinate systems
the two problems have different geometries and mean flows.

I'1 =K =+\K?* = (ks/Bu)?, (+ if we >0, —if we <0),

T, :R/ME :K/ME,
I3 =6,S— 6§sin9/ﬂ05 =B,S— weSsinﬂ/uog,
I'y =Ssinf = Ssin 0, I's = By;Scosf = ByS cos b, I'g = ﬁsn/BM = Usy /By

From these equations we can determine the six 2-D variables. It is noted that the geometry, the mean flow and the gust are
all changed in the physical coordinate systems as shown in Fig. 3(b).

5. The 3-D gust - cascade response
5.1. Solving the 2-D equivalence problem
The three steps to calculate the oblique gust - cascade response are: (1) solve the 2-D Euler equations for acoustic pressure

P; (2) compute il'5¢ — 85/9¢ from Eq. (29); and (3) calculate the 3-D response from Eq. (21).
Here LINSUB [2] is employed to solve the 2-D equations. The five inputs to LINSUB can be obtained from Eq. (31):

Mach number: M = ty; = I'y /T = ugz\/1 - (Buks/we)?,
Stagger angle: f = tan™! {(tan 0)By / BM} ,

_ —\2
Inverse solidity: S = S\/sin2 6 + cos? H(ﬁM/ﬁM) , (32)
- _ _ 2
Reduced frequency: Az@/ﬁog = FzﬁzM = (ﬁ,v,/ﬁ,v,) Ae, de = we/uog =A- k3u02/u05,
— 2 __
Inter — blade phase angle: @ = ¢ + Ssinf {<BM/BM> - 1} le, 0 =0,S, 7= (,S.

The physical explanation of these equivalent 2-D parameters is as follows. According to the transformations in Eqs. (16)
and (24), lengths in the ¢ direction, such as chord C, remain unchanged. Lengths in the perpendicular direction (7’) are

different. For example, the height between blades in the 2-D equivalence problem is H = HB);/B), as shown in Fig. 3(b).
Therefore the 2-D equivalent stagger angle satisfies tanf = @, tan /8. It also explains the inverse solidity since S = H/cosf,

S =H/cos 6,5/S = By cos 0/(By cosf) = sin f/sinf. It is noted that responses for k3 and —k3 are equal if ug, = 0. This is not
true if ug, #0.

For isolated-airfoils, M and 1 are the only 2-D equivalent parameters needed. They are consistent with Adamczyk's cutoff
parameter v and frequency parameter § defined in Eqs. (3) and (7) in Ref. [4]. If there is no spanwise mean flow (uy, = 0), the

)2

two parameters reduce to M = M; \/1 - (I/M? —1)(k3/kqy)” and 2 = kq(1+ k%/k%), consistent with Graham's M, and k.

defined in Eq. (13) in Ref. [28]. For cascade responses, the five equivalent parameters reduce to those defined by Atassi and
Hamad in Eq. (26) in Ref. [21] for ug, = 0. Compared with the similarity rules defined in Ref. [22], the Mach number and the
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reduced frequency we obtained are different from Eqs. (80) and (81) in Ref. [22]. The other three parameters are the same as
in Eq. (82)—(84) in Ref. [22].

5.2. The lift

From Eq. (29), the lift on the reference blade (j =0) in the 2-D equivalence problem is:

¢

(&) = AP M = 0,0)=p(£,7 = 07.) —P(£.71= 0%,0) = Upee MMFA(iT'55 - 0/06).

Applying Eqgs. (21) and (29), we obtain the lift on the reference blade for oblique gusts:

L(E) = Ap(£,n = 0,ks, 0) = ugze KMEA (T3 — 03 /06)

= (uoz/ ﬁog)i(E)ei@’Ei”/ ot

(33)

With the inputs from Eq. (32), LINSUB computes [*(¢), the lift normalized by ﬁoﬁgg for gust strength E = Ug; and time
factor el®, (Superscript ' denotes the complex conjugate.) Then the lift in the 2-D equivalence problem is,

L(§) = PotlgelLsyl(£).
The lift due to the oblique gust - cascade interaction is

Z(f) _ pouogﬂsn (BM/ﬁM)l(g)ei<173;/6in)wef/uoé. (34)

This result is different from Eq. (85) in Ref. [22] in which the factor 8);/8) is missing. This factor results from the gust
strength equivalence parameter introduced in Eqgs. (20), (28) and (31). For isolated-airfoils with no spanwise mean flow,

B /B = V1 + (ks /r )%, L(E) = potiogisnl(E)\/ 1+ (ks k) Pe 5%,

which is consistent with Graham's similarity rule Eq. (14) in Ref. [28]. For cascades, Eq. (34) reduces to Eq. (27) in Ref. [21] if
Up, = 0.

5.3. Acoustic waves

The output of the rth acoustic wave from LINSUB, ﬁ:, is the sound pressure normalized byﬁoﬂgg at the leading edge X, ¢ for

gust amplitude ﬁsn = Ugz. Therefore, the acoustic pressure in time domain for gust Esn is
Re R Butinedl . el (—%u)+B,y+ot]
e[RrpOuOEusne " ], (35)
where

ﬂ0 ﬁM/ﬁM) we/uo,, b)r }857271’1”/5

{ 6+ By ) (- Brty)” —F(1 - )} / (1-%,).

For time factor e—if, the 2-D equivalent sound pressure is

Iijr _ Erﬁoﬁofﬁsnei [(&f cosf+B, sin?)f— (&f sind—g, cos@) n’/BM] )

Substituting this into Eqs. (29) and (21), we obtain the rth acoustic pressure for oblique gusts:
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it Ci(KM: KM e /=
Dy =ug€ (kM ’)Epr /HOE
1

. 2 o o _ (36)
_ Rrﬁouogasn <BM/ﬁM>e (1’6M/6M>“95/”05ei[(&$ cosf+B; sinﬂ)f—(&f sinf—@, cosﬁ)nﬁM/ﬁM]
It can be recast in the duct coordinate system as:
Ef = Repotioz sy (BM / 51\/1) el(axtby), (37)
where
B, = B, sin 8/sinf + (1 - 52M/62M> We Sin H/uog = B — 27r/S,
oF =aF cosﬁ/cos 0+ B, sind cos@(BM/ﬂM - ﬁM/BM) + (1 - B,%,,/ﬁz,v,)kﬂ cos § a38)

= {UOX( -+ Bugy + I<3u02)¢[(w — Brugy — k3u02)2 - (ﬂf + k%) (1 - u%x)] 1/2}/(1 — u%x>.

B, and o are consistent with the 3-D acoustic dispersion relation. The proof of Eq. (38) is given in the Appendix.
The 2-D equivalent responses (lift and acoustic waves) for inter-blade phase angles @ + 27n are the same for any integer n.
According to Eq. (32), 3-D responses for ¢ + 27n are also the same for any n.

6. Validation

The 2-D equivalence method is first validated on an isolated airfoil configuration. The mean flow and the oblique gust as in
Fig. 2 are:

gz = Ug cos ¥, ug; = Ug sin y;
ki = K; cosas, k3 = K sinas, ky = (/S — kq sin §)/cos 0, (39)
0 = kqtgz + k3o, = KsUg cos(y — as).

¥ and «; are respectively the angles of the mean flow and the gust to the §-axis. Only two equivalent parameters in Eq. (32) are
required: Mach number M and reduced frequency A Amiet's high frequency approximation [5] is applied to calculate the 2-D

equivalent lift /(£), which is substituted into Eq. (34) to obtain the 3-D lift f(f). f(&) is compared in Fig. 4 with the analytical
approximation [4]. The two results are identical.

The 2-D equivalence method combined with LINSUB is validated on a cascade configuration defined in Ref. [8], Table 3. The
gust oblique angle is 26.6°. The predicted unsteady lift is compared in Fig. 5 with the analytical solution from Ref. [8]. Both the
real and the imaginary parts match well.

4

3

2.

1 L

G0 0.2 04 0.6 0.8 1 _200 0.2 0.4 0.6 0.8 1
X X
(a) (b)

Fig. 4. Normalized lift vL'(E)/(pO Upisy) from oblique gust - isolated airfoil interaction at high frequency: (a) magnitude, (b) phase in degree. M = 0.41, K; = 11.56,
¥ =300, ag = 20°; 2-D equivalent parameters: M = 0.1, 2 = 12.3. Solid line: 2-D equivalence + Amiet's 2-D gust high frequency approximation [5], symbols:
Adamczyk's 3-D gust high frequency approximation [4].
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1

0.5;

0 02 04 06 08 1
X

Fig. 5. Unsteady lift L (4) normalized by poUowq (Wp: incident upwash amplitude at mid-chord). The cascade geometry and the gust parameters defined in Table 3
of [8] are used: S=1, § =30% M=0.5, ¢ = 0° (no sweep), k; =20, k; =4, k5 = 10. 2-D equivalent parameters: S=0.92, § =32.8°, M =0.25, 1 =25, 7 = 15.96.
Solid line: real part of normalized L (£) from 2-D equivalence + LINSUB, dashed line: imaginary part; symbols: analytical solution from Fig. 5(b) in Ref. [8].

7. Effects of the gust oblique angle and the cascade on lift distribution
7.1. Effects of the gust oblique angle

According to Egs. (32) and (39),

2 = K /cosas, EM/BM = 1/cosas. (40)

If K; is held constant, 2-D equivalent reduced frequency A increases with gust angle as; therefore 2-D lift I(£) in Eq. (34)
reduces. However, the far-field acoustic wave may still be stronger due to smaller chord-wise phase gradient and less

acoustic source cancellation. 8y;/8y in Eq. (34) increases to maximum 1/8,, for cut-on modes [ref. Eq. (30)]. With the
combination of these effects, it is difficult to tell how the 3-D lift I(E) and the acoustic wave strength vary with the gust angle.

Fig. 6 compares lift Z(E) from gust — isolated airfoil interactions at a high frequency for two gust angles. As a5 increases, the
lift magnitude varies very little near the leading edges and the trailing edges. It increases in the mid-chord region between
40% and 70% of the chord. The phase gradient decreases. A similar trend is shown in Fig. 7(a) for the gust - cascade interaction
with ¢ = 0, except that the phase difference is more substantial. At low frequencies, the effect of the gust angle is smaller, as
shown in Fig. 8. The lift is more leading-edge dominant at low frequencies compared to high frequencies. The phase gradient
is almost zero in the high lift region from the leading edge to the mid-chord.

4 - - . ' 200

3 100

©00000C0d0000000,
oOO OOCUJE

0
-100
% 02 o042 o8 o8 1 202 04 06 08 1
X X
(a) (b)

Fig. 6. Liftzy(f) from gust - airfoil interaction at a high frequency using Adamizyk's high frequency approximation [4]: (a) magnitude, (b) phase in degree.

M=041, Ks=11.56, ¢ = 09, Solid line: a5 = 0° (2-D equivalent parameters: M = 0.41, 1 =11.56), symbols: a5 = 20° (2-D equivalent parameters: M = 0.24,
A=12.3).
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Fig. 7. LiftvLy(E) from gust - cascade interaction at a high frequency using 2-D equivalence + LINSUB: (a) magnitude, (b) phase in degree. Solidity: 1.7, f = 10.29°,
0=0, M=041, K;=1156, y = 30°. Solid line: a5 = 0% (2-D equivalent parameters: S=0.59, #=10.29°, M =0.36, A=11.56, 5= 0), symbols: a5 =200 (2-D
equivalent parameters: S =0.55, § =10.93%, M =0.1, A=12.3, 7=0.15).
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Fig. 8. Liftzy(f) from gust - cascade interaction at a low frequency using 2-D equivalence + LINSUB: (a) magnitude, (b) phase in degree. Solidity: 1.7, § = 10.29°,

0=0, M=0.41, K;=0.0072, ¢ = 30°. Solid line: a5 = 0° (2-D equivalent parameters: S = 0.59, § =10.29°, M = 0.36, 1=0.0072,  =0), symbols: a5 = 20° (2-D

equivalent parameters: S =0.55, § =10.93%, M = 0.1, 1 =0.0077, 7 = 0.0000942).

Study shows that the effect of the oblique angle on the magnitude of the 2-D equivalent lift [(§) is small. Its impact on the
phase gradient is larger especially at high frequencies. However, in the high lift region, the phase gradient varies little with the
gust angle. Therefore, it is reasonable to use the 2-D gust response [(¢) for all k3 in Eq. (34). The major effects of an oblique gust
are the spanwise phase variation as in e and the magnitude factor §y;/8); in Egs. (34) and (36).

Similar conclusions can be made if the frequency is kept constant as «s varies.

7.2. 2 Effects of the cascade

Cascade effects are studied by comparing gust - cascade responses with gust - airfoil responses. Two major controlling
parameters are IBPA and solidity. For a low-solidity cascade, Fig. 9 shows the effect of IBPA on both the magnitude and the
phase of the lift. The leading edge dominance of the lift is no longer applicable for ¢ = —1.98. The lift has a node and the phase
changes the sign at 13% of the chord.

The effect of solidity is studied for different frequencies with ¢ = 0. At high frequencies, as the solidity increases, both the
magnitude and the phase are affected, as shown in Fig. 10. At a very high frequency shown in Fig. 11, the lift is no longer
leading-edge dominant. The effect of the solidity on the lift magnitude is significant even at low frequencies, as shown in
Fig. 12.

7.3. Vane count limit for small cascade effects

Cascade effects are important in the full frequency range if the cascade solidity or the vane count is large. They are
accounted for in the 2-D equivalence method combined with the LINSUB. However, this method requires intensive
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Fig. 9. Liftf(f) from gust - low-solidity cascade interaction at a high frequency: (a) magnitude, (b) phase in degree. Solidity: 0.0951, 0=10.29°, M =041,
Ks=11.56, ¥ = 30°, a5 = 20°. 2-D equivalent parameters: S=9.9, §=10.93°, M =0.1, 1=12.3. Symbols: single-airfoil approximation [4], dashed line: 2-D
equivalence + LINSUB, ¢ =3.32, 7= 2.7; solid line: ¢ =—1.98, 7 =0.72.
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Fig. 10. LiftL (£) from gust - cascade interaction at a high frequency: (a) magnitude, (b) phase in degree. Vane count: 54, solidity: 1.7, # = 10.29°, s = 0, M= 0.41,
Ks=11.56, ¢ = 0°, as = 0°. 2-D equivalent parameters are the same as 3-D parameters. Solid line: 2-D equivalence + LINSUB, symbols: Adamczyk's high fre-
quency approximation.

computation resources for high frequencies. When predicting broadband noise generated by fan wakes - OGV interactions in
turbo-jet engines, analytical models such as Amiet's isolated-airfoil approximation are preferred. It is critical to identify the
vane count limit (VCL), below which these analytical models are valid.

In an annular duct, sound power for the mth spinning mode and the nth radial mode is proportional to the chord-wise
integrated lift at radius R [23]:

(ki ko, ks) = (aﬁn sin § — %cos 6’) / e iE(ein cos O+msin O/R) [z ko ko ks )dE.
chord

We study

hy =[S R, (41)
mn

where the summation is carried out over all the cut-on modes in the duct. To evaluate VCL for realistic situations, we use the
mean flow and the geometry from the NASA Source Diagnostic Test (SDT) at the approach condition [24]. Fig. 13 depicts a

. ~+ . . .
typical cascade response hg for sound waves in the downstream duct. It is compared with the response from the same gust
interacting with isolated airfoils. It is noted that even at very low vane count, the cascade response is not the same as the
isolated-airfoil response due to the IBPA effect discussed previously. However, the cascade effect is considered small if the
difference of the two responses is less than 5%. For the case in Fig. 13, the cascade effect is small when the vane count is less
than 20, i.e., VCL = 20.
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Fig. 11. LiftL (£) from gust - cascade interaction at a very high frequency: (a) magnitude, (b) phase in degree. Vane count: 30, solidity: 0.95, 6 = 10.29°, ¢ =0,

M=0.41,K;=104, % = 0°, o = 0°. 2-D equivalent parameters are the same as 3-D parameters. Solid line: 2-D equivalence + LINSUB, symbols: Adamczyk's high
frequency approximation.
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Fig. 12. Liftf(E) from gust - cascade interaction at low frequency: (a) magnitude, (b) phase in degree. Vane count: 54, solidity: 0.6, f = 10.29°, M=0.5, ¢ =0,
Ks=0.0072, y = 0°, a5 = 0°. 2-D equivalent parameters are the same as 3-D parameters. Solid line: 2-D equivalence + LINSUB, symbols: Adamczyk's low
frequency approximation (Eq. (13) in Ref. [4]).
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Fig.13. Chord-wise integrated lift ﬁ: from gust — cascade interactions (solid line) and gust — isolated-airfoil interactions (dashed line). +5% over the single-airfoil
response are indicated by dotted lines.

A six-sigma statistics analysis was performed to find the key control parameters (KCP) for VCL. Four parameters were
examined: sweep angle y in radians, Mach number M, reduced frequency 4, and spanwise wavenumber k3. A matrix of 16
groups of parameters were chosen with M = 0.4 and 0.65, 2=2.24 and 20.1, k34 =0 and 0.12, y = 0 and 0.5236. The average
VCL is found to be 14 with standard deviation of 3.3. A regression analysis was performed to obtain the transfer function from
KCPs to VCL:
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VCL=7.06 + 17.7M — 68.7k3/ + 6.88y — 0.228. (42)

Mach number is found to be the vital parameter among all the KCPs. VCL is higher at higher Mach number. Frequency is the
least important. A general belief is that at high frequency, acoustic wavelength is small compared with the spacing between
the airfoils; therefore the acoustic interaction is small. This study reveals the opposite trend, even though the frequency effect
is small. The vane count of the baseline OGV in the SDT is 54, much larger than 14. Therefore, isolated-airfoil approximations
are not applicable for SDT configurations.

8. Conclusions

The boundary value problem defined in terms of the acoustic velocity potential in the Prandtl-Glauert coordinate system
has the same format for 2-D gusts and 3-D gusts. A 2-D equivalence method was developed accordingly to calculate the
response from an oblique gust interacting with a linear cascade. Classic similarity rules for isolated airfoils and cascades were
extended to account for spanwise mean flows. The formulas for the lift on the cascade and the acoustic pressure in the far-
field were derived. In this method, only the inputs to a 2-D method need to be modified. It provides a convenient way to
introduce oblique gusts and sweep into any 2-D models, such as the LINSUB [2] or the modified LINSUB [15]. Accuracy and
effectiveness of this method combined with LINSUB were demonstrated.

The method was used to investigate the effect of gust angles. Two major effects are the spanwise phase variation and the
lift magnitude factor B);/By (ref. Eq. (34)). The 2-D equivalent lift doesn't vary much with the gust angle and can be
approximated using a 2-D model.

Cascade effects due to IBPA and solidity were studied. Overall, a cascade has a stronger effect on lift phase than on its
magnitude. IBPA effect is important even for very low solidity. As cascade solidity increases, lift becomes less leading-edge
dominant. A statistical analysis was carried out to evaluate the vane count limit for small cascade effects. The transfer
function from KCPs to VCL was established. It was found that Mach number is the vital parameter. The sweep angle and the
span-wise wavenumber are less important. Frequency is least important among all KCPs.

This method was employed in the investigation of fan wakes — OGV interaction broadband noise and was validated against
the NASA SDT data in Ref. [23].
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Appendix. Proof of Eq. (38)

Substituting the coordinate transformation Eq. (8) into Eq. (35), we obtain Eq. (36) for the acoustic wave in the duct
coordinate system with

By = By sin 0/sind + (1~ By /6% ) e sin 0 /e, (A1)

af =z cosf)/cos §+ B, sin 6 cosd(Bu /Byt — B /Bur) + (1~ By /631 ) kot cos . (A2)
From Eqgs. (35) and (32),

B =B 2mr /S = { g+ sint | (Bu /)" = 1] ~ 275} /[sin? 0-+-cos? (8 /)|

Substituting it into Eq. (A1), one has

8, = B — 2mr/S.

1/2

From Egs. (A1), (35), and (32),
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Uox (— © + Brlgy + k3u02)c052%2M / (ﬂZM cos 0) J_rcosg\/ (5 - Brﬁoy)z - Bf (1 - ﬁ%x)

oo cos 0(1 - ﬁ(z)x)

+
T

Since

(0 By)” -5 (158,
= (B 8m) " (cos70 o 0) | (uoek — Bry)” — (82 +18) (1 - )

kU (cos2 0 — cos?f — u3; cos® 0 sin*f + T, sin® 0 coszﬁ) / (ﬁ,zv, cosZ?)]

- (BM/ﬁM)4(c0529/cosz 0) [(uogkﬂ - ﬁ,uoy)z - (ﬂf + k%) (1 - u%x)},

then
cos?08z; / (8% cos 0 2
of = cos ()(/1(_ ﬁ%x) ) Ugx ( — © + Brugy + k3uOZ)J_r\/ (uogks] — ﬁruoy) - (ﬂf + k%) (1 - u%x)
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