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a b s t r a c t

The use of finite difference schemes to compute the scattering of acoustic waves by sur-
faces made up of different materials with sharp surface discontinuities at the joints would,
invariably, result in the generations of spurious reflected waves of numerical origin. Spu-
rious scattered waves are produced even if a high-order scheme capable of resolving and
supporting the propagation of the incident wave is used. This problem is of practical impor-
tance in jet engine duct acoustic computation. In this work, the basic reason for the gener-
ation of spurious numerical waves is first examined. It is known that when the governing
partial differential equations of acoustics are discretized, one should only use the long
waves of the computational scheme to represent or simulate the physical waves. The short
waves of the computational scheme have entirely different propagation characteristics.
They are the spurious numerical waves. A method by which high wave number compo-
nents (short waves) in the wave scattering process is intentionally removed so as to min-
imize the scattering of spurious numerical waves is proposed. This method is implemented
in several examples from computational aeroacoustics to illustrate its effectiveness, accu-
racy and efficiency. This method is also employed to compute the scattering of acoustic
waves by scatterers, such as rigid wall acoustic liner splices, with width smaller than the
computational mesh size. Good results are obtained when comparing with computed
results using much smaller mesh size. The method is further extended for applications
to computations of acoustic wave reflection and scattering by very small surface inhomo-
geneities with simple geometries.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

In computational aeroacoustics, one is often required to compute acoustic reflections from surfaces made up of different
materials. At the junction of two materials, such as shown in Fig. 1, the incident sound waves encounter a line discontinuity.
Computationally, the grid size is, inevitably, finite. Because of the finite size mesh, experience indicates that spurious re-
flected waves are usually produced. To minimize spurious reflected waves, it is necessary to use a very fine computational
mesh. This is sometimes a very costly remedy. One objective of this work is to devise a method to minimize such spurious
reflected waves without having to refine the computational mesh.

In jet engines, acoustic liners are, invariably, installed on the inside surface of inlet and exhausted ducts, (see Motsinger
and Kraft [1] and Eversman [2]). Acoustic liners are the most effective device for engine fan noise suppression at the present
time. The junction between two acoustical liners with different impedance are examples of surface discontinuity. To facil-
itate the installation and maintenance of acoustic liners, hard wall splices are introduced. These splices are installed between
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two pieces of acoustic liners. Their presence creates additional surface discontinuities. In a duct, the continuous reflection of
acoustic waves from the wall leads to the formation of coherent propagating wave entities called duct modes or acoustic
modes. They were first found by Tyler and Sofrin [3] and have been the subject of numerous studies (Refs. [4–8]) since.
The presence of hard wall splices causes the scattering of the duct modes generated by the rotating fan blades of the engine.
The scattered duct modes would, inevitably, include lower order spinning azimuthal modes. The lower order modes are not
as heavily damped by the acoustic liner. This results in higher level of radiated noise from the engine. This is extremely unde-
sirable. To minimize scattering of duct modes by hard wall splices, engine manufacturers resort to the use of very narrow
splices. This poses a real dilemma for duct mode computation. In the absence of narrow splices the use of a computational
mesh with 7 to 8 mesh points per wave length in conjunction with a large stencil high-order computational aeroacoustic
(CAA) algorithm will have enough resolution for the computation. However, with narrow splices, the splice width is some-
times less than the size of a mesh spacing. This is as shown in Fig. 2. In this case, the hard wall splice is invisible to the com-
putation. Traditional wisdom will call for the use of much finer mesh. A factor of 10 or more mesh size reduction is often
deemed necessary. This is to allow 8 to 10 mesh points to lie on the hard wall splice. This is, undoubtedly, very expensive.
Not only the number of grid points has to increase substantially, the size of the time step used in the computation also has to
be significantly reduced. Another objective of this investigation is to propose a method to perform the narrow splice scatter-
ing computation using the original coarse grid without mesh size reduction.

The rest of this paper is as follows. The basic idea of how to compute acoustic reflection from surfaces with discontinuities
and small surface features using a coarse mesh is discussed in Section 2. We shall call the method the ‘‘wave number trun-
cation” method. Numerical examples illustrating the effectiveness of this method are presented in Section 3. Section 4 is de-
voted to the computations of acoustic reflection from two-dimensional small surface inhomogeneities. Section 5 summarizes
and concludes this paper.

Fig. 1. Discontinuity at the junction of two surface materials. Also shown is the computational mesh.

Fig. 2. A narrow splice with width smaller than a grid spacing.
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2. The basic idea of wave number truncation method

The proposed method involves the elimination of high wave number in a wall boundary condition. Thus, some under-
standing of the concept of wave number of a finite difference scheme is essential. Because of this need, we will begin with
a brief review of the properties of a finite difference scheme in wave number space.

It is now known, e.g. Tam and Webb [9], Tam [10] and others that the resolution and wave propagation characteristics
supported by a finite difference scheme may be analyzed in wave number space. In computing the propagation of acoustic
waves, a large stencil central difference scheme is favored. Such a scheme has high resolution and no numerical dissipation.
Consider the use of a (2N + 1) size central difference quotient to approximate a partial derivative; i.e.,

@f
@x

� �
‘

� 1
Dx

XN

j¼�N

ajf‘þj; ð1Þ

where subscript l indicates the mesh index and Dx is the mesh size (see Fig. 3). Although Eq. (1) is meant to apply only to the
set of grid points shown in Fig. 3, we will, nevertheless, generalize this finite difference relation and apply it to every set of
points spaced at Dx apart on the x-axis. The generalized finite difference approximation for a continuous variable x is

@f ðxÞ
@x
� 1

Dx

XN

j¼�N

ajf xþ jDxð Þ: ð2Þ

When x is equal to ‘Dx, that is x is located at a stencil point, Eq. (2) is identical to Eq. (1).
Let ~f ðaÞ be the Fourier transform of f(x), then f(x) and ~f ðaÞ are related by

~f ðaÞ ¼ 1
2p

Z 1

�1
f ðxÞe�iaxdx; f ðxÞ ¼

Z 1

�1

~f ðaÞeiaxda:

The Fourier transform of Eq. (2), using the Shifting Theorem, is,

ia~f � i�a~f ; ð3Þ

where

�aDx ¼
XN

j¼�N

ajeijaDx: ð4Þ

The a on the left side of Eq. (3) is the true wave number. Thus �a on the right side of Eq. (3) is effectively the stencil wave
number of the finite difference approximation. This was noted by Tam and Webb [9]. �aDx is a periodic function of aDx.
Fig. 4 shows the fundamental period with �p < aDx < p. Outside the fundamental period, the waves have wavelength less
than two mesh spacings. They are unresolved by the computation scheme. These ultra-short waves are aliased back into
the fundamental period. They are pollutants of the numerical computation.

In Fig. 4, the line �aDx ¼ aDx represents the exact approximation. Shown in this figure also is the �aDx as a function of aDx
relationship for the 7-point stencil Dispersion-Relation-Preserving (DRP) scheme [9]. It is typical of all high-order finite dif-
ference scheme. Marked on this curve is the break point acDx at which the finite difference approximation starts to deviate
substantially from the exact approximation. The value of acDx depends on the particular finite difference scheme. acDx
marks the upper limit of waves for which the computation scheme can resolve accurately. The short waves with a > ac

are waves that cannot be accurately resolved by the scheme. Furthermore, the short waves do not propagate at the correct
wave speed. For the very short waves with wave number lying on the part of the �aDx� aDx curve with a negative slope, they
propagate in a direction opposite to that of the long waves. Ideally, the short waves as well as the ultra-short waves should
be removed from the computation. Here they are referred to as spurious waves.

Now consider the wall boundary condition shown in Fig. 1. On the hard wall side of the junction, the rigid wall boundary
condition is,

v ¼ 0 ð5Þ

where v is the velocity component normal to the wall. Let j be the elastic constant of the elastic wall and f be the vertical
displacement of the surface (positive in the direction of outward pointing normal) then the elastic wall boundary condition is

f ¼ �jðp� pref Þ ð6Þ

Fig. 3. A (2N + 1) size central difference stencil.
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where p is the pressure and pref is the reference pressure for zero displacement. By differentiating Eq. (6) with respect to time,
t, it is found,

@f
@t
¼ v ¼ �j

@p
@t
: ð7Þ

Boundary conditions (5) and (7) may be combined into a single boundary condition by means of the unit step function, H(x).
Let the wall junction be at x = 0, then the unified boundary condition at the wall is

v ¼ �j
@p
@t

HðxÞ: ð8Þ

It is useful to consider the boundary condition (8) in wave number space. The Fourier transform of Eq. (8) is,

~vðaÞ ¼ � j
2p

Z 1

�1

~Hða� kÞ @
~p
@t
ðkÞdk: ð9Þ

The right side of Eq. (9) is a convolution integral. The Fourier transform of the unit step function is

~HðaÞ ¼ � i
2pa

: ð10Þ

Thus ~HðaÞ involves all wave numbers including wave numbers in the short and ultra-short waves number range of the com-
putational scheme. The convolution integral of Eq. (9) would, therefore, generate wave numbers outside the long wave
range. In other words, because ~HðaÞ contains spurious waves with respect to the computational scheme, the surface discon-
tinuity would scatter off spurious waves in an acoustic wave reflection computation.

A way to minimize the generation of spurious waves is to remove all the wave numbers in the short and ultra-short wave
number range of ~HðaÞ; i.e., wave number higher than the cut-off. Thus a modified boundary condition is to replace ~HðaÞ by
~HðaÞ Hðaþ acÞ � Hða� acÞ½ � in Eq. (9) where ac is the cut-off wave number. In physical space, this is tantamount to replacing
H(x) in Eq. (8) by Ĥ(x) where Ĥ(x) is the inverse Fourier transform of ~HðaÞ Hðaþ acÞ � Hða� acÞ½ �; i.e.,

ĤðxÞ ¼
Z 1

�1
� i

2pa
Hðaþ acÞ � Hða� acÞ½ �eiaxda ¼ 1

2
þ 1

p
SiðacxÞ: ð11Þ

In Eq. (11), the Si(z) function is defined as (see Abramowitz and Stegun [11] (Chapter 5, Section 5.2)),

SiðzÞ ¼
Z z

0

sinðyÞ
y

dy: ð12Þ

Fig. 5 shows Ĥ(x) as a function of acx. Now, we propose to use the following modified boundary condition instead of the exact
boundary condition (8)

Fig. 4. The fundamental period of finite difference schemes.
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v ¼ �j
@p
@t

ĤðxÞ: ð13Þ

That is, we replace H(x) by Ĥ(x). We shall call the above method the wave number truncation method. The effectiveness
and accuracy of this method and its extension will be demonstrated by several examples in the next section.

3. Numerical examples

In this section, three numerical examples are presented to illustrate the effectiveness and accuracy of the wave number
truncation method. These examples have practical relevance to jet engine duct acoustics. The inlet duct of a jet engine gen-
erally has a nearly circular geometry. The inside surface is covered by an acoustic liner. The liner occupies the space between
two hard wall surfaces. One hard wall surface is the metallic surface surrounding the fan of the engine. The other hard wall
surface is the lip of the engine inlet. The purpose of the acoustic liner is to damp out as much as possible the acoustic waves
in the form of duct modes generated by the rotating fan. The duct modes propagate from the fan face upstream against the
flow. They are radiated out from the inlet. A simplified model of the inlet duct is shown in Fig. 6. This model has been used by
numerous investigators for computing duct/acoustic mode propagation in jet engine ducts; e.g. Regan and Eaton [12], McAl-
pine et al. [13], Tester et al. [14] and Tam et al. [15]. Due to a number of practical reasons, it is a standard practice to install
hard wall splices to separate a liner into smaller pieces. Two types of splices are used. The more common type is the axial
splice. An axial splice runs along the entire length of the liner. Fig. 7 shows an inlet duct with two axial splices. Instead of
axial splices, circumferential splices are often used. These splices form a ring around the inside surface of the duct. A duct
with a circumferential splice is shown in Fig. 8.

Recently, it is recognized that the presence of liner splices leads to the scattering of the upstream propagating duct modes
into other modes (see Ref. [14,15]). Some of the scattered modes are not as heavily damped by the liner as the original inci-
dent duct mode because of their different modal structures. On reaching the inlet of the engine, the scattered modes become
the dominant modes. This increases the radiated noise. This is most objectionable. To reduce duct mode scattering, very thin
splices are used. In the examples below, a mesh spacing that is sufficiently accurate for computing the incident acoustic
modes is used. The mesh spacing is, however, wider than the width of an axial splice (see Fig. 2). It will be shown that such
computations can be carried out with good accuracy by means of the wave number truncation method.

Fig. 5. The Ĥ(x) function.

Fig. 6. A computational model of the inlet duct of a jet engine.
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Acoustic liners are characterized by an impedance Z = R � iX (e�iXt time dependence assumed) where R is the resistance
and X is the reactance. For time marching computation, the liner is modelled by a time domain impedance boundary con-
dition. Time domain impedance boundary condition is a topic that has been studied by a number of investigators (Tam
and Auriault [16], Ozyoruk et al. [17], Fung and Ju [18], Botteldooren [19], Zheng and Zhuang [20], Li et al. [21], Rienstra
[22], Ju and Fung [23] and Reyman et al. [24]). Here we will adopt the formulation of Tam and Auriault. The dimensionless
liner surface boundary condition for a liner with a given R and X in a grazing flow of Mach number M is

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼

@p
@t
þM

@p
@x

ð14Þ

where

X1 ¼
1

2
Zj j � X

jZj2

h i
X
; X�1 ¼ �

1� X
jZj

� �2
X

2
jZj � X

jZj2

h i
X ¼ X�1

X
þ X1X; X is the angular frequency of the upstream propagating duct mode:

Note: length scale D (diameter of duct), velocity scale a0 (speed of sound), time scale D/a0, density scale q0 (mean flow den-
sity), pressure scale q0a2

0, impedance scale q0a0 are used to form dimensionless variables in boundary condition (14) and the
rest of Section 3.

3.1. Scattering of acoustic duct mode at the entrance and exit of an inlet duct

At the entrance or the exit of an inlet duct, there is a surface discontinuity at the junction of the liner and hard wall (see
Fig. 6). These junctions, invariably, cause significant spurious scattering of a propagating duct mode. The scattering is an

Fig. 7. Computational model of an inlet duct with two axial splices.

Fig. 8. Computational model of an inlet duct with a circumferential splice.
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artifact of discrete computation. It can be reduced by using a finer size mesh or by implementing the wave number trunca-
tion method.

The governing equations of motion of the gas inside an inlet duct are the linearized dimensionless Euler equations. In
cylindrical coordinates, these equations are

@q
@t
þM

@q
@x
þ @v
@r
þ v

r
þ 1

r
@w
@/
þ @u
@x
¼ 0; ð15Þ

@v
@t
þM

@v
@x
¼ � @p

@r
; ð16Þ

@w
@t
þM

@w
@x
¼ �1

r
@p
@/

; ð17Þ

@u
@t
þM

@u
@x
¼ � @p

@x
; ð18Þ

@p
@t
þM

@p
@x
þ @v
@r
þ v

r
þ 1

r
@w
@/
þ @u
@x
¼ 0; ð19Þ

where M = u/a0 is the flow Mach number.
On the duct surface, the hard wall boundary condition is

r ¼ 1
2
; v ¼ 0: ð20Þ

On the liner surface, the boundary condition is Eq. (14). At the left hand junction of the computational model (Fig. 6), the
hard wall and liner boundary conditions can be combined to form a single boundary condition by means of the unit step
function. The combined boundary condition is,

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼ HðxÞ @p

@t
þM

@p
@x

� �
: ð21Þ

Note: On the hard wall, x < 0, the H(x) function of boundary condition (21) is zero. This reduces the right side of the equation
to zero. With initial condition v = ov/ot = 0, the only solution is v = 0. In implementing the wave number truncation method,
boundary condition (21) is replaced by,

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼ ĤðxÞ @p

@t
þM

@p
@x

� �
: ð22Þ

A cylindrical mesh, as shown in Fig. 9, is used to compute the propagation of acoustic modes upstream from the hard wall
region on the right side of the inlet model of Fig. 6 to the left side. A uniform size mesh in the axial direction is used. We will
consider an incident duct mode with azimuthal mode number m = 26 and radial mode number n = 1 and a dimensionless

Fig. 9. Cylindrical grid for inlet duct acoustic mode computation. Only half the mesh lines are shown.

C.K.W. Tam, H. Ju / Journal of Computational Physics 228 (2009) 5917–5932 5923



Author's personal copy

angular frequency X = 57.3. For such an acoustic mode, an axial mesh with Dx = 0.008 will allow the computation to have
more than 8 mesh points per axial wave length. This is the mesh used in all the computations of this section unless explicitly
stated otherwise. In the computation, the 7-point stencil DRP scheme[9] is used to approximate the derivatives. The multi-
mesh-size multi-time-step DRP scheme of Tam and Kurbatskii [25] is used to march the solution in time. The duct wall
boundary conditions (liner impedance, Z = 2 + i, time factor exp(�iXt)) are enforced by the ghost point method [26]. Re-
cently, this method has been used successfully by Tam et al. [15] in their spliced liner study. On the left and right end of
the computational domain, a perfectly matched layer (PML), using the methodology of Hu [27,28], is implemented. The
PML absorbs all the outgoing waves. The incident acoustic mode, that enters the computational domain on the right side,
is introduced into the computation by the split variable method as in the work of Tam et al. [15].

Fig. 10 shows the axial distribution of computed acoustic energy flux (PWL) associated with an incident duct mode with
azimuthal mode number 26 and other parameters as stipulated above. PWL is the total energy flux of all the sound waves in
the duct. It is defined as,

PWL ¼
Z 2p

0

Z 1=2

0
hð1þM2ÞpuþMðp2 þ u2Þirdrd/ ð23Þ

where h i is the time average. PWL(db) = 10 log (PWL/PWLincident wave). This form of energy flux was derived by Morfey [29].
Of particular interest to us are the computed results near the left junction between acoustics liner and hard wall. In this re-
gion, the effect of scattering of spurious acoustic waves is most severe and easily observable. The full line in this figure is the
computed axial distribution of PWL using boundary condition (21) and axial mesh size 0.008. This curve exhibits strong spa-
tial oscillations with wavelength nearly equal to two axial mesh spacings. This is clear evidence of spurious scattering. The
dotted line is the same computation but using boundary condition (22). The computed distribution of PWL is smooth and
free of spatial oscillations. This indicates that the wave number truncation method is, indeed, capable of removing spurious
numerical scattering. To check the accuracy of the computed results by this method, a series of computations using boundary
condition (21) is carried out with smaller and smaller axial mesh size Dx. Dx equals to 1/4, 1/8 and 1/16 of the original mesh
size are used. The results near the left side liner–hard wall junction are shown in Fig. 11 in an enlarged scale. As can be seen
as Dx is reduced, the computed result approaches that using boundary condition (22) but with a much larger Dx. The fact
that there is good agreement between results using much smaller Dx and boundary condition (21) and that using boundary
condition (22) but much larger Dx is evidence that the spatial oscillations of the full curve is of numerical origin. Further, it
shows that the method of wave number truncation is effective and accurate. It also offers large savings in computer memory
and CPU time.

3.2. Scattering by very thin axial splices

We will now consider acoustic mode scattering by two thin axial splices. The computational model is shown in Fig. 7. The
same computational grid (see Fig. 9) as in the previous subsection is used. The azimuthal mesh size of the outermost ring of
the cylindrical mesh is equal to 0.0123. We will consider two hard wall splices with a width of 0.006. So the splice width is

Fig. 10. Axial distribution of PWL. Incident wave has azimuthal mode number m = 26, radial mode number n = 1, angular frequency X = 57.3. Liner
impedance Z = 2 + i (time factor e�iXt). — computed by boundary condition (21), Dx = 0.008; ---- computed by boundary condition (21), Dx = 0.001; � � � � � � �
computed by boundary condition (22), Dx = 0.008.
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approximately half of that of the mesh spacing (see Fig. 2). In other words, the splices are invisible to the discretized
computation.

Let us introduce a periodic function, G(/), of period 2p, defined by,

Gð/Þ ¼
0; � DU

2 < / < DU
2 ;p� DU

2 < / < pþ DU
2

1; otherwise

8><>: ð24Þ

where DU is the angle subtended by a splice. A graph of G(/) is shown in Fig. 12. When applied to the surface of the duct,
G(/) is equal to 1 where there is acoustic liner. It is equal to zero where there is hard wall splice. By means of the G-function,
the wall boundary condition in the duct may be written as,

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼ Gð/Þ @p

@t
þM

@p
@x

� �
: ð25Þ

Now G(/) is a period function, it may be expanded as a Fourier series. It is easy to find,

Gð/Þ ¼
X1
j¼0

aj cosðj/Þ ð26Þ

where

a0 ¼ 1� DU
p

� �
; aj ¼ �

2
pj

1þ ð�1Þj
h i

sin
jDU

2

� �
; j ¼ 1;2;3; . . . : ð27Þ

Fig. 11. Enlarged bottom left hand corner of Fig. 10. Computed by boundary condition (21), — Dx = 0.008,– � – Dx = 0.002, --- - Dx = 0.001, – � �– Dx = 0.0005,
� � � � � � � computed by boundary condition (22), Dx = 0.008

Fig. 12. The periodic G(/) function.
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It is clear from Fourier expansion (26) that the G(/) function contains components that are beyond the resolution of the 7-
point stencil DRP scheme. To compute acoustic wave propagation in the duct, these high wave number components essen-
tially make the splice invisible to the computational mesh. To make the spliced liner compatible with the numerical scheme,
a simple way is to remove all Fourier components with azimuthal wave length shorter than the cut-off wave length of the
computational algorithm. Accordingly, all Fourier components with mode number m larger than mc, where the wave length
of mode mc is the same as or is closest to the smallest resolved wave length of the computation scheme. For the cylindrical
mesh used in the present computation, the azimuthal mesh size at the outermost ring is equal to 0.0123. For the 7-point
stencil DRP scheme, acDx = 1.2, so that ac = 1.2/0.0123 = 97.6. Hence by equating mc to the integer value closest to ac/2,
we find mc = 49. Fig. 13 shows the graph of the truncated Fourier Series, Gð/̂Þ, (Fourier components with m greater than
49 are removed), i.e.

Ĝð/Þ ¼
Xmc

m¼0

aj cosðj/Þ ð28Þ

The modified spliced liner boundary condition is to replace G(/) by Ĝ(/) in Eq. (25), i.e.,

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼ Ĝð/Þ @p

@t
þM

@p
@x

� �
: ð29Þ

Fig. 14 shows three computed PWL distributions along the length of the duct for the same incident duct mode as in the
example of Section 3.1. In this computation, boundary condition (22) is used in the neighborhood of the liner–hard wall
junction at the two ends of the computational model. The dotted line in Fig. 14 shows the numerical result when boundary

Fig. 13. The periodic Ĝ(/) function.

Fig. 14. Axial distribution of PWL. Incident wave has azimuthal mode number m = 26, radial mode number n = 1, angular frequency x = 57.3. Liner
impedance Z = 2+i (time factor e�ixt). Dx = 0.008 — computed by boundary condition (29), � � � � � � � computed by boundary condition (25), --- - computed by
Fourier expansion method (89 modes) of Ref. [15].
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condition (25) is used. There is no scattering in this case as the splices are invisible to the computational mesh. The full line is
the computation using modified boundary condition (29). There is a large difference between these two curves. The differ-
ence is the energy of the scattered waves that are clearly quite substantial at the duct inlet. To check the accuracy of the wave
number truncation method, a third computation using the quasi-two-dimension azimuthal mode expansion method of Tam
et al. [15] is carried out. This method expands the propagating acoustic waves in a large number of azimuthal modes. For the
present computation, modes up to (mc + 40) are included. As a result of the large number of modes, the computation requires
very large computer memory and long CPU time. The dash curve of Fig. 14 is the computed result using this method. It is
evident that the result is very close to that of the wave number truncation method. This example offers a rigorous test of
the effectiveness and accuracy of the wave number truncation method for computing the scattering of acoustic waves by
narrow scatterers.

3.3. Scattering by thin circumferential splices

In this third example, the scattering of acoustic modes by a circumferential splice is considered. The computational model
is shown in Fig. 8. For this test case, the width of the circumferential splices is taken to be 2.5Dx. For this size splice, there are
only two mesh points on the splice surface (Dx = 0.008).

Let us consider a function F(x) defined by,

FðxÞ ¼ H x� xc þ
W
2

� �
� H x� xc �

W
2

� �� �
ð30Þ

where xc is the location of the center of the splice and W is its width. By means of the F(x) function, the wall boundary con-
dition for a liner with a single circumferential splice may be written as

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼ ½1� FðxÞ� @p

@t
þM

@p
@x

� �
: ð31Þ

Now, the Fourier transform of F(x) is,

~FðaÞ ¼ e�iaxc

pa
sin

aW
2

� �
: ð32Þ

Following the concept of the wave number truncated method, the high wave number components of Eq. (32) are to be re-
moved at this stage. The truncated bFðaÞ function is,

bF ðaÞ ¼ e�iaxc

pa
sin

aW
2

� �
H aþ acð Þ � Hða� acÞ½ �: ð33Þ

The inverse of bFðaÞ is easily found to be,

bF ðxÞ ¼ 1
p

Si ðx� xc þ 0:5WÞacð Þ � Si ðx� xc � 0:5WÞacð Þ½ �: ð34Þ

A graph of bFðxÞ is given in Fig. 15. The modified boundary condition to replace Eq. (31) is,

R
@v
@t
� X�1v þ X1

@2v
@t2 ¼ 1� bFðxÞh i @p

@t
þM

@p
@x

� �
: ð35Þ

Fig. 16 shows the results of four computations for duct mode scattering by a circumferential splice of width 0.02 located
between x = 0.11 and 0.13. The incident duct mode and the liner impedance are the same as in the previous two examples.
The first three computations use boundary condition (31). The mesh size used in the first computation is Dx = 0.002. There is
spurious acoustic scattering at the upstream end of the splice. The axial distribution of the acoustic PWL is the upper most
broken curve in Fig. 16. The second and third computation use a mesh size of Dx = 0.0005 and 0.00025 respectively. It is clear
from this figure that the spurious scattering diminishes with the use of a finer mesh. The fourth computation uses modified
boundary condition (35) and a very coarse mesh of Dx = 0.008. This is 32 times the size of the finest mesh used. For this com-
putation, there are only two mesh points on the splice. The computed axial distribution of PWL is shown as the full line in
Fig. 16. For the transmitted PWL, which is one of the important quantities of the duct mode transmission computation, it is
clear that the fourth computation using a mesh size 32 times larger gives almost identical result as that of the finest mesh
(using the original unmodified boundary condition). This example further illustrates the advantage of the wave number
truncation method.

4. Small two-dimensional scatterers

Computation of the scattering of acoustic waves by small two-dimensional surface inhomogeneities will now be inves-
tigated. We will limit our consideration to scatterers with a simple geometry. Specifically only the shapes of rectangles and
circles are studied.
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4.1. Small rectangles

For a rectangle with a width W in the x-direction and a height B in the y-direction centered at (xc,yc) (see Fig. 17), the
discontinuous function of the scatterer, R(x,y), is,

Rðx; yÞ ¼ H x� xc þ
W
2

� �
� H x� xc �

W
2

� �� �
H y� yc þ

B
2

� �
� H y� yc �

B
2

� �� �
: ð36Þ

It is easy to show that the Fourier transform of R(x,y) is

~Rða;bÞ ¼ e�iðaxcþbyc Þ

p2ab
sin

aW
2

� �
sin

bB
2

� �
ð37Þ

where a and b are the Fourier transform variables in x and y.

Fig. 15. The bF ðxÞ function. Wac = 2.5.

Fig. 16. Duct mode scattering by a circumferential splice of width 0.02. Incident wave mode and liner impedance are the same as Fig. 10. Comparison of
transmitted PWL: computed by boundary condition (35) — Dx = 0.008; the following computed by boundary condition (31), – � – Dx = 0.002, � � � � � � �Dx =
0.0005, – � �– Dx = 0.00025.
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The wave number truncated function R̂ is,

R̂ða; bÞ ¼ e�iðaxcþbycÞ

p2ab
sin

aW
2

� �
sin

bB
2

� �
Hðaþ acÞ � Hða� acÞ½ � Hðbþ bcÞ � Hðb� bcÞ½ �: ð38Þ

The inverse transform of Eq. (38) is,

R̂ðx; yÞ ¼ 1
p2 Si ðx� xc þ

W
2
Þac

� �
� Si ðx� xc �

W
2
Þac

� �� �
Si ðy� yc þ

B
2
Þbc

� �
� Si ðy� yc �

B
2
Þbc

� �� �
: ð39Þ

It should be straightforward to use R̂ðx; yÞ to develop a modified boundary condition for surface scattering involving inho-
mogeneities with a rectangular geometry.

4.2. Small circles

For a circle with a diameter D centered at the origin (see Fig. 18), the associated discontinuities function C(x,y) is,

Cðx; yÞ ¼ 1; if x2 þ y2 < D2

4

0; otherwise

(
: ð40Þ

The Fourier transform of (40) is,

~Cða; bÞ ¼ 1
2p2

Z Z
circle

e�iðaxþbyÞdxdy: ð41Þ

To evaluate double integral (41), let us make a change of variables to polar coordinates (r,/) so that,

x ¼ r cos /; y ¼ r sin /; a ¼ k cos U; b ¼ k sin U: ð42Þ

In polar coordinates, Eq. (41) becomes,

~Cðk;UÞ ¼ 1

ð2pÞ2
Z D

2

0

Z 2p

0
e�ikr cosð/�UÞrd/dr ¼ 1

2p

Z D
2

0
J0ðkrÞrdr ¼ D

4pk
J1 k

D
2

� �
ð43Þ

where J0(z) and J1(z) are Bessel functions of order zero and one.
On discarding all wave numbers with k > kc (kc is the cutoff wave number), the truncated ~C function is

~Cðk;UÞ ¼ D
4pk

J1 k
D
2

� �
1� Hðk� kcÞ½ �: ð44Þ

In physical space, the truncated C(x,y) function is,

bCðr;/Þ ¼ Z 1

0

Z 2p

0

~Cðk;UÞeikr cosð/�UÞkdUdk ¼
Z kc D=2

0
J1ðyÞJ0ð2yr=DÞdy ð45Þ

Fig. 17. A two-dimensional scatterer in the form of a rectangle.

Fig. 18. A two-dimensional scatterer in the form of a circle.
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The graph of bCðr;/Þas a function of r/(D/2) for kcD = p is shown in Fig. 19. By means of function bCðx; yÞ, it is not difficult to
establish a modified boundary condition for a small inhomogeneity in the form of a circle.

5. Summary and conclusion

In computing the scattering of acoustic waves by surfaces with material discontinuities, one, invariably, encounters spu-
rious scattering due to the fact that a discretized scheme is used. The scattering is of numerical origin unrelated to the phys-
ical problem. The underlying cause of such spurious scattering is that a finite difference scheme has a limited resolved band
width in wave number space. A surface discontinuity involves wave numbers of infinite range. Thus wave numbers larger
than those that can be supported by the finite difference scheme would be reflected off by a surface with a discontinuity.
This produces spurious spatial oscillations in the numerical solution.

In this paper a wave number truncation method is introduced to minimize the spurious reflection. The basic idea of the
method is to eliminate all wave numbers larger than the cut-off wave number of the computation scheme. In this way the
truncated spectrum is less likely to give rise to spurious numerical scattering.

Three numerical examples of practical significance are presented. They involve surface discontinuities between jet engine
acoustic liner and hard metallic wall surfaces. One of the examples involves hard wall splices with a width less than the
mesh size used for computation. Without applying the proposed method, the splices would be invisible to the mesh and
computation. Upon implementing the proposed method, the computed results are found to agree well with computation
using meshes that are much smaller in size. The proposed method thus appears to be effective, accurate and efficient.

The method has been extended to acoustic wave reflection by surfaces with small inhomogeneities with simple geometry.
Rectangular and circular shapes are investigated. Essential elements needed to develop modified boundary conditions are
established. Further, the method appears to have applications beyond the problems considered in the present study. It is
hoped that new insight and a better understanding of finite difference computation could be gained through these new
applications.

Appendix A. An estimate on the minimum width of a circumferential splice that can be resolved by the method of
wave number truncation

The bFðxÞ function is basically the sum of two slightly displaced Ĥ(x) function with opposite sign. This is illustrated in
Fig. 20. The slope of the Ĥ(x) function is,

dĤ
dx
¼ sinðacxÞ

px
:

The slope is maximum at point ‘A’ where it is equal to ac/p.
The intersection point ‘C’ of Fig. 20 has a value nearly equal to

dĤ
dx

 !
max

W
2
¼Wac

2p
:

Fig. 19. The bCðr;/Þ function, kcD = p.
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Because of cancellation between the two Ĥ(x) of opposite sign, when adding together the value of the function at point ‘ C’
would be nearly the maximum. Thus

bF ðxÞmax ffi
Wac

p
:

In order for the computation to recognize the presence of the splice and be able to resolve it adequately, the height of bFðxÞ
should be close to unity. This requires,

Wac

p
¼ 1:0 or

W
Dx
¼ p

acDx
:

If the 7-point stencil DRP scheme is used for time marching computing, then acDx ffi 1.2. Thus W/Dx ffi 2.6. It is, therefore,
recommended that the wave number truncation method be used for circumferential splice scattering computation only
for splices with width not smaller than 2 mesh spacings.
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