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Abstract

The topic of this paper is a fast method to compute the rational solutions of a
certain differential equation that will be called the mixed differential equation. This
can be applied to speed up the factorization of completely reducible linear differential
operators with rational functions coefficients.

1 Introduction
A differential equation
™ 4 ap_y™ Y 4+ ay +ay =0
corresponds to a differential operator of order n
f=0"4an10""1+...+apd°

acting on y. In the present paper the coefficients a; are elements of the differential
field k(z) and 0 is the differentiation d/dz. The field k is the field of constants. It
is assumed to have characteristic 0. k is the algebraic closure of k. The differential
operator f is an element of the non-commutative ring k(z)[0]. This is an example of
an Ore ring [12]. The equation 0z = zd + 1 holds in this ring. We denote the solution
space of f as V(f). It is a k vector space of dimension order(f). One way to define
V(f) without ambiguity is to define it as a subset of the universal extension, cf. [7].



A factorization f = LR where L,R € k(z)[0] is useful for computing solutions
of f because the solutions V(R) of the right hand factor R are solutions of f as well.
Given L and R we can ask the following question: How can one compute (if it exists) an
operator Ry € k(z)[0] such that V(f) = V(R) @ V(R2)? In section 3.1 it is shown how
this question can be reduced to the mixed equation with ¢ = 1. Such an operator Ry
could also be computed by one of the factorization algorithms for differential operators,
cf. [4, 5,9, 13]. However, these factorization algorithms can be quite costly so we want
to have an alternative method.

The mixed equation (called gemischte Gleichung in [11]) is the following: Let L and
R in k(z)[0]. We will assume that L and R are monic (i.e. the coefficient in k(x) of the
highest power of @ is 1). Let ¢ € k(x)[0] with order(c) < order(L). In the applications
c is either 1 (cf. section 3.1) or 0 (cf. section 3.2). Compute the set of all r € k(z)[0]
such that there exists an | € k(z)[d] with

Rr+IL=c. (1)
We call this the mixed equation. An equivalent equation is
RRem(Rr,L) = c. (2)

Here RRem stands for the remainder after a right hand division. Note that it is
sufficient to compute only solutions r of order smaller than order(L) because the other
solutions are obtained from these by adding elements of k(z)[0]L. Therefore, we will
restrict ourselves to solutions r with

order(r) < order(L).

The set of solutions of the mixed equation in the case ¢ = 0 is called Ep(R, L) in
[14]. Singer gives a very interesting application of computing the set Ep(f, f), namely
the following: If Ep(f, f) contains a non-constant element r then he shows how one
can compute a non-trivial factor in k(x)[d] of f in an efficient way, cf. section 3.1 in
[14]. We will give an example of this in section 3.2. If f is completely reducible then
either Ep(f, f) contains a non-constant element (and so f can be factored) or Ep(f, f)
is the set of constants and then f is irreducible. This will be the main application of
the mixed equation.

Acknowledgments: I would like to thank J.A. Weil and S.P. Tsarev for useful
discussions about these topics. It should also be noted that J.A. Weil has ideas (which
have not yet been written down) for similar results about factoring completely reducible
operators as well. Both approaches have their own advantages. The advantage of his
approach is it can be applied to other problems as well. The advantage of the approach
in this paper is that the algorithm is short and, even though the bound we give in
proposition 1 is very technical, easier to implement (at least for the most important
case L = R and ¢ = 0). A proper comparison between the two methods can be done
when both methods are implemented. This will be done somewhere in 1996.

Outline of the paper: The part of this paper that is new is section 4. Sections
2 and 3 are not new, see also [11, 14]. These sections are intended as an introduction
for section 4 and to give applications. Section 4.1 can be viewed as an introduction for
section 4.2 because the result of section 4.1 is re-done more generally in section 4.2.
The algorithm in section 4 for solving the mixed equation consists of two parts:



1. For each singularity p € P'(k) compute a bound for the valuation at p of the
coefficients in k(z) of r.

2. Solve linear equations over k (a different approach is given in section 4 as well).

Computer algebra systems already have code for solving linear equations, so the only
thing that needs to be implemented for solving the mixed equation is the bound in
section 4.2.

An implementation of the algorithm (currently only the computation of Ep(f, f) is
implemented, but it is not much work to adapt this code for the case of a more general
mixed equation) is available from
http://www-math.sci.kun.nl/math/compalg/diffop/

2 Preliminaries

This section lists a few facts that we use about differential operators. For a more
complete introduction see [14]. In section 4.2 the reader is assumed to be familiar with
section 3 in [9].

The least common left multiple f = LCLM(R;1, Ro) of two operators R; and Ry is
defined as the monic operator f with minimal order such that R; and Ry are right
hand factors of f. V(f) = V(R;1) + V(R3).

An operator f is called completely reducible if f is the LCLM of irreducible operators
Ri,..., R,. Note that an irreducible operator is completely reducible as well.

The greatest common right divisor R = GCRD(f1, f2) of two operators f; and f5 is
defined as the monic operator R with maximal order such that R is a right hand factor
of both f; and fo. V(R) = V(f1) NV (f2). By the Euclidean algorithm (cf. [12]) one
can find two operators g; and gs such that

R=gifi+g2f2

and order(g;) < order(fs). If R = 1 then the pair g1, go is uniquely determined. This
can be shown as follows: If there were two different pairs then the difference hq, ho
of these pairs would satisfy the equation hifi + hofo = 0 and order(h;) < order(fs).
Then V(f2) C V(hif1) so fi(V(f2)) C V(h1). However, fi is injective on V(f2)
because V(f1) NV (f2) = V(R) = 0 so order(hy) = dim(V (hy)) > dim(f1(V(f2))) =
dim(V (f2)) = order(f2) which is a contradiction.

A waluation on a ring R is a map v : R — Z |J{co} (other additive groups than
Z, such as Q, are allowed as well) such that v(0) = oo, v(fg) = v(f) + v(g) for all
f,9 € R\ {0}. Furthermore v(f + g) > min(v(f),v(g)) and v(f +g) = min(v(f),v(g))
if v(f) # v(g)- One can define different valuations on the ring of local (i.e. power
series coefficients) differential operators, cf. section 2 in [8]. The valuation of a power
series a € k((z)) \ {0} is defined as the smallest n for which the coefficient of z" in a
is non-zero. The valuation of a non-zero rational function a € k(z) \ {0} at a point
p € P(k) = kU{oo} is defined as follows: If p = oo then the valuation of a at p is
the degree of the denominator minus the degree of the numerator. If p € k then the
valuation of a at p is defined as the integer n for which b = a/(z — p)™ has no pole at
p and b(p) # 0. Suppose that B, for p € P! (k) are given integers for which B, # 0 for
only finitely many p and that N > 0 where N = 3_ B,. Then the set of all a in k(z)



for which the valuation of a at p is > — B, is a k vector space of dimension N + 1. The
elements of this vector space are of the form n/D where D € k() can be determined
from the B, and where n € k[z] is a polynomial of degree < N.

In section 3.1 in [14] Singer gives three methods for computing Ep(f, f). We will
write here the first method (this method is computationally very costly, however. That
is why we give an alternative method in section 4.) because we can draw two useful
conclusions from this method. Let n = order(L) and m = order(R). Write r =
r00°+...4+7,_10"" ! where the r; are indeterminates. Write ¢ = ¢g0°+...+¢cp_10™" 1.
Now RRem(Rr, L) is a k(z) linear combination of the 7; and the derivatives of the r;.
The highest derivative of r; that appears in RRem(Rr, L) is ™ This r§"‘) only

i
appears in the coefficient of 8" in RRem(Rr, L) and the coefficient of rgm) in that
expression is 1 (we use that R is monic). So equation 2 is equivalent with the following
set of differential equations

{Tl(m)+___ =¢l0<i<n-—1}
where the dots stand for k(z) linear expressions in r](-ml), j€{0,....,n -1}, m' €
{0,...,m—1}. If ¢ # 0 then this system is not homogeneous. To make it homogeneous

we add one extra variable z, one equation z' = 0, and replace the ¢; by zc;. We can
convert this system to a system of first order equations by introducing new indetermi-
nates r; ; for the j’th derivative of r; and adding the equations r; j 41 = rg,j. This way
we obtain a system of equations of the form

Ay=1y 3)

where A is a nm + 1 by nm + 1 matrix (if ¢ = 0 then nm instead of nm + 1 because
then z is not needed) over k(z) and y is a vector consisting of the r; ; and 2. Such a
matrix differential equation can be reduced to a single equation of order nm+1 (or nm
if ¢ = 0) by a cyclic vector computation and can then be solved, see [1] for computing
rational solutions of a differential operator. We note the following:

Remark 1. If p € k is a regular point for L, R and the ¢; have no pole at p then
the matrix A has no pole at the point p. If the vector y would have a pole of order ¢
at the point p then the pole order of 3y’ would be ¢ + 1, but the pole order of Ay is < .
This contradicts Ay = 3’ so y (and hence the 7; as well) have no pole at the point p.

Remark 2. Every basis of the solutions y of equation 3 over k(z) is a basis of
solutions y over k(z) as well. Hence, for the mixed equation, to compute a basis for
the solutions r € k(x)[d] it suffices to compute a basis for the solutions r € k(z)[d].

3 Applications of the mixed equation

3.1 Computing a complement of V(R)

Let f = LR where f,L,R € k(z)[0] are monic and suppose there exists a different
factorization f = LoRs in k(x)[0] such that V(f) = V(R)@ V(Rz). We assume
that the operators f, L, R, Ly and Rs are monic. The greatest common right divisor
GCRD(R, Ry) of R and Ry must be 1 because R and Ry have no common non-zero
solutions. Then, by the Euclidean algorithm, it follows that

rR+1roRy =1
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for some 7,72 € k(x)[0] which are uniquely determined under the condition order(r) <
order(R2) (note that order(Rz2) = order(L)).

The map rR + roRo = 1 is the identity and the map r9 Ry acts like the zero map
on V(R2) C V(f). Hence the map 7R acts like the projection of V(f) to V(R2). So
rR acts like the identity on V' (R2). Now R maps V(f) onto V(L), the kernel is V(R)
hence R is a bijection from V(R3) to V(L). So r is the inverse bijection from V(L) to
V(R2). Hence Rr acts like the identity on V(L), then Rr — 1 maps V(L) to 0 so L
must be a right hand factor of Rr — 1. In other words

Rr+IL=1 (4)

for some | € k(z)[0]. Ry can be constructed from r using the equation V (Rg) = r(V (L))
as follows: Write z = r(y). We can write the derivatives of z as vectors over k(z) on
the basis y,v/,...,y™ D (the higher order derivatives of y can be simplified using
the relation L(y) = 0). Here n = order(L). The n’th derivative of z must be k(z)
linearly dependent on the lower order derivatives z,2/,... ,z(”_l). Computing this
linear dependence gives R.

So: computing the set of monic operators Ry with the property V(f) = V(R) @ V(Ry)
1s equivalent with solving the mized equation for ¢ = 1. These monic Ry are in 1-1 corre-
spondence to the solutions r of this mixed equation. Because of remark 2 in section 2
the existence of such an Ry € k(z)[d] is equivalent with the existence of such an

Ry € k(2)[d].

3.2 Singer’s Factorization method

In this section we describe a factorization method of Singer (cf. section 3.1 in [14]) and
show in an example how to combine Singer’s method with the method from section 4.
Note that our f and r are called L and R in [14], we call this f and r to be consistent
with the rest of our paper.
Suppose the dimension of Ep(f, f) is more than 1. Then we can take an element
r € k(z)[0] in Ep(f, f) which is not a constant (we always take r of order < order(f)).
Now r is a k linear map from V(f) to V(f). We can compute a basis of V(f) by
computing formal solutions of f at a point (this is easiest at a regular point). Then
compute the matrix of the map r in this basis and take an eigenvalue a € k. Then
GCRD(f,r — a) € k(x)[0] is a non-trivial factor of f. Note that for f € k(z)[0] with
dim(Ep(f, f)) > 1 the only algebraic extension that is used over k to compute a right
hand factor is the eigenvalue a.
Example: Given is the following differential operator
f:84+§83+2(x2+1)62—%5_1)8+i8
x x x x
which is the LCLM of two irreducible operators in @(z)[0]. The problem is to find a
right hand factor of f. Ep(f, f) is the set of operators r of order < order(f) such that

fr+lf=0

for some | € Q()[0]. In section 4 we will compute the solutions r of order < order(f)
of this mixed equation. The solution space is 2 dimensional. Hence we can choose a



non-constant solution:
r=—1°0° — 6% + 2230 + 0.

Now we need a basis for V(f). We choose a basis by,...,bs € Q((z — 1)) of formal
solutions at the point £ = 1. These b; are uniquely determined by requiring that b;
mod (z — 1)* is (z — 1)* 1. The operator r acts on this basis as

0 3 -2 —6

1 3 -2 0
-3/2 1/2 2 -3
13/6 —5/3 1/3 7

The eigenvalues of this matrix are 3 + v/2 and 3 — /2. From the eigenvalue 3 + V2 we
obtain the following right hand factor of f

GCRD(f,r — 3 — v3) :a%%a— %

The other eigenvalue 3 — v/2 gives the conjugate over  of this factor.

Note that dim(Ep(f, f)) > 1 implies that f is reducible but not that f is completely
reducible. For example if f = (0 + 1/z)0 then r = 20 € Ep(f, f) (giving the right
hand factor 9) but f is not the LCLM of irreducible operators.

4 Solving the mixed equation

Write
order(L)—1

= Z ;0.
i=0
In section 2 we have seen that the r; can not have a pole at a point p € k if R, L and
¢ have no pole at p. In section 4.1 (lemma 1) and section 4.2 (proposition 1 and the
comments after proposition 1) we show how to compute a bound for the valuation of
each r; in the remaining places (i.e. the point co and the points in & where R, L or ¢
has a pole). Then we can write
ng
ri = —
i D;
with n; € k[z] of degree < N; and D; € k(z) where N; and D; are computed from the
bounds. So given the bounds, we only need to determine the polynomials n;. This can
be done in several different ways:

e Approach 1. Write the n; as a polynomials in x of degree N; with undetermined
coefficients. Then substitute r in the mixed equation and find linear equations
for these undetermined coefficients. Solving these equations gives the solutions
of the mixed equation.

e Approach 2.

Let L; be an operator such that V(L;) = ¢(V(L)). If ¢ = 0 then take Ly =1, if
¢ =1 then L; = L. In the remaining cases L; can be obtained as follows: write
z = c(y) where y is a solution of L. Denote n = order(L). Using L(y) = 0 we



(n—1)

write the derivatives of z as k(xz) linear expressions in y,9', ...,y . Computing

a k(z) linear dependence between z,7/,..., 2™ gives L.

Compute a basis for V(L) and a basis 21, ..., 2, for V(L1 R) (for example a basis
of formal solutions at a regular point). Let y € V(L). Then Rr(y) = ¢(y) € V(L)
so r(y) € V(L1 R). Assume that all the D; are equal to one polynomial D (if they
are not polynomials we can take the numerator, and if they are not equal we can
replace the D; by the least common multiple). Then

r(y) = %anaz(y) € V(L1R)

S0
Zniy(i) =C1Dz1 + ...+ CpDzp,. (5)

Here the n; and C; are polynomials in z with a bounded degree (the degree of
the C; is 0). The y(i) and Dz; are power series in x — p (if we computed the
formal solutions at a regular point p). For each basis element y of V(L) we
obtain an equation of this form. The problem of computing all polynomials n;
and C; satisfying the given conditions on their degrees, such that equation (5)
holds up to a given accuracy a € N (i.e. modulo (z — p)*) is handled efficiently
by the Beckermann-Labahn algorithm, cf. [6, 3]. A good guess for the accuracy
a that is required to obtain solutions of the mixed equation is the sum of the
degrees of the n; plus the number of n; and C;. If we took the accuracy a too
small then we find too many solutions, i.e. we find a basis by, ..., b; such that the
solutions of the mixed equation form a subspace of the vector space spanned by
bi,...,b. Then we can pick out the correct solutions from this vector space as
follows: Substitute r = ¢1b1 + ... by, where the ¢; are variables, in the mixed
equation (2) and solve linear equations to find the right ¢y, ..., ¢;.

Approach 3. One can compute the n; from the formal solutions r; € k((z — p))
of the mixed equation where p is a regular point, in a way that is similar to
the way that the rational solutions of a differential operator are obtained from
the formal solutions in [1]. This way we have to solve linear equations over k in
order(L) - order(R) variables.

4.1 The local bound problem, regular singular case

Define § = zd. The ring k(z)[0] is a subring of the ring k((z))[0] = k((z))[6]. We can
define a valuation (see also section 2 in [8])

vo : k((2))[8] = Z | J{oo}

as follows: For non-zero f =37, ; fi,jz%67 the valuation vg(f) is the smallest i for which
fij # 0 for some j. For this f we can define the Newton polynomial for slope 0 (see
also section 3.4 in [8]) using a variable T as follows

No(f) = fuotr)sT7 € KIT).
J

The substitution map

ST:T—H' : k‘[T] — k}[T]
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is a k homomorphism defined by 7' — T" + 1.
We recall a few facts about the Newton polynomial Ny

o degree(Ny(f)) = order(f) if and only if f is regular singular.
e The roots of Ny(f) in k are called the ezponents of f.
e For all L, R in k((x))[6] we have

No(L - R) = Sp—11ve(r) (No(L)) - No(R).

Note that we assumed that L and R are monic in k(z)[d]. Then they are not monic
when considered as elements of k((x))[d].

The local bound problem is the following: Given are R, L and c in k((z))[d] with
order(c) < order(L). Give a lower bound for vy(r) (or give for each coefficient of r in
k((x)) a lower bound separately) for all solutions r € k((x))[d] of the mixed equation,
i.e. for all r with order(r) < order(L) for which there exists an [ € k((x))[d] such that
Rr+IL =c.

Lemma 1 Bound for vy(r) in the regular singular case. Let R,r,l, L and c in k((x))[d]
with Rr 4+ [L = ¢, order(c) < order(L), order(r) < order(L), R # 0, L # 0 and r # 0.
Assume that L is regular singular. Then

c#0 and wo(r) > vo(c) — vo(R)

or

8Cd(ST=14vy(r)(No(R)), No(L)) # 1. (6)

Proof: If vy(r) > vo(c) — vo(R) then vg(c) must be finite and so ¢ # 0. Now assume
vo(r) < vo(c) —vo(R). Then vo(Rr) < vo(c) = vo(Rr+1L). This is only possible if the
lowest power of z in Rr and [L cancel against each other. Hence

No(Rr) + No(IL) = 0.
The assumption that L is regular singular means
degree(Ny(L)) = order(L).
Apply the multiplication formula for the Newton polynomials

0 = N()(R’r‘) + N()(ZL)
= S7=11vo(r)(No(R)) - No(r) + Sr=1400(1)(No(1)) - No(L).
Because degree(Ny(r)) < order(L) = degree(Ny(L)) equation 6 follows.

a

Note that equation 6 can hold for only finitely many integers v (r). So the minimum
of these integers (and the integer vg(c) — vo(R) if ¢ # 0) is a lower bound for vy(r).
The bound can be computed from vy(c), vo(R), No(L) and Ny(R).



4.2 The local bound problem, general case

We can generalize the valuation vy to k((z))[d] as follows: If f € k((z))[d] then f is an
element of k((z'/))[0] for some n € N. Write f = 3, #*f; where f; € k[6] and where
the sum is taken over 7 € %Z. If f # 0 then vy(f) is defined as the smallest 7 for which
fi # 0 and the Newton polynomial Ny(f) is defined as this f; (with ¢ replaced by the
variable T').

Define the set E = |, k[z~/™]. In section 3.3 in [9] we have defined a valuation
from a subset V, of the universal extension V to the set F

v:V,— FE

The map
Exp: E =V,

is defined as Exp(e) = exp([ Sdz). We have v(Exp(e)) = e.
For a definition of the canonical list see [9]. The canonical exponential parts are the
elements of this list. The multiplicity of a canonical exponential part is the number of

times that it appears in the canonical list. For e € k((z)) the substitution map

Se : k((2))[0] = k((=))[9]

is defined as the k((z)) homomorphism given by S¢(d) =6 + e.

Definition 1 Let e € E and f € k((z))[0] \ {0}. Then the multiplicity ve(f) of the
canonical exponential part e in f is defined as the multiplicity of the root 0 in No(Se(f))-

Note: v(f) is not the same as the multiplicity of the exponential part u.(f), cf. section
3 in [9]. The exponential parts are the canonical exponential parts modulo a certain
equivalence, hence their multiplicity pe(f) is > the multiplicity v.(f) of the canonical
exponential part. The sum of v(f) taken over all e € E is the number of elements of
the canonical list which is order(f).

The canonical exponential parts are a generalization of exponents. The exponents
of an operator f are those canonical exponential parts which are in k. An operator is
regular singular if and only if all canonical exponential parts are exponents, i.e. if they
are elements of k.

Our approach for the general (i.e. not necessarily regular singular) case is quite tech-
nical. To explain the idea behind this approach we will first reformulate the approach
of the previous section into the terminology of exponents instead of Newton polynomi-
als. Then we can generalize by replacing the exponents by canonical exponential parts.
If

Rr+IL=c and c=0

and e is an exponent of L then e is an exponent of Rr as well. If the multiplicity of the
exponent e in 7 is smaller than v, (L) then (the proof follows later in the more general
case) vo(r) + e is an exponent of R. This must happen for at least one exponent e
of L because if L is regular singular then the number of exponents e (counting with
multiplicity) is more than the order of r. By comparing the exponents of R and L, and
taking the smallest possible integer difference, we obtain a bound for vy(r). If ¢ # 0
we have to consider the possibility vo(Rr) > vo(c) as well.



If L is not regular singular (L is irregular singular) then the number of exponents
e is not necessarily larger than order(r). And so the argument that vg(r) + e must be
an exponent of R for some exponent e of L does not hold anymore. This problem can
be fixed by using the canonical exponential parts instead of exponents. We will first
relate the multiplicity v.(f) to a property degl of formal solutions. Denote

Vo = k((z))[log(z)]
as in [8, 9].

Definition 2 For an element y € Vg define degl(y) as follows: y can be written as
Y=2; aijxilog(x)j where the sum is taken over j € N and i € %Z for some n € N.
Then degl(y) is the mazimal j for which a,,) ; # 0.

Every element y € V, is of the form Exp(e)z for some e € E and z € Vo. Then
degl(y) is defined as degl(z).

Lemma 2 Lete €k, f =6 —e+ s with s € k((z)) and v(s) >0 and y € Vi \ {0}. If
e # v(y) then
v(f(y)) =v(y) and degl(f(y)) = degl(y)-

If e = v(y) and degl(y) > 0 then

v(f(y)) =v(y) and degl(f(y)) = degl(y) —1

and if e = v(y) and degl(y) = 0 then
v(f(y)) > v(y).

The proof of the lemma is easy, we skip it. Note that f(y) = 0 is only possible in the
case e = v(y) and degl(y) = 0.

Lemma 3 Let f € k((z))[6] \ {0}, y € Vo \ {0} and d = degl(y). Let e = v(y) € Q
and d' = ve(f). If d' < d then

v(f(y)) =vo(f) +v(y) and degl(f(y)) =d—d.

If d' > d then
v(f(y) > vo(f) +v(y)

Note that f(y) = 0 is only possible in the case d’' > d.

Proof: Factor (cf. section 5in [8]) fas f=L-(0 —e1 +s1) - (0 — ep + sp) where
v(s;) > 0, e1,...,e, € k are the exponents of f and L has no regular singular factor
(i.e. L has no slope 0 in the Newton polygon). Then vy(f) = vg(L). Denote z =
(0—e1+51) - (6 —en+5,)(y) € V. Now either v(z) € Q or z = 0. d' is the number
of 7 for which e; = v(y).

Assume z # 0. Write L = Lod® + ... + L,6™. Now v(L;) > v(Lg) for i > 0
(because L has no slope 0) and v(6'(z)) > v(z) so v(Li6*(2)) > v(Lo - z). Hence
v(L(z)) = v(Lo - 2) and degl(L(z)) = degl(Lo - 2). Now f(y) = L(z) so v(f(y)) =
v(Lo - 2) = v(Lo) +v(2) = vo(L) +v(2) = vo(f) +v((6 —e1+s1)--- (0 —en + 5a)(y))
and degl(f(y)) = degl(Lg - z) = degl(z) = degl((6 —e1 + s1)--- (0 — en + Sn)(y)). Now
the lemma follows by repeated use of the previous lemma.

10
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Lemma 4 Let f € k((z))[0]. Then f has a solution y in V, with degl(y) = d and
v(y) = e if and only if eye,...,e (d+1 times) is a sublist of the canonical list of f (in
other words: ve(f) > d).

The canonical list is defined up to permutations, so we can view it as a set with
multiplicities. A solution in V, with degl(y) = d means that the multiplicity of v(y) in
the canonical list is at least d + 1, i.e. v, (f) > d+ 1. Note the following consequence
of the lemma: If there exists a solution y with v(y) = e and degl(y) > 0 then there
exists a solution z with v(z) = e and degl(z) = degl(y) — 1. This can easily be shown in
a different way as well, take z = y — Siog(y) where Sy, is the map that replaces log(z)
by log(z) + 1, cf. section 9 in [8].

Proof: Let y € V, with degl(y) = d, v(y) = e and f(y) = 0. Write z = Exp(—e)y, so
v(z) = 0 and z € Vo \ {0}. We have V(f) = Exp(e) - V(Se(f)). So Se(f)(2) = 0 and
hence by lemma 3 it follows that vo(Se(f)) > degl(z) = d. Since ve(f) = vo(Se(f)) one
part of the lemma follows.

Now suppose ve(f) > d. We must prove that f has a solution in V, with valuation
e and degl d. Let R € k((z))[e, §] be the right hand factor of S.(f) of maximal order
which is semi-regular (cf. section 3.2 in [9]) over k((z))[e]. Now vo(R) = vp(Se(f)) =
ve(f) > d.

It is sufficient to prove that R has a solution y with valuation 0 and degl d, because
then Exp(e)y is a solution of f with the desired property. Section 8.1 in [8] gives a
recursive algorithm for computing a basis of solutions of R. This algorithm makes
repeated use of integration s; = [ %idz. In this integration process (we take the
constant term in the integral equal to 0) we have v(s;) = v(a;). Furthermore degl(s;) =
degl(a;) if v(a;) # 0 and degl(s;) = degl(a;) + 1 if v(a;) = 0. Using these relations and
induction with respect to the order of R it follows that the algorithm in section 8.1 in
[8] produces a solution y with valuation e and degl(y) = j for every exponent e of R
and every integer j with 0 < j < v(R).

a

Lemma 5 Let f € k((z))[0] be of order n and e € E. Let v' be 0 if e = 0 and v(e)
otherwise (so v' € Q and v' < 0). Let d = vo(Se(f)). Then d is an integer divided by
the ramification index of e. The coefficient of 6* in f has valuation > d + (n —i)v'.

The proof of the lemma is easy, we skip it. The ramification indez of e is defined as
the smallest positive integer n such that e € &((z'/™)).

Proposition 1 Bound for vo(Se(r)): Let Rr + L = ¢ where R,r,l,L,c in k((z))[d]
with R # 0, L # 0, r # 0, order(c) < order(L) and order(r) < order(L).

Take an e € E with ve(L) > ve(r). Take a solution y € V, of L with v(y) = e and
degl(y) = ve(L) — 1. Let M = 00 if c(y) = 0 and M = v(c(y)) —e € @ if c(y) # 0.
Then

c(y) #0 and wg(Se(r)) = M — vo(Se(R))

or vo(Se(r)) + e is in the canonical list of R.
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Note: It is not a priori known which e we can take, i.e. which e satisfies equation (9).
Also note that ve(L) > ve(r) implies that ve(L) > 0 in other words: e is in the canonical
list of L.

In the two applications in section 3 we have c=0orc=1. If ¢ = 0 then M =
so then the first case in the proposition can not occur. If ¢ = 1 then M = 0. So in
both applications the proposition can be used without computing a solution y with the
desired property.

Proof:
Rr(y) = (Rr +1L)(y) = c(y).

Denote z = Exp(—e)y and w = S¢(r)(z). Then v(z ) =
Ve(L) -1> Ve(r) = VO(Se(T))' Now Se(R) ( ) (
solution of S¢(L) so

0 and degl(z) = degl(y) =
)Se(L) = Se(c) and z is a

Se(R)(w) = Se(R)(Se(r)(2)) = Se(c)(2) (7)
Now S(c)(z) = Exp(—e)c(y) so
v(Se(R)(w)) = v(c(y)) —e= M.
By lemma 3 and degl(z) > vo(Se(r)) it follows that

v(w) = v(Se(r)(2)) = vo(Se(r)) + v(2) = vo(Se(r))- (8)

According to lemma 3 and equation 7 there are two possibilities (if M = oo then
the first case can not occur)

v(Se(R)(w)) = v0(Se(R)) + v(w)

OT V() (Se(R)) > degl(w) which implies that v(w) is an element of the canonical list of
Se(R). The latter case implies that v(w)+e is in the canonical list of R. So v(Se(r)) =
v(w) = v(Se(R)(w)) = v0(Se(R)) = M —vo(Se(R)) or vo(Se(r)) +e = v(w) +eis in
the canonical list of R.

a

Note that both two cases imply a lower bound for vy(Se(r)). Since we do not know
which of these two cases holds (unless M = oo then the first case can not occur) we
have to take the minimum of these two bounds to obtain a lower bound for vy (Se(r)).
In the case where vy(Se(r)) + e is in the canonical list of R we obtain a lower bound
for vo(Se(r)) by taking the minimal m € ram( e)Z for which m + e is in the canonical
list of R. Here ram(e) is the ramification index of e. Then by lemma 5 we obtain a
lower bound for the valuation of the coefficients of r.

The order of an operator equals the sum of the v, taken over all e € E. Since

order(L) > order(r) we must have

Ve(L) > ve(r) (9)

for at least one e € E. Note, however, that we do not know for which e equation 9
holds. So to obtain a lower bound for the valuations of the coefficients of r we must
take the minimum of these lower bounds for all canonical exponential parts e of L.
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Example, continued from section 3.2: Now we will use the bound to compute
the rational solutions r of the mixed equation in the example of section 3.2. We can
write

r:—333+...+@30.

n

Ds Dy
The only singularities of f are £ = 0 and x = oco. The point z = 0 is an irregular
singularity so we must compute the canonical list:

1 1 1 1
a——2—-oa——,a+—,2—a+—.
z z z z

Here o is a root of the polynomial 1 — 4Z + 2Z? (note that it is not necessary to
compute all canonical exponential parts, it suffices to compute them up to conjugation).
Now the smallest possible difference between canonical exponential parts which is an
integer divided by the ramification index is 0. So we have vo(Se(r)) > 0 for some e
in the canonical list. Then by lemma 5 it follows that the coefficient of §° in r (here
r localized at the point z = 0, in ¢ notation instead of 0 notation, cf. section 3.4 in
[9]) has valuation > ¢ — 3. Now we should convert this bound for the § notation to a
bound in @ notation. The result is that r; = n;/D; has valuation > ¢ — 3 4+ 4 at the
point z = 0. So we can take D; = z3~% (D; is not a polynomial if i > 2, however.
In these cases the notion of the degree of D; is problematic. But then we can simply
interpret degree(D;) as —1 times the valuation of D; at the point infinity).

Now we want a lower bound for the valuation of r; at infinity (i.e. an upper bound for
degree(n;) —degree(D;)). The operator f is regular singular at infinity and the Newton
polynomial is 7% — 572 + 2T = T(T — 2)(T? + 2T — 1). Then by lemma 1 it follows
that v9(leo(r)) > —2. Here l(r) is r localized at infinity, cf. section 3.4 in [9]. We
have to convert this to a bound for the valuation of r; at infinity. The result is that the
valuation of r; at infinity is > —2 — 2¢. This means degree(n;) — degree(D;) < 2 + 2i.
Hence degree(n;) < 2 + 2i + degree(D;) = 5. So we can write r with 4 - (5 + 1)
undetermined coefficients. Twenty-four indeterminates is not very much so approach 1
in section 4, solving linear equations, will be efficient enough to be able to handle this
example. These linear equations are obtained from RRem(fr, f) = 0.
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