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1 Introduction

In [5], an algorithm was given to solve di↵erence equations. One of the main
ingredients was computing homomorphisms between solution spaces of di↵er-
ence operators. The algorithm was implemented for order 2. To extend it to
higher order, we need to compute homomorphisms for higher order operators.
Here we present an algorithm that computes rational (invariant under the dif-
ference Galois group) elements of the tensor product of the solution spaces of
two di↵erence operators (the main ingredient for computing Hom).

2 Preliminaries

Let ⌧ be a shift operator, x 7! x+1 and D := C(x)[⌧, ⌧�1] where multiplication
is given by: ⌧ · f(x) = f(x + 1)⌧ . In this paper, we use L 2 D of the form
L = ad(x)⌧d+· · ·+a0(x) with ad(x)a0(x) 6= 0, for such L, we denote ord(L) := d.
Let V be a universal extension of C(x), which means dimC(ker(L, V )) = ord(L)
for any L 6= 0, see [8] for more details. We denote V (L) := ker(L, V ). We
denote L(i) := ⌧ i · L · ⌧�i so that V (L(i)) = ⌧ i(V (L)).

3 Rational elements of V (M)⌦ V (N)

For M,N 2 D, we denote the symmetric product of M and N as MsN . It is
the minimal order operator in D for which µ⌫ 2 V (MsN) for all µ 2 V (M)

⇤
The research was funded by the Austrian Science Fund(FWF) grant no.P22748-N18.

†
Supported by NSF grant 1017880

1



and ⌫ 2 V (N), [7].
For M,N 2 D the natural map

V (M)⌦ V (N) ! V (MsN)

µ⌦ ⌫ 7! µ⌫.

is onto, however, in general, it is not injective. Suppose ord(M) = m and
ord(N) = n. To get a space that is isomorphic to V (M) ⌦ V (N) we define a
map

� : V (M)⌦ V (N) ! Matm,n(V )

by

�(µ⌦ ⌫) :=

0

BBB@

µ⌫ µ⌧(⌫) · · · µ⌧n�1(⌫)
⌧(µ)⌫ ⌧(µ)⌧(⌫) · · · ⌧(µ)⌧n�1(⌫)

...
...

. . .
...

⌧m�1(µ)⌫ ⌧m�1(µ)⌧(⌫) · · · ⌧m�1(µ)⌧n�1(⌫)
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Then � is injective, and V (M)⌦ V (N) is isomorphic to its image under �.
Let G := AutD(V/C(x)) be the di↵erence Galois group, then V , V (M),

V (N), V (M) ⌦ V (N) and Matm,n(V ) are G-modules. An element in a G-
module is called rational if it is G-invariant. An element of V (M) ⌦ V (N) is
rational (G-invariant) if and only if its image under � is in Matm,n(C(x)).

4 Computing rational elements

We say d(x) 2 C(x) is a denominator bound of f(x) if d(x)f(x) 2 C[x], see
[1] for details. The paper [9] computes certain sequences Br

i (p) and Bl
i(p) for

each finite singularity p 2 C/Z, in order to construct denominator bounds for
rational solutions of an operator M . We compute sequences Br

i (p) and Bl
i(p)

for both M and N in order to construct a denominator-bound for each entry of
�(A) where A 2 V (M) ⌦ V (N). To compute upper bounds for the degrees of
the numerators, we multiply generalized exponents of M and N , see [4, 5]. The
i, j-th entry of �(A) is a solution of M (i�1)sN (j�1), so what we compute is a
bound for the rational solutions of this symmetric product operator (however,
we do not explicitly compute M (i�1)sN (j�1), because this expression could be
large, and is in any case unnecessary).

We will illustrate our algorithm by an example. Suppose ord(M) = 3 and
ord(N) = 5 and we denote wi,j 2 V (M (i)sN (j)) \ C(x).

j
�!

| b1 b2 b3
i | w0,0 w0,1 w0,2 ⌧(b1) ⌧(b2) ⌧(b3)

# ⌧(w0,0) ⌧(w0,1) ⌧(w0,2) ⌧2(b1)
⌧2(w0,0) ⌧2(w0,1) ⌧2(w0,2)
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First we compute the sequences Br
i (q) and Bl

i(q) for M and N , and a con-
struct denominator bound dj(x) for MsN (j), 0  j  ord(M) � 1 = 2. Then
each w0,j can be written as

njX

k=0

ck,jx
k

dj(x)

for some nj 2 N and unknowns ck,j . The upper bound nj can be computed by
multiplying generalized exponents of M and N . Since ⌧(wi,j) = wi+1,j+1 we
obtain w1,1, w1,2 and w1,3 by applying ⌧ to w0,0, w0,1 and w0,2, respectively
and w2,2, w2,3 and w2,4 by applying ⌧2 to w0,0, w0,1 and w0,2. Then b1 = w�1,2

can be obtained by applying the recurrence given by M to w0,2, ⌧(w1,1) and
⌧2(w0,0). Then we obtain w0,4 by applying ⌧ to b1. Repeating this produces
b2 and b3. Note that the sequences Br

i (q) and Bl
i(q) also produce denominator

bounds for b1, b2, b3, these bounds can be translated into linear equations for
the unknowns ck,j in our ansatz.

After obtaining w0,5 = ⌧(b3) by continuing this process, we apply N to w0,0,
w0,1, w0,2, ⌧(b1), ⌧(b2) and ⌧(b3), and get a system of equations for ck,j . We
can add more equations by computing b4 and b5, at which point we can prove
that the equations are necessary and su�cient. By solving these equations, we
obtain a basis of rational elements of �(V (M)⌦ V (N)).

The diagram and above process explains the following lemma:

Lemma 1. If we have min{ord(M), ord(N)} consecutive, either horizontal or

vertical, entries of �(A) then all other entries can be computed from them.

Similar statements are known in other contexts, e.g. computing invariants
of the di↵erential Galois group [10].

5 Application

There are di↵erent ways to define an adjoint; we choose the following. For
L :=

Pd
i=0 ai(x)⌧

i 2 D, ad(x) = 1 we take:

L⇤ :=
dX

i=0

ad�i(x+ i� 1)⌧ i.

Then V (L⇤) is isomorphic (as G-module) to the dual of V (L), so

HomC(V (L1), V (L2)) ⇠= V (L1)
⇤ ⌦ V (L2) ⇠= V (L⇤

1)⌦ V (L2).

We want to compute

Hom(L1, L2) := {' 2 HomC(V (L1), V (L2)) | ' is G-invariant}.

Remark: ' is G-invariant i↵ 9H 2 D s.t. '(⌫) = H(⌫) for all ⌫ 2 V (L1).
Computing Hom(L1, L2) is equivalent to computing the rational elements of
V (L⇤

1)⌦ V (L2).
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The paper [2] computes Hom for systems of di↵erence equations, while [3]
handles the case of ordinary di↵erential equations and [6] handles the multivari-
able case. The purpose of this paper is to design a fast algorithm for di↵erence
operators, similar to Maple’s DEtools[Homomorphisms] for di↵erential opera-
tors.
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