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Notations

» 7 is a shift operator, x — x + 1

» D := C(x)[r] is a ring of difference operators.

o f(x)=f(x+1)r, 7-7' +1

T =T
> L= Z:d:o aj(x)r' € D corresponds to
a recurrence equation
ag(x)u(x +d) +--- +ap(x)u(x) = 0

we assume aq(x)ap(x) # 0 and say ord(L) = d

» Let V be the universal extension of D and
V(L) = ker(L, V).

» L* =39 ag_i(x+i—1)r is called the adjoint of L.



HOII](L1 , Lg)

We want to compute

Hom(Ly, Lp) := {G € C(x)[r] | ord(G) < ord(Ly), G(V(L1)) C V(Lp)}.



HOII](L1 , Lg)

We want to compute
Hom(L4, Lp) := {G € C(x)[7] | ord(G) < ord(L+), G(V(L1)) C V(L2)}.
ldea:

Hom(Ly, Lz) € Home(V(L1), V(L2))

L1)* ®c V(L)
V(L}) @c V(L2)

1R



Definition

The symmetric product, NOM, of Nand M € D is
an order-minimal and monic operator such that
v € V(INOM) for allv € V(N) and o € V(M).

Suppose ord(N) = dy, ord(M) = db,
V(N) := spanc{v1,...,vq } and
V(M) = Span(c{/-“v s 7/J/d2}'

V: V(N)® V(M) — V(NSOM)
V(> a v ® pj) = ajvjp, is an onto map.

V(N)® V(M) 2 V(NSOM)



For each v; and y; we define,

Viltj Vit (145) e ViT dz;i(fﬁ )
M) = T(V:i)ﬂj T(Vi).T(ﬂj) T(vj)T | (147)
O Wiy T )T () e T ()% ()

Mat(N, M) := spanc{M;; [ 1 <i<dy, 1 <j< db}.
Then

V(N) @ V(M) = Mat(N, M)



What is rational in V(N) @ V(M)?

For W =73 a;v;® u; € V(N) ® V(M) define

q)(W) = Z a,',j./\/l(lj,', Mj) < Mat(N, M)

Definition

W=> ajv®u € V(N)® V(M) is said to be rational,
if all entries of ®(W) are rational.

Hom(Ly, Lp) := {G € C(x)[7] | ord(G) < ord(Ly), G(V(L1)) C V(Lo)}

Hom(L4, Lp) € Homg(V/(Ly), V(L2))
= V(L))" ®@c V(Lz)
= V(L7) ®c V(L2)

Theorem

Rational elements of V(L}) ®c V(Lz) correspond bijectively to
elements of Hom(Lq, Lp).



How to compute rational elements of Mat(N, M)

For W = Z a; jvj &® JURS V(N) &® V(M) define
(D( W) = Z a,'J'./\/l(V,', /Lj) S Mat(N, M)

Wiy = X aim = ()7 (1)
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How to compute rational elements of Mat(N, M)

We need min{ord(N), ord(M)} consecutive elements of (W)
to get all elements in ®(W).
Suppose ord(N) = 3 and ord(M) = 5 then

blue dots : diagonal (shift)
red dots: vertical (with N)
cyan dots: horizontal (with M)
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How to compute rational elements of Mat(N, M)

» rational solution

» d(x) € C(x) is a denominator bound of f(x) € C(x)
if there exists n(x) e C[x] such that f(x) = d(x)n(x)

» degree of n(x) is called the numerator bound of f(x).



How to compute rational elements of Mat(N, M)

» rational solution

» d(x) € C(x) is a denominator bound of f(x) € C(x)
if there exists n(x) e C[x] such that f(x) = d(x)n(x)

» degree of n(x) is called the numerator bound of f(x).
» d(x) can be computed from valuation growth

» degree of n(x) can be computed from generalized
exponents.



How to compute rational elements of Mat(N, M)

Let m € Mat(N, M) be a matrix with rational entries.

» characteristic data

a Compute valuation growth of N and M, then we get
denominator bound dj(n) for each my ;,i e {1,...,db — 1}

b Compute generalized exponent of M, then we get
numerator bound j for each my ;,i e {1,...,cb — 1}.

c for each my ; we get di(x) >, ci;x'.

d generate my 4, with shift and N and apply M to find the
coefficients.
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Applications of Hom(Ly, L)

1. Gauge Transformation
Ly,Ly € D,ord(Ly) = ord(Lp), are said to be gauge
equivalent, Ly ~¢ Lo, if there exist G € D that bijectively
maps V(L) — V(Lp).

2. Factoring
For L € D, suppose we can compute M which is gauge
equivalent to a right hand factor M of L. Then by applying
G € Hom(M, L) to M, we get M.
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