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ABSTRACT

Let L be a second order linear ordinary differential equation
with coefficients in C(x). The goal in this paper is to reduce
L to an equation that is easier to solve. The starting point
is an irreducible L, of order two, and the goal is to decide
if L is projectively equivalent to another equation L that is
defined over a subfield C(f) of C(z).

This paper treats the case of 2-descent, which means re-
duction to a subfield with index [C(x) : C(f)] = 2. Although
the mathematics has already been treated in other papers,
a complete implementation could not be given because it
involved a step for which we do not have a complete im-
plementation. The contribution of this paper is to give an
approach that is fully implementable [5]. Examples illustrate
that this algorithm is very useful for finding closed form so-
lutions (2-descent, if it exists, reduces the number of true
singularities from n to at most n/2 + 2).

Categories and Subject Descriptors

G.4 [Mathematical Software]: Algorithm design and anal-
ysis; .1.2 [Symbolic and Algebraic Manipulation]: Al-
gorithms— Algebraic algorithms

General Terms
Algorithms

1. INTRODUCTION

Let L =37, a;0¢ be a differential operator with coeffi-
cients in a differential field K = C(z), where 9 is the usual
d

differentiation --. The corresponding differential equation

is L(y) = 0, i.e. any™ + -4 a1y’ + aoy = 0. The problem
of finding closed form solutions of L becomes easier if we
can factor L as a product of lower order operators [2, 7, 1]
or apply some other approach to reduce the order [9, 14].
A different type of reduction is called descent. Here, the
goal is to reduce L to an operator L of the same order, but
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this time defined over a proper subfield k& = C(f) of K.
Here L must be projectively equivalent to L. Informally, this
means that L can be solved in terms of the solutions of L and
vice versa (a precise definition will be given in Section 2.2).

In this paper, we treat the case of 2-descent, meaning that
k is a subfield of K with index 2. For now, we treat only
second order equations. After applying Kovacic’ algorithm,
we can assume that L is irreducible (i.e. not a product of
lower order factors), and that it has no Liouvillian solutions.

Descent reduces the number of true singularities (Defini-
tion 5) from n to < n/2+ 2, which helps to solve differential
equations as illustrated in Section 7. In particular, if the
number of true singularities' drops to 3, and if these are
regular singularities®, then a »Fi-type solution can be ob-
tained quickly. We can also stop reducing when we reach an
operator with four true singularities, because 4-singularity
equations with 2 Fi-type solutions are currently being clas-
sified [6] by van Hoeij and Vidunas. Classifying equations
with closed form solutions and > 4 singularities would be
hard to do, this is where 2-descent becomes crucial.

If L € C(x)[0)] then there is a finitely generated extension
Q C C with L € C(x)[9], just take C to be the extension of
Q given by the coefficients of L. The main design goal for our
algorithm is to introduce as few algebraic extensions of C' as
possible. Without this design goal, Sections 3 and 5 would
have been much shorter (if we simply compute the splitting
field of the singularities then for Section 5 we can follow
[3] and Section 3 becomes trivial. Sections 3 and 5 become
non-trivial when we aim to minimize field extensions).

The main results in this paper are in Section 4. We know
from [11] that if there is a gauge transformation G from L
to o(L), then L will allow descent with respect to . The
question is, given GG, how to find the descent? Is it necessary
(as in the terminology in [11]) to trivialize a 2-cocycle, or
to perform some equivalent complicated operation such as
finding a point on a conic over C(z)? The answer is no; we
give a short and efficient algorithm in Section 4, and we even
show (Theorem 1) that it produces a result over an optimal
extension of C.

1.1 Relation to prior work

It is shown in [3, 11] that the problem of computing 2-
descent can be reduced to another problem (trivializing a
2-cocycle) although no step by step algorithm is given in
these papers. The paper [9] does give an algorithm, and im-

'the number of removable singularities (Def. 5) is irrelevant
for the irregular singular case, finding closed form solutions
if they exist can be done with [12, 4]



plementation, that can be used to find 2-descent, as follows.
If o is a Mobius transformation of order 2, and C(f) is the
fixed field of o, and if L is projectively equivalent to o (L),
then we can compute the so-called symmetric product of
L,o(L), then apply factorization (DFactorLCLM in Maple),
take the 3’rd order factor found that way, and run the algo-
rithm from [9] to find a second order operator. All of these
steps are implemented, and the end result is a 2-descent.

The problem with the above methods is that they rely on
an algorithm that can find a point on a conic defined over
K (or an algorithm that solves an equivalent problem). Al-
though such a point must exist when K = C(z), the proof
does not show how to find such a point over a field of con-
stants that is optimal or close to optimal (recall that we
wish to minimize the extension of C' that the algorithm in-
troduces, where C' C C). There is only an implementation
[10] for this step if C' is Q or a transcendental extension of
Q. If L contains algebraic numbers, then there is no imple-
mentation for finding a point on a conic, and without that,
it is not clear how to obtain from [11, 9, 3] a complete im-
plementation for finding 2-descent.

In this paper we describe a step by step algorithm for
finding 2-descent. The algorithm can be fully implemented
[5] because it does not call a conic algorithm. Note: If L €
C(x)[0] with C C C, and if one allows unnecessary algebraic
extensions of C' (potentially exponentially large), then it is
not hard to implement a conic algorithm, in which case one
can consider 2-descent an already solved problem. But in
practice our algorithm would be much preferable because it
only extends C' when necessary (i.e. when there is no 2-
descent defined over C).

2. PRELIMINARIES

2.1 Differential Operators and Singularities

Let K = C(z) denote the differential field and let D=K|0]
be the ring of differential operators with coefficients in the
differential field K. Here 0 denotes the usual differentiation
%. Then elements L € D are of the form L = a,0" +--- +
a10 + ag with a; € K.

A point p € P = CU {oo} is called a singularity of a
differential operator L € K|[d], if p is a zero of the leading
coefficient of L or p is a pole of one of the other coefficients
of L. p is called a regular point if it is not a singularity.

We denote the solution space of a differential operator
as V(L) = {y|L(y) = 0} where the y are taken in some
universal extension [15] of C(z). If p is a regular point of
L, we can write all solutions of L at p as convergent power
series > oo aitf77 where t,, denotes the local parameter which

ist, = % if p = 0o and t, = x — p, otherwise.

2.2 Transformations
There are three known types of transformations that send,
for any second order L; € K[d], the solution space of Ly to

the solution space of some Lo € K[J], again of order 2. They
are (notation as in [4]):

(i) change of variables: y(z) — y(f(x)), f(z)e€ K\C.
(ii) exp-product: y — elrdr .y re kK.
(iii) gauge transformation: y — 7oy + 719/, ro,r1 € K.

DEFINITION 1. Let L1, Ly € K[9] with order 2. They are
called gauge equivalent (notation: L1 ~g Lo ) if there exists a

so-called gauge transformation from V(L1) to V(L2), which
means a bijection of the form (iii).

REMARK 1. Let L1, Ly € K[0]. The D-modules D/DLs;,
1 = 1,2 are isomorphic if and only if L1 ~¢ La. In particu-
lar, ~g4 is an equivalence relation (see [1]).

DEFINITION 2. Let Ly, Ly € K[0] with order 2. They are
called projectively equivalent (notation: Ly ~p L2) if there
exists a bijection V(L1) — V(L2) of the form

y— el " (roy +my) (1)
for some r, ro, 11 € K.

Projective equivalence is also an equivalence relation, see
[1]. An implementation (for order 2) is given in [8] to decide
if L1 ~p Lo, and if so, to find the projective equivalence (the
r,70,71 10 (1)). An algorithm for arbitrary order n was given
in [1] (implemented in ISOLDE).

2.3 2-descent

DEFINITION 3. Let f = % with A, B € C[z] coprime, then

the degree of f is defined as
deg(f) = max(deg(A),deg(B)) = [C(z) : C(f)].

REMARK 2. If 0 € Aut(C(x)/C) has order 2, then the
fized field of o is a subfield of C(x) of index 2, and by
Liiroth’s theorem this subfield is of the form C(f), for some
f € C(z) of degree 2 (note: we can find such f in {z +
o(x),zo(z)} \ C). Any subfield C(f) C C(z) of index 2 is
the fized field of some o € Aut(C(z)/C) of order 2 (after all,
every extension of degree 2 is Galois). The automorphisms
of C(x) over C are Mébius transformations:

ar +b
cx+d

T (2)
This paper treats 2-descent, so we only consider ¢ of order
2, which is equivalent to having d = —a in (2).

REMARK 3. Any o € Aut(C(z)/C) extends to an auto-
morphism of C(z)[0]. If o has finite order, and if C(f) is
the fized field of o, and if L € C(x)[0], then

L=o(L) < L e C(f)[0], 3)

in other words, C(f)[0y] is the fized ring of o. Here 8y :=
d% = %3, where ' is differentiation w.r.t. x.

DEFINITION 4. Let L € C(x)[0]. We say that L has 2-
descent if 3f € C(z) with deg(f) = 2 and 3L € C(f)[0¢]
such that L ~, L.

One could instead use the term “projective 2-descent” for this
(because we use projective equivalence ~,,) but we opted to
use the shorter term.

Main goal: Let L € K[0J] be irreducible and of order 2.
The goal of this paper is to give an explicit algorithm that
can decide if L has 2-descent, and if so, find it (i.e. find
L € C(f)[0f] with L ~, L for some f of degree 2). More-
over, if L is defined over some field C' C C, we should only
introduce algebraic extensions of C' when necessary.

We will divide our algorithm into several steps. The first
step is to find candidates for C(f) with deg(f) = 2. Such a
field is the fixed field of a Mobius transformation of order 2.



3. MOBIUS TRANSFORMATIONS

PROPOSITION 1. A Mdébius transformation has order 2 if
it is of the form o(z) = %. Such o has 2 fized points in

CU {oo}.

One could apply a transformation that moves the fixed points
of o to 0, co, which reduces o to the notationally convenient
x — —zx. Our algorithm does not do this because it can in-
troduce an unnecessary algebraic extension of the constants.

3.1 The singularity structure

DEFINITION 5. Let L € D have order n. Assume p is a
singularity of L. If there exists a basis of V(L) of the form
efol, .. .,efon where r € C(x) and fi,..., fn are analytic
at x = p, then p is called a removable singularity (also called
false singularity). Otherwise p is called a true singularity.

Suppose p is a singularity of L. If there exists a projec-
tively equivalent L for which p is a regular point, then p is
a removable singularity. The true singularities of L are pre-
cisely those p that stay singular when L is replaced by any
projectively equivalent operator.

Denote (as in [12, 4]) the (generalized) exponent-difference
as A(L, p).

DEFINITION 6. For any true singularity p, denote
"irreg”  if A(L,p) ¢ C
"irrat”  if A(L,p) e C\Q

e€0,3] if A(Lp €Q

Here, e € [0, 1] such that A(L,p) € (e +Z) U (—e + Z).

Then we write the singularity structure of L as

S§%P¢ .= {(p, type(L,p)) | p true sing}.

Let m; project on the i'th entry of S*?° then S := 1 (S%P°) C
P!(C) denotes the set of true singularities of L.

type(L,p) :=

LEMMA 1. [12, 4] If L ~, L € D then L and L have the
same singularity structure S*™¥P°.

If L € C(x)[0) for some field C' C C, we denote:

b

Mg :={o = ﬁm,b,ce((:and o(S) =5}
cx—a
b

Mg :={o = ﬁm,b,ce(}and o(S) =S}

Cr —a

MEPe = {0 € Mc|o(SWPe) = SWP}

MEP® = {o € Mc | o(S¥P°) = 5¥Pe}
places(C) :={f € C[z] |f is monic and irreducible } [ J{co}.
REMARK 4. places(C) = P*(C) = C|J{oo}

If 0 € Aut(C(z)/C) then o acts on places(C) in a natural
way, preserving degrees, which are defined as:
_ 1 if p=oc;
deg(p) = { deg(p) if p is a polynomial .

If L = and" + - + aod® with ao,...,a, € C[z], then
computing the singularities as a subset of P'(C) C P'(C)
would mean computing all roots (the splitting field) of ay.
The algorithm does not compute this splitting field because

it could have exponentially high degree over C. Instead, it
uses irreducible factors of a, in C[z] (and the point co) to
represent the singularities, then we have the notation Sg’ pe
and

Méype :={o € M¢| U(Sgpe) = Sgpe}

To ensure that S is invariant under ~, it is essential to
discard all removable singularities.

ExXAMPLE 1. Let C =Q, and

e 1224 + 1 3 8
Li=0"+ (222 — 1)(222 + 1)a (222 —1)2

For this example we find

1 1

tyPe .— f(o0 -1 — =t I
SEPe = {( 70)7(070)7(\/5,0),(\/570)7(\/_—270)7(\@,0)}-
The set of true singularities is
P T S B S
SEmET = 5 7 v v

Written in terms of places(Q) it becomes

1 1
Sc = {00, z, z° + 5,372 — 5} C places(Q),

S = {(00,0), (z,0), (z* + %,0), (= %»0)}
and
1 -1
type __ _ PR —
ME™ ={~w, -, 5}

This example was quite easy because it has obvious 2-
descent. Moreover, all singularities were true singularities
with type(L,p) = 0. Removable singularities are common in
larger examples, such as Example 3 in Section 7. Using S
instead of S¢ would have introduced an extension of C = Q
of degree 4 in this example, however, such an extension could
have been much larger (e.g. if z® — 2 — 1 had appeared in
the denominator of L, which has a splitting field of degree
120).

3.2 Finding candidates for
For i = 1,2,..., let S; denote the set of all p € S¢ with
deg(p) = .

Algorithm: Compute Md&bius transformations.

Input: The singularity structure SgP°.

Output: The set MZ®°, i.e., the set of all ¢ € Aut(C(z)/C)
of order 2 that fix S°°.  (In this paper we omit 2-descent
for o’s that are not defined over C' because in that case is

better to compute a larger descent, of type C2 X Cs, D, A4,
547 or A5)

Step 1: Compute S; from Sgpe and let n; denote the num-
ber of elements of S;.

Step 2: Let Nging := > in; (the toial number of true sin-
gularities when counted in P*(C)).

Step 3: If nging < 3 then return “With < 3 singularities,
descent is not necessary nor implemented” and stop.

Step 4: Now nsing > 3.



(i) If ny > 3, then call Casel

(ii) If ny = 1,n2 = 1, then call Case2

giii; If n1 = 2,n2 = 1, then call Case3

iv) If ne > 2, then call Case4

(v) If n; > 1 for some ¢ > 3, then call Case5
Algorithm: Casel.

Input: SEP° with Sy having > 3 elements.
Output: The set MZP°.

Before describing Algorithm Casel, first some remarks. In
general o = Z;”IZ is determined by the image of three points
o(p1),0(p2),0(p3). Since we assume |o| = 2, we can write
o = 2222 In general, such o is determined by two points
o(p1), o(p2) except in one case: when o(p1) = pe, o(p2) =

pi1. In that case one more point is needed to determine
o= axr+b
T cx—a”

cx—a’

Algorithm Casel will choose a pair p1,p2 € S1 (p1 # p2)
and loops over all n(n — 1) pairs ¢1,q2 € S1 (1 # gq2). If
the types of q1, g2 match those of pi1,p2, the algorithm will
compute the o that maps p1,p2 to q1,q2. In the one case
that g1, g2 = p2,p1, a third point p3 is used to determine o.
There are n— 2 choices for o(p3), namely from S; — {p1,p2}.
The number of computed ¢’s is then < n(n—1)—1+ (n—2)
(equality if they all have the same type). Then we remove
those o for which S&P° is not o-invariant (That means re-
move all ¢’s that send a true singularity to a non-singular
point or to a false singularity (Definition 5), and, remove
all o’s that send a singularity to a singularity of a different
type).

Algorithm: Case2

Input: SZP° with S; having 1 element and Sz having 1
element.

Output: The set MZP°.
Step 1: Let the polynomial in Ss be 22+ c1z + co.

Step 2: Write o1 = —9.2F2% 4 g, = 22+c0ctea

2x+cy cr—a

REMARK 5. o1 is the unique Mobius transformation
of order 2 that fizes the roots of ©2 +c1x+co; oo is the
parameterized family of all o of order 2 that swap the
roots of 2 + iz + co.

Step 3: Let p1 be the one element of S7. Equating o(p1) to
p1 gives a linear equation that determines the values
of the homogeneous parameters a, ¢ in 2.

Step 4: Check which (if any) of o1, 02 fix SgP° and return
those.

Algorithm Case3 is similar to Algorithm Case2.

Algorithm: Cased
Input: SZP° with S» having > 2 elements.
Output: The set MZP°.

Step 1: Choose one polynomial from S;. Denote it as f1 =
x? +c1x + co.

Step 2: Do the following substeps 1 — 4 to get the set T1:

1. Write o7 = —L2+2% gnd g, = 22+c0cteia (See

2x+cy cr—a

the Remark in Algorithm Case2).

2. Choose another polynomial in Sz, and denote it
as fo =2° +dix +do.

3. Write o3 = — 4422490 and oy = 22tdoctdia,

4. Let a := dop — co, ¢ := ¢1 — d1, then o2 = 04 swaps
the roots of f1 as well as the roots of f5.
Ty := {o € {01,02,03}|0 fixes SFP°}.

Step 3: Denote the polynomials in S as f;, then T =
na
UFindMaps(fl, fi)

i=2
(See below for the subalgorithm FindMaps)

ng
Step 4: T := UFindMaps(fg, fi)-
i=3

Step 5: T1 U TQ UT3
Remark. Taking a set union means removing dupli-
cates. The duplicates are the elements of T3 that do
not swap the roots of f1, and o3 might also be duplicate
(it could be in T3 if ny > 2).

Subalgorithm: FindMaps
Input: Two irreducible polynomials f, g € C[z] of degree 2.
Output: All ¢ € MZ° that map roots of f to roots of g.

1. Compute the roots of g in C(a) = C[z]/(f). (Note:
there are either 0 or 2 roots 3;)

2. For each root (3;, compute a,b,c € C' (not all 0) with
aa+b __ ﬁ
aatb _ 3.

This is done by computing coefficients (w.r.t ) of a a+
b — Bj(ca — a) and equating them to 0.

3. For each 2%t found in step 2 check if it fixes SgP°, if

cr—a

so, include it in the output.

Algorithm: Caseb
Input: SgP° with S; having > 1 elements and i > 3.
Output: The set MHP°.

Step 1: Find S, for an ¢ > 3 with n; > 0.

~

Step 2: Choose a polynomial f in S;. Denote C(a) 2
Clz]/(f), with f(a) = 0.

Step 3: For each polynomial g € S; , call FindMaps(f, g).

Then MZP® would be U FindMaps(f, g).
gES;

4. COMPUTING 2-DESCENT, CASE A

Notations: Let L € C(z)[0] have order 2, and be irre-
ducible (even in C(x)[9]). Let o € Aut(C(z)/C) have order
2 and fixed field C(f) C C(x).

LemMA 2. If 3L € C(f)[0f] with L ~, L, then L ~,
o(L).

PROOF. L ~p L = o(L) ~p o(L). O

So if not L ~, o(L) then L € C(z)[d] C C(x)[0] does not
descend to C(f). If L ~, o(L) then we will consider two
cases:



NoTATION 1. Case A is when there exists G = ro +
r10 € C(x)[0] such that G(V(L)) = V(o(L)), i.e. L ~yg
o(L).

Case B is when there exists G = e/ ™ (ro +
r10) such that G(V(L)) = V(o(L)), i.e. L ~p o(L).
(Note: Case A = Case B.)

This section treats only Case A. Section 5 will reduce Case B
to Case A.

In Case A, when L ~4 (L), it is known [11] that there
exists L € C(f)[0¢] with L ~, L. Then we have the following
diagram:

Diagram 1

V(L)

V(L)

Here, A, o(A), and L are unknown. Whether or not such a
diagram commutes is studied in Theorem 1 below.

REMARK 6. A gauge transformation is a bijective map
A : V(L) — V(L) that can be represented by a differen-
tial operator in C(x)[0]. So we can define o(A) simply by
applying o to the operator that represents the map A.

THEOREM 1. Let L and o be as before, and G : V(L) —
V(o(L)) be a gauge transformation. Suppose L1, Ly € C(f)[0y]

and A; : V(L) — V(L;) are gauge transformations. Then:

1. For each i = 1,2, there is exactly one \; € C* such
that the following diagram commutes.
Diagram 2

A G

= V(o(L))

2. If I ~g L over C(f), then A1 = A2; Otherwise, A1 =
—Aa.

3. In particular, {\1,—X1} depends only on (L,o0,Q).

PROOF. First consider the diagram without A; in it. In it
we find two gauge transformations V(L) — V(L;), namely
A; and o(A;)G. After choosing bases of V(L) and V(L;),
we can view these gauge transformations as bijections: C2 —
C2. Then by linear algebra, there is a constant A; € C* such
that the map:

Ai — Xio(A)G : V(L) — V(L). (4)

has a non-zero kernel. The kernel of (4) corresponds to a
right hand factor of L, namely, the GCRD of L and the
operator in (4). However, L is irreducible so this kernel must
be V(L) itself. That means Diagram 2 commutes. That X;
is unique follows from linear algebra: there can be at most
one A; for which (4) is the zero map. Item 1 follows.

For item 2, since L~1 ~yg L ~y ~L~2, there exists a gauge
transformation B : V(L1) — V(L2). This B is unique up

to multiplying by a constant that we choose in such a way
that the composition BA; : V(L) — V(L2) coincides with
As. Since o(L1) = L1, 0(L2) = Ly one sees that (B) maps
V(L1) to V(Lz) as well. So o(B) must be ¢ - B for some
¢ € C*. Then |o| = 2 implies that ¢ = £1. Now ¢ = 1 iff
o(B) = B ifft B € C(f)[9y] iff L1, Lo are gauge-equivalent
over C(f). Otherwise, if ¢ = —1, then B ¢ C(f)[9s] and
L1, L, are gauge-equivalent over C(z) but not over C(f). To
prove item 2 we now have to show that Ay = cA;.

If \; is such that Diagram 2 commutes (for i = 1,2) then
the following diagram commutes:

Diagram 3
V(L) S - V(o(L))
N
V(L) —— V(o(L1))
& \
o‘b
V(L~2)

The composed map B A; at the left of Diagram 3 coincides
with the map Az in Diagram 2 for i = 2. Applying o to
B A; and Az, we see that the composed map at the right
of Diagram 3 coincides with the map o(A2) in Diagram 2
for i = 2. Then the maps at the top of Diagram 3 and
Diagram 2 for ¢ = 2 must coincide as well, i.e., A\2G = c\1G.
Hence A2 = c\1. Item 2 (and hence item 3) follow. [

4.1 Algorithm for finding 2-descent in Case A

Notations L, C, G, o, A are as in Section 4. Our goal
is to compute 2-descent: L ~, L € C(f)[0y]. Here f
is determined from o as in Remark 2. We will compute

A: V(L) — V(L) first, then use A to find L.

Algorithm: Case A for computing a 2-descent L for L.
Input: L, G, 0 and C.
Output: L and A, defined over an optimal extension of C.

Step 1: Write A = (aoo + a012)0 + (a10 + a11z), with aoo,
ao1, a10, a11 unknowns (which will take values in C(f)).

Step 2: The operator A — Ao(A)G in (4) should vanish on
V(L), so the remainder of A — o(A)AG right divided
by L must be 0. This remainder is of the form (Roo +
le’)ao + (Rlo + Rul’)a, where the Rij are C()\, f)—
linear combinations of a;;. This produces a system of
4 equations R;; = 0 in 4 unknowns a;;.

Step 3: To have a nontrivial solution, the corresponding
4 X 4 matrix M must have determinant 0. Equating
det(M) to 0 gives a degree 4 equation for A. Solve for
A
Remark. The equation for ) is of the form (A% —a)? =
0, where @ = A\? = A3 with Ay, A2 as in Theorem 1. If
L and o are defined over a field C C C then L and A
are defined over C(y/a).

If \/a ¢ C then it follows from Theorem 1 that the
extension by \; = ++/a is necessary.

Step 4: Plug in one value for X\ in M, then solve M to find
values for aoo, ao1, a0, a11 in C(\/a, f).



Step 5: Compute LCLM(A, L) to obtain LA. Right divide
by A to find L € C(\/a, f)[0f].

Step 6: (optional) Introduce a new variable, say z1, and
compute an operator Ly, € C(y/a,z1)[0s,] that corre-
sponds to L under the change of variables z1 — f.

S. COMPUTING 2-DESCENT, CASE B

DEFINITION 7. Let L1, Ly € D = K[0]. The symmetric
product L1® L2 is defined as the monic differential operator
in D with minimal order for which y1 y2 € V(L1®L2) for all
y1 € V(L1), y2 € V(L2).

LEMMA 3. If L = 8* 4 ¢ € C(a)[0], and G := el " - (ro +
) is a bijection from V(L) to V(o(L)), then (¢! ™)? is a
rational function.

IfL:=08°+a10+ao € C(x)[9), then Ly := LE(0 — 1a1) is
of the form 8% + co (with co = ap — 1a% - éa’l

The proof of the lemma follows by computing the effect of
G on the Wronskian, and the fact that the Wronskians of
0% + co and o (9? + co) are rational functions (1 and o(x)’
respectively).

Let L € C(x)[d] irreducible (even over C) and of order 2,
and o € Aut(C(z)/C) of order 2. The implementation equiv
[8] can check if L ~p, o(L), and if so, find r,ro,r1 € C(x)
for which G := e/ - (ro 4+ r10) is a bijection from V(L) to
V(o(L)). Assume that such o and G are given. After the
simple transformation in the lemma above, we may assume
that (e/ ")? is a rational function.

If e/ " itself is a rational functlon then we are in Case A.
Otherwise, we can write el z)+/ f(z) for some square-
free polynomial f(z), and some p( ) € (ac)

DEFINITION 8. The branch points of G are the roots of
f(x), and oo if f(x) has odd degree.

To reduce Case B to Case A, we have to eliminate the branch
points. Our algorithm will first eliminate all branch points
that can be eliminated without a field extension of C'. It will
only extend C' if there is no descent w.r.t. o defined over C.

5.1 Branch points

It is convenient to view the set of branch points as a subset
of P'(C). However, to avoid splitting fields, the algorithm
represents the branch points with a set B C places(C) in-
stead. This B is the set of irreducible factors of f(x) in C[z],
as well as oo if f(z) has odd degree. The goal is to eliminate
branch points until we reach B = {J, i.e., Case A.

DEFINITION 9. If o(c0) = oo, then denote Inf := {oo},
otherwise Inf := {oco,z — 0(c0)}. Denote By = B(\Inf and
By = B\ By.

Let fi1(z), f2(z) € Bn. We say that fi(z) matches fz(zx)
when the roots of fa(x) are the same as the roots of f1(o(x))
(i.e. the numerator of fi(o(x)) is f2).

If o(00) # oo, then we say that the polynomial x — o(00)
matches co.

LEMMA 4. If fi(z) # fo(x) € By and fi(z) matches
f2(z), then By turns into By \ {f1, f2} when we replace

L by Lew = LO@ — 5 - ).

PROOF. The composed transformation

V(Lnew) — V(L) = V(a(L)) = V(0 (Lnew))

1
O’(fl) -G —.
VvV
The polynomial f equals fif2--- where the --- refer to the

other factors of f in B\ {co}. The transformation G is of
the form v/fi f2---- (ro+710). Factors can be removed from
the square-root in G either by division or by multiplication
by a square-root (factors in C(z) can be moved to ro,71).
So in the composed transformation, the factors fi and fs
will disappear from the square-root in G (note: this uses the
assumption fi1 # fo (which implies that their ged is 1 since
they are monic irreducible polynomials)).

A subtlety is that if o(c0) # oo, then o(f1) is not fa but
cfa/(x — 0(00))?, for some ¢ € C, where d is the degree of
f1 and fo. This means that if 0(00) # oo and d is odd, then
the set By will change when we replace L by Lyew (Br =0
will change to Inf, and By = Inf will change to ¢). [

LEMMA 5. If 0(00) # o0, and Br = {oo, f1} (here f1 =
x — o(o0)) then the factor fi inside the square Toot in G
will cancel out (z e. Br will become () if we replace L by

Lnew = L@(a - Z H)

PROOF. The solutions of Ly differ a factor /f1 from the
solutions of L. The lemma follows from a similar computa-
tion as the proof of Lemma 4, except that this time o(f1) is
of the form ¢/ f1 for some constant ¢. Thus, the composed

map is of the form {/c/f1-G-1/¥/f1, and \/f1 is cancelled

from the square root in G. [

In the following algorithm, L and o are as in Section 4,
and G = e/ " - (ro + r10) with r, 79,71 € C(x).

Algorithm: Case B for computing a 2-descent L for L.
Input: L, G, o and C.
Output: L and A (defined over C' whenever possible).

Step 1 Initialization: If (e/ 7)? is not a rational function,
then replace L by L& — 3 - or) as in Lemma 3 and
update G accordingly.

Rewrite G as 4/ f(z)(ro + r10) with f(z) monic and
square-free (updating ro,71 € C(x) to move any ra-
tional factor from e/ " to T0,7T1).

If f(z) =1 then call Case A and stop.

Step 2: Factor f(z) in C[z] to find B, By, By C places(C).

Step 3: g :=Findg(Bn,o,C).
(See below for the subalgorithm Findg)

Step 4: Let h := %-%’. Replace L by LE(0—h) and update
G, B, By, Bn accordingly. Now By should be 0.

Step 5: 1f Br # () then let h := %% with f1 asin Lemma 5.

Replace L by LE)(0 — h) and update G, B accordingly.
Now B should be (.

Step 6: Call Case A.
Subalgorithm: Findg.

Input: By, o, C.
Output: g.



Step 1: If By = (), return 1 and stop.
Step 2: Else, for each P; € By,

1. Find its matched (Def. 9) element P; € By.

2. If P; # P; then g := Findg(Bn \ {P;, P;}, o, C),
return g - P; and stop.

Step 3: Now each P € By matches itself, and hence has
even degree. Choose P € By with minimal degree,
and let @ € C be one root of P, so C(a) =2 Clz]/(P).
Let Bfy be the set of all irreducible factors in C'(a)|x]
of all elements of By. Return Findg(BY, o, C(«)).

6. MAIN ALGORITHM
Algorithm 2-descent.

Input: A second order irreducible differential operator L €
C(z)[0] and the field C.

Output: descent, if it exists for some o € Aut(C(z)/C) of
order 2.

Step 1: Compute the set of true singularities, and the sin-
gularity structure SgP°.

Step 2: Call Compute Mobius transformations in Sec-
tion 3.2 to compute the set M7P°.

Step 3: For each o € MZP°, call [8] to check if L ~, o(L),
and if so, to find G : V(L) — V(o(L)).
If we find o with L ~, o(L), then call algorithm Case B
in Section 5.1 and stop.

7. EXAMPLES

We give two examples. The first example is easy (it has
G =19 + 110 with r1 = 0). The second one is less trivial®.
The first example is in Case A as in Section 4, the second
example involves both Case A and Case B.

EXAMPLE 2. Let
28x — 5

92
L=0"+ 0+

1442% 4+ 20z — 3
x?2(4x — 1)(4z + 1)

Step 1: Compute the singularity structure of L
1 1
Sgpc = {(ZC,O), (007 0)7 (m - Zv 0)7 (.’L‘ + 17 0)}

Step 2: Compute Mobius transformations. Since S1 has

n1 = 4 elements, we end up in algorithm Casel of Sec-
tion 3.2 which produces:
-1 1 —-14x—-1 14x+1

0 6 To0 T aov 1120 =1
Step 3: There are 5 choices for o. The first one is x — —x

corresponding to the subfield C(f) = C(x?). The equiv [8]

program finds G = ii;} Next we compute A = —4z® + x,

and then L. After applying a change of variable © — /T
the result reads

Ly, = (1621 — 1)210° + (3221 — 2)0 + 4

which has 3 true singularities and is easy to solve.

3it was e-mailed to one of us to find its closed form solutions.
There have been many such requests, which motivates us to
develop these algorithms.

ExampLE 3. Consider the operator:
12962° 4 5762 — 1442° — 7222 + 2 4+ 1)
z(6x — 1)(2z + 1)(6x + 1)(1222 — 1)
2(51842° — 86415 — 16562 + 4823 + 16222 4 62 — 1)
(=14 2z)2?(6x — 1)(2z + 1)(6z + 1)(1222 — 1)

L=04 & o+

Step 1: Compute the singularity structure of L

1 1 1 1
Stciflpe = {(LB,O), (O0,0), (:E— 770)7 (ZB-‘,-*,O), (I_770)7 ("E""*’O)}
2 2 6 6
(1222 — 1 is a removable singularity, Definition 5).
Step 2: Compute Mébius transformations. Since S1 has
n1 = 6 elements, we are again in Casel, and find:
-1 1 —-12x—-1 12x+1 —-16z—1 16x+1
Ty s o o [, [ L
12z 12z 2 6x+4+1 26x—1 6 2241 62xr—1

{,

Step 3: The first o we try is x — —x. The equiv program
finds

3 (22 +1)(10z — 1)

1222 — 1 a+§ 1222 — 1

so G(V(L)) = V(o(L)). Then compute a4 by 4 matriz from
the linear equations for the a;;, equate the determinant to 0
and find X = £2. We choose A = 2 and find

2882* 4 1 — 84x?)

— (3600 _ L 2 _ 1
A= (—36z 4—|—10x )0+ 1 1 . .

G (1222 4 42 — 1)

We get
Ly, =4x7(—1 + 3621 (421 — 1)(1221 — 1)%9°+
8x1(12z1 — 1)(4x1 — 1)(21627 — 541 + 1)
— 3 — 2544a7 + 10368z + 48z,

which is L € O(x?)[0,2] rewritten with x ~ /z1. This
Ly, has 4 true singularities, and allows a further 2-descent.
Applying steps (1)(2)(3) to Ly, again, we are actually in
Case B as in Section 5, applying the algorithm (details are
given in a Maple worksheet [5]) we find a new operator L ~p
Ly, defined over the subfield C(f1) where fi := z1 + ﬁ.
Replacing f1 by a new variable x2 we get:

Ly, :=4(3622 4 11)(18z2 — 5)(6x2 + 1)(6z2 — 1)°0°+
36(622 — 1)(129623 + 162023 + 2022 — 9)0
+ 3499225 — 20703625 — 2331 4 34562

which has 3 true regular singularities (as well as a few re-
movable singularities). That means that Ly, (and hence L)
has closed form solutions (see [5]) in terms of hypergeometric
2 Fy functions.

8. FUTURE WORK

At the moment, we only consider ¢’s that are defined over
the same field of constants C' over which L is defined. We
can modify the Compute M&bius transformations algorithm
to also find o’s defined over an extension of C'. However, for
such o we do not plan to compute 2-descent because if there
exists descent w.r.t. a o that is not defined over C, then a
larger descent should exist as well.

We plan to work on finding (if it exists) descent to subfields
of index 3. Degree 3 extensions need not be Galois, and so in
general, to find 3-descent it is not enough to try all Mobius
transformations that fix the singularity structure.
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