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Abstract
A major question in cell biology concerns the biophysical mechanism underlying 
delivery of newly synthesized macromolecules to specific targets within a 
cell. A recent modeling paper investigated this phenomenon in the context 
of vesicular delivery to en passant synapses in neurons (Bressloff and Levien 
2015 Phys. Rev. Lett.). It was shown how reversibility in vesicular delivery to 
synapses could play a crucial role in achieving uniformity in the distribution 
of resources throughout an axon, which is consistent with experimental 
observations in C. elegans and Drosophila. In this work we generalize the 
previous model by investigating steady-state vesicular distributions on a 
Cayley tree, a disk, and a sphere. We show that for irreversible transport on a 
tree, branching increases the rate of decay of the steady-state distribution of 
vesicles. On the other hand, the steady-state profiles for reversible transport 
are similar to the 1D case. In the case of higher-dimensional geometries, we 
consider two distinct types of radially-symmetric microtubular network: (i) a 
continuum and (ii) a discrete set. In the continuum case, we model the motor-
cargo dynamics using a phenomenologically-based advection-diffusion 
equation  in polar (2D) and spherical (3D) coordinates. On the other-hand, 
in the discrete case, we derive the population model from a stochastic model 
of a single motor switching between ballistic motion and diffusion. For all 
of the geometries we find that reversibility in vesicular delivery to target 
sites allows for a more uniform distribution of vesicles, provided that cargo-
carrying motors are not significantly slowed by their cargo. In each case we 
characterize the loss of uniformity as a function of the dispersion in velocities.

Keywords: intracellular transport, molecular motors, advection-diffusion, 
Cayley tree
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1.  Introduction

A central question in cell biology concerns the mechanisms underlying the localized deliv-
ery of macromolecules to subcellular compartments via motor-driven vesicular transport [3]. 
Such delivery is necessary, for example, when a neuron requires newly synthesized proteins 
for the formation of new synapses (synaptogenesis) [24], or when there is restructuring of a 
cell’s cytoskeleton during cell growth, mitosis and polarization [9], or when cellular waste 
materials are delivered to lysosomes [23]. Intracellular active transport consists of two prin-
ciple components: microtubules and molecular motors. Microtubules are directionally polar-
ized filaments with biophysically distinguishable (+) ends and (−) ends. The type of polarity 
at a given end of the microtubule dictates what kind of molecular motor will travel along 
the microtubule in a given direction. For example, kinesin generally walk in the (+) direc-
tion along microtubules, whereas dynein tend to walk in the (−) direction [11]. Motors carry 
vesicles to specified locations throughout a given cell. The question of how this is achieved 
has been a focus of cell biology in recent years. One possibility is that the cell tags motor 
cargo with a molecular address that routes cargo to specific locations. However, as far as we 
are aware, there is no experimental evidence suggesting the existence of such a long-range 
mechanism. A more likely scenario is that local signaling from an active target enhances the 
probability of vesicular cargo to that target.

A recent modeling study [4] investigated the active transport and delivery of vesicles across 
en passant synapses in the axons of neurons, based on the following experimental observations 
in C. elegans and Drosophila [17, 25]: (i) motor-driven cargo exhibits ballistic anterograde or 
retrograde motion interspersed with periods of long pauses at presynaptic sites; (ii) the capture 
of vesicles by synapses during the pauses is reversible, in that vesicular aggregation at a site 
could be inhibited by signaling molecules resulting in dissociation from the target; (iii) the 
distribution of resources across synapses is relatively uniform—so-called synaptic democracy. 
In [4] the transport and delivery of vesicles to synaptic targets was modeled using a one-
dimensional (1D) advection-diffusion equation. It was shown that in the case of irreversible 
cargo delivery, the steady-state vesicle density decays exponentially from the soma, whereas 
the steady-state density is relatively uniform in the reversible case. This suggests that revers-
ibility in vesicular delivery plays a crucial role in achieving a ‘fair’ distribution of resources 
within a cell.

Such a principle appears to hold under more general conditions. For example, the original 
model of [4] assumed that each motor can carry only one vesicle. Using a modified version 
of the well-known Becker–Doring equations for aggregation-fragmentation phenomena, the 
analysis can be extended to the case of motors carrying vesicular aggregates, assuming that 
only one vesicle can be exchanged with a target at any one time [5]. In [6], we generalized the 
model of [4] by accounting for exclusion effects between motor-cargo complexes. We treated 
the axon as a 1D lattice, and represented the motion of motors by a system of ordinary differ
ential equations for the mean occupation number at each site. Using a combination of mean 
field and adiabatic approximations, we obtained TASEP-like hydrodynamic equations repre-
senting the dynamics of motor density in the continuum limit. Again, we found that synaptic 
democracy is achieved in the reversible delivery case, provided the cargo-carrying motors’ 
speed is not greatly reduced by their cargo.

In this paper, we consider another extension of our previous work, namely, the effects of 
cell geometry on reversible vesicular transport. We begin by briefly recounting the 1D results 
found in [4], see section 2. Additionally, we investigate the behavior of the steady state den-
sity of vesicles when the velocity of cargo-carrying motors is significantly different from 
free motors, which was not considered in [4]. We then consider a natural extension of the 1D 
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analysis, namely a branching network (section 3). A tree is an appropriate domain to study 
synaptic democracy because it can account for the branched structure that is characteristic of 
axons and dendrites [21]. We show that in the irreversible case, branching increases the rate of 
decay of the steady-state distribution of vesicles. On the other hand, the steady-state profiles 
in the reversible case are similar to the 1D case. Moving away from highly polarized cells 
such as neurons, most cells (including a neuron’s soma) have an approximately 3D spherical 
shape. There are also examples of cells being treated as two-dimensional disks, particularly 
in the case of motile eukaryotic cells such as keratocytes [13, 18]. Therefore, we consider 
models of reversible vesicular transport in the disk and the sphere. We take the source of the 
motor-cargo complexes to be at the origin, and model the dynamics of the motor densities by 
differential equations  transformed into their polar (2D) and spherical (3D) representations. 
In contrast to the 1D model, we distinguish between two types of filament distributions: (i) 
the distribution of microtubules emanating from the origin forms a continuum (section 4);  
(ii) the set of microtubules emanating from the origin forms a discrete set (section 5). In case (i)  
we model the motion of motor densities using advection-diffusion equations. We find that for 
irreversible delivery the steady-state vesicle density decays according to a modified Bessel 
function, whereas a uniform density can be obtained when delivery is reversible. In case (ii) 
we derive PDEs for the motor density based on stochastic differential equations (SDEs) for 
individual motor dynamics in the 2D and 3D domains following along the lines of Lawley 
et al [16]. Throughout the paper we ignore boundary effects away from the source of motor-
cargo complexes. In the case of exponentially decaying steady-state densities, this is a rea-
sonable approximation provided that the spatial rate of decay is smaller than the size of the 
physical domain.

2.  Semi-infinite track

Before elucidating our model and results, we briefly present the 1D results found in [4].

2.1.  Irreversible delivery

Consider a population of motor-cargo complexes or particles moving on a semi-infinite track, 
each of which carries a single synaptic vesicle precursor (SVP) to be delivered to a synaptic 
site. Assume that these particles are injected at the soma (x  =  0) at a fixed rate J1 and that the 
distribution of synaptic sites along the axon is uniform. That is, at any given spatial point x, 
a particle can deliver its cargo to a synapse at a rate k. Neglecting interactions between par-
ticles, the dynamics of the motor-cargo complexes can be captured by the advection-diffusion 
equation [4]

( )∂
∂
= −

∂
∂
+
∂
∂
− ∈ ∞

u

t
v

u

x
D

u

x
ku x, 0, ,

2

2
� (2.1)

where u(x,t) is the particle density along the microtubule track at position x at time t. Note that 
equation (2.1) can be derived from more detailed biophysical models of motor transport under 
the assumption that the rates at which motor-cargo complexes switch between different motile 
states are relatively fast [4, 22]. In particular, the mean speed will depend on the relative times 
that the complex spends in different anterograde, stationary, and possibly retrograde states, 
whereas the diffusivity D reflects the underlying stochasticity of the motion. Equation (2.1) is 
supplemented by the boundary condition at x  =  0:
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( ( )) ( )= ≡ −
∂
∂

J u t J J u vu D
u

x
0, , .1� (2.2)

Let c(x, t) denote the concentration of delivered vesicles to the presynaptic sites at x at time t 
with

λ
∂
∂
= −

c

t
ku c,� (2.3)

where λ denotes the degradation rate for vesicles. Note that in the irreversible delivery case, 
including vesicular degradation is necessary to prevent blowup in the solutions for c(x,t). This 
consideration is not necessary in the reversible delivery case. The steady state solution for c 
is given by

λ ξ
ξ=

+
=
− + +ξ−

c
k J

D v

v v Dk

D

e 4

2
,

x
1

2

� (2.4)

which clearly indicates that c decays exponentially with respect to distance from the soma 
with correlation length ξ−1. Taking the values  µ=D 1.0 m s−1 for cytoplasmic diffusion 
and  µ= −v 0.1 1 m s−1 for motor transport [11], and assuming that �k 1s−1, we see that 

( / ) ξ µ≈ v k m. Thus, in order to have correlation lengths comparable to axonal lengths of sev-
eral millimeters, we would require delivery rates of the order ∼ −k 10 5 s−1, whereas measured 
rates tend to be of the order of a few per minute [4, 8, 15]. This simple calculation establishes 
that injecting motor-complexes from the somatic end of the axon leads to an exponentially 
decaying distribution of synaptic resources along the axon. We now show, following [4], that 
relaxing the irreversible delivery condition in this model allows for a more uniform distribu-
tion of vesicles along the axon.

2.2.  Reversible delivery

In order to take into account the reversibility of vesicular delivery to synapses, one must con-
sider a generalization of the advection-diffusion model (2.1). To that end, let u0(x,t) and u1(x,t) 
denote the density of motor-cargo complexes without and with an attached SVP, respectively, 
and let k+ and k− denote the rates at which vesicles are delivered to synaptic sites and recov-
ered by the motors, respectively. Each density evolves according to an advection-diffusion 
equation combined with transition rates that represent the delivery and recovery of SVPs:

γ
∂
∂
= −

∂
∂
+
∂
∂

− + −+ −
u

t
v

u

x
D

u

x
u k u k cu0

0
0

2
0

2 0 0 1 0� (2.5a)

γ
∂
∂
= −

∂
∂
+
∂
∂
− − ++ −

u

t
v

u

x
D

u

x
u k u k cu ,1

1
1

2
1

2 1 1 1 0� (2.5b)

with ( )∈ ∞x 0, . Disparity in the velocities in each state reflects the effect cargo can have on 
particle motility, whilst the degradation rates γ0,1 are included to account for the possibility of 
particle degradation or recycling. Equations (2.5a) and (2.5b) are supplemented by the bound-
ary conditions

( ( )) = =J u t J j0, , 0, 1,j j� (2.6)
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where Jj is the constant rate at which particles with or without cargo are injected into the axon 
from the soma. The dynamics for c(x, t) are now given by

∂
∂
= −+ −

c

t
k u k cu .1 0� (2.7)

We need not explicitly include degradation in this case because, provided J0  >  0, c(x, t) will 
be bounded. The steady state distribution of vesicles is then

= +

−
c

k u

k u
1

0

Substitution into the steady state analogs of equations (2.5a) and (2.5b) yields

( )
ξ

ξ
γ

=
+

=
− + +ξ−

u x
J x

D v

v v D

D

e 4

2
j

j

j j
j

j j j
2

j

� (2.8)

whence

ξ
ξ

=
+
+

+

−

−Γc
k

k

J

J

D v

D v
e x1

0

0 0

1 1
� (2.9)

with ξ ξΓ≡ −1 0. It is evident that if Γ = 0, then c has a spatially uniform distribution.
Suppose that the diffusion and degradation rates of motors do not change when carrying 

cargo. Then Γ = 0 would imply that the velocities of the cargo-carrying motors are equal to 
the velocities of the free motors. However, we would expect <v v1 0 due to the added load of 
the cargo on the motor, and that this would lead to a loss of synaptic democracy since Γ> 0. 
Indeed, values of v1 less than v0 lead to steady state profiles of vesicle density reminiscent of 
the exponential decay behavior of the irreversible delivery case, see figure 1, although the spa-
tial rate of decay is mitigated by the presence of reversible delivery. Hence, attaining synaptic 
democracy also depends on physical properties of the cargo being carried. Large cargo, for 
example, may not be uniformly distributed throughout an axon whereas smaller cargo will.
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Figure 1.  Figure depicting the loss of synaptic democracy as disparity in velocities 
between free motors and cargo-carrying motors grows normalized so all curves fit 
in one frame. Parameter values are D  =  0.1 µm2 s−1, γ = 0.010,1   s−1, =±k 0.01  s−1, 
J0  =  J1, v0  =  0.1 µm s−1. Vesicle density is normalized so that c(0)  =  1.
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3.  Cayley tree

One limitation of the above model is that it does not capture the highly branched nature of 
an axon. Therefore, we now investigate irreversible and reversible delivery of vesicles to syn-
apses on a tree. For simplicity, we consider an unbounded, regular tree Λ radiating from a 
unique origin with branching number z and segment length L (a Cayley tree), see figure 2. We 
denote the origin, or the mother node, by α and the tree node opposite of the mother node by 
β. Let S1 be the set of z downstream nodes connected to β. Similarly, let S2 consist of the z2 
downstream nodes that are connected to the vertices of the first generation and so on. The nth 
generation thus consists of zn nodes. Since all nodes (and their associated branches) of a given 
generation are equivalent for a regular tree, we can consider a single direct path through the 
tree and label the branch linking the node in Si−1 to the node in Si by i, = …i 0, 1, 2, , where 

−S S,0 1 are identified with the nodes β and α, respectively.
Consider a population of motor-cargo complexes or particles moving on Λ, each of which 

carries a single synaptic vesicle precursor (SVP) to be delivered to a synaptic site. Motors are 
injected into the tree at a constant rate J1 at the mother node, α. Each branch is of finite length 
L, and we denote the point on each branch closest to α as x  =  0 and the point farthest away 
from α by x  =  L. The movement of the motors along a branch preceding a node in Si can be 
modeled by an advection-diffusion equation

∂
∂
= −

∂
∂
+
∂
∂

u

t
v

u

x
D

u

x
,i i i

2

2
� (3.1)

where ui(x, t) represents the motor density at position x at time t, D is the motor diffusion 
coefficient, and v is the motor velocity. In the following, equation (3.1) will be coupled with 
the boundary conditions

( ) ( ) ⩾
( )
( ) ( ) ⩾

=
=
=

+

+

u L t u t i
J t J
J L t zJ t i

, 0, 0
0,
, 0, , 1.

i i

i i

1

0 1

1

� (3.2)

The first boundary condition represents continuity of motor density at the nodes of the 
tree. The second boundary condition represents the constant injection rate of motors at the 

Figure 2.  Cayley tree Λ with z  =  2.

B R Karamched and P C Bressloff﻿J. Phys. A: Math. Theor. 50 (2017) 055601



7

mother node, and the last boundary condition reflects Kirchoff’s law of conservation of 
current. Here,

( ) = −
∂
∂

J x t vu D
u

x
,i i

i

Note that for simplicity we take the motor velocity and diffusivities to be the same in all 
branches of the tree. A more detailed model would need to take into account a number of fea-
tures. For example, exclusion effects could mean motor velocities are locally density depen-
dent, and diffusivities could change if the cross-sectional area of the axon decreases along 
the tree. Let us now use this setup to investigate irreversible and reversible vesicular delivery, 
respectively, to target synapses.

3.1.  Irreversible delivery

We modify equation (3.1) by including a degradation term to account for irreversible delivery 
of vesicles. Let ci(x, t) denote the concentration of vesicles at position x at time t on the ith 
branch. The model for motor and vesicle dynamics is given by

∂
∂
= −

∂
∂
+
∂
∂
−

u

t
v

u

x
D

u

x
kui i i

i

2

2
� (3.3a)

λ
∂
∂
= −

c

t
ku c ,i

i i� (3.3b)

where λ is the vesicular degradation rate. At steady state we have

−
∂
∂
+
∂
∂
− =v

u

x
D

u

x
ku 0i i

i

2

2
� (3.4a)

λ
=c

kui
� (3.4b)

The general solution to equation (3.4a) is given by

( ) ξ= + ≡
± +ξ ξ

±
+ −u x A B

v v Dk

D
e e ,

4

2
,i i

x
i

x
2

� (3.5)

where A B,i i are constants of integration to be determined from boundary conditions. We can 
determine one of the constants for u0 by imposing the boundary condition reflecting the injec-
tion rate of motors. For the remaining constants, we employ the following method. We assume 
the motor density at each node in Si is given by Φ+i 1. This ensures the solution on the tree will 
be continuous at the nodes. We then impose the boundary condition reflecting Kirchoff’s law 
to determine each value Φi. That is, assume

( ) = Φu 00 0� (3.6a)

( ) ( )= = Φu L u 00 1 1� (3.6b)

( ) ( ) ⩾= = Φ−u L u i0 , 2i i i1� (3.6c)

From equations (3.5) and (3.6c) we have for ⩾i 1
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( ) = Φ − Φ
−

+
Φ − Φ

−

ξ

ξ ξ
ξ

ξ

ξ ξ
ξ+ +−

− +

+
+

− +

−u x
e

e e
e

e

e e
ei

i
L

i
L L

x i i
L

L L
x1 1� (3.7)

Imposing the current conservation condition (3.2), we obtain the following linear homog-
enous recurrence relation:

ξ ξ ξ ξ

ξ ξ

− Φ + − Φ

+
− −

+ + − + Φ =

ξ ξ

ξ ξ
ξ ξ ξ ξ

+ − + + −
+

−

− +

+ −

− +
− + + −

⎛
⎝
⎜

⎞
⎠
⎟

z

v z

D
z z

e

1 e e
e e e e 0.

i
L

i

L L
L L L L

i

1 1( ) ( )

( )( ) ( ) ( )

( )

�
(3.8)

Equation (3.8) has the solution νΦ =i
i with ν determined from the characteristic equation

ξ ξ ν ξ ξ ν

ξ ξ

− +
− −

+ + − +

+ − =

ξ ξ
ξ ξ ξ ξ

ξ ξ

+ − − +

+ −
+

− +
− + + −

+ −

⎛
⎝
⎜

⎞
⎠
⎟z

v z

D
z z

1 e e
e e e e

e 0.

L L
L L L L

L

2( ) ( )( ) ( ) ( )

( ) ( )

�
(3.9)

We obtain two solutions ν± in solving the quadratic equation, with ν| | >+ 1 and ν| | <− 1.  
Hence,

ν νΦ = ++ −c c .i
i i

1 2� (3.10)

In the case of an unbounded tree we set c1  =  0, otherwise →|Φ | ∞n  as →∞n . Hence, we have 
νΦ = −ci

i . Setting i  =  0 gives = Φc 0. Hence,

νΦ = Φ −i
i

0� (3.11)

It remains to determine Φ0. First, imposing the boundary conditions ( ) = Φu L0 1 and 
( ) =J J00 1, the solution for u0(x) is given by

( ) ( )
[ ] [ ]

( )
[ ] [ ]

ξ
ξ ξ

ξ
ξ ξ

=
− − Φ

− − −

+
− Φ −

− − −

ξ

ξ ξ
ξ

ξ

ξ ξ
ξ

−

+ +

+

+ −

−

− −

+

+

− +

−

u x
J v D

v D v D

v D J

v D v D

e

e e
e

e

e e
e .

L

L L
x

L

L L
x

0
1 1

1 1
�

(3.12)

From equation (3.11), we obtain that νΦ = Φ −1 0 . On the other hand, by substituting x  =  0 into 
equation (3.12), we obtain

([ ] [ ] ) ( )
( )

ξ ξ
ξ ξ

Φ =
Φ − − − − −

−

ξ ξ ξ ξ
+ −

− +

− + − +v D v D J

D

e e e eL L L L

1
0 1

Equating the above two equations for Φ1 gives the explicit formula for Φ0,

( ) ([ ] [ ] )ν ξ ξ ξ ξ
Φ = −

−
− − − − −

ξ ξ

ξ ξ
− − + + −

− +

− +
J

D v D v D

e e

e e

L L

L L0 1� (3.13)

We can now use equation (3.11) to obtain Φ ∀ ∈Λ, ii . Hence, we have the steady state distribu-
tion of vesicles in the Cayley tree in the irreversible delivery case.

In figure 3 we compare the decay of vesicle density in the irreversible case of the Cayley 
tree to the semi-infinite track. We can see that toward the soma, the profiles are in exact agree-
ment, whereas as soon as we reach the first branching point of the tree, the steady state vesicle 
density suddenly drops, thereby aggravating the decay in the case of the Cayley tree to be 
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greater than in the semi-infinite track. This suggests that if vesicular delivery were irrevers-
ible, biased delivery toward the soma would be greater than predicted in [4].

3.2.  Reversible delivery

To allow for re-uptake of vesicles from target sites, we must include the dynamics of cargo-
carrying motors, ( )u x t,i

1  as well as free motors, ( )u x t,i
0 , on each branch i and add switching 

terms to the advection diffusion equation (3.1). Let ci(x, t) represent the density of vesicles 
at position x at time t on branch i, ∈i Sn. Then the motor and vesicle dynamics are given by

γ
∂
∂
= −

∂
∂
+
∂
∂

− + −+ −
u

t
v

u

x
D

u

x
u k u k c u

i i i
i i i i0

0
0

2
0

2 0 0 1 0� (3.14a)

γ
∂
∂
= −

∂
∂
+
∂
∂
− − ++ −

u

t
v

u

x
D

u

x
u k u k c u

i i i
i i i i1

1
1

2
1

2 1 1 1 0� (3.14b)

∂
∂
= −+ −

c

t
k u k c u .

i
i i i
1 0� (3.14c)

We couple equations (3.14a) and (3.14b) with the boundary conditions (3.2). Let J0,1 be the 
injection rates at the origin for u0,1, respectively. At steady state, we have

γ
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−
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u
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u

x
u 0

i i
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2 0
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γ
∂
∂
−
∂
∂
− =D

u

x
v

u

x
u 0

i i
i

2
1

2 1
1

1 1� (3.15b)
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Figure 3.  Plot comparing steady state vesicle densities in the irreversible delivery 
case of the semi-infinite track and the Cayley tree. Parameter values are L  =  10 µm, 
v  =  0.1 µm s−1, D  =  0.1 µm2 s−1, z  =  3, λ = =k 0.01 s−1. Vesicle density is normalized 
so that c(0)  =  1.
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As equations (3.15a) and (3.15b) are decoupled, we may apply the method elaborated in 
the irreversible delivery case to each equation separately and then obtain the full solution on 
the Cayley Tree. For example, let

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

= Φ = Ψ

= = Φ = = Ψ

= = Φ = = Ψ− −
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0 1
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1

so that the solutions are continuous at all nodes of Λ. We then have for ⩾i 1

( ) = Φ − Φ
−

+
Φ − Φ
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ξ ξ
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with

ξ
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By imposing conservation of current at each node, we obtain second-order iterative equa-
tions for Φi and Ψi, which can be solved to give

ν µΦ = Φ Ψ = Ψ− −, ,i
i

i
i

0 0

where ν− is the smaller root of equation (3.9) and µ− is the smaller root of the corresponding 
quadratic equation obtained by the replacement →ξ ζ± ±. Finally, solving the equations  for 

( )u x0
0  and ( )u x1

0  and imposing the boundary conditions ( ) ( )= Φ = Ψu L u L,0
0

1 1
0

1 yields

( ) ( )ν ξ ξ ξ ξ
Φ = −

−
− − −
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ξ ξ
− − + − +

− +

− +

J
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e e

e e
.

L L
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and

( ) ( )ν ζ ζ ζ ζ
Ψ = −
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− − −

ζ ζ

ζ ζ
− − + − +

− +

− +

J

D

e e

e e
.

L L
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1

� (3.18)

Thus, we obtain the steady-state vesicle distribution. Note that if γ γ=0 1, then ξ ζ=± ± when 
=v v0 1 and ( ) ( )=u x u xi i

1 0  for all [ ]∈x L0,  and ⩾i 0. It follows that the vesicle distribution is 
uniform.

In figure  4, we show how uniformity in vesicle distribution is lost when <v v1 0 and 
compare decays in the Cayley tree with z  =  3, L  =  1 to decays on the semi-infinite track. 
We can see that the steady state profiles are similar. Interestingly, the tree domain seems 
to facilitate a higher density of vesicles farther along in the domain than the semi-infinite 
track. We now investigate the impact of reversible vesicle delivery in higher dimensional 
domains.
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4.  Higher-dimensional geometries

Although a 1D model is a reasonable first approximation of microtubule-based active transport 
in the axons and dendrites of a highly polarized cell such as a neuron, in most cells intracellular 
transport takes place along 2D or 3D cytoskeletal networks of microtubules. For a sufficiently 
dense network one could imagine carrying out some form of homogenization to obtain a con-
tinuum of microtubules. On the other hand, for a sparse network, the discrete nature of microtu-
bules has to be taken into account. Here we focus on the continuum case; discrete microtubular 
networks will be considered in section 5. For simplicity, we model a cell as a disk or a sphere 
and assume that the density of microtubules is radially symmetric, that is, we ignore the curva-
ture of microtubules. We take the source of the motor-cargo complexes to be at the origin of the 
cell, and represent the dynamics of the motor densities by advection-diffusion equations trans-
formed into their polar (2D) and spherical (3D) representations. We will also assume that each 
motor carries one cargo element and can deliver its cargo at any point within the given domain. 
In other words, we assume that there is a continuum of target sites within the cell.

4.1. The disk

Let \ ( )RΩ ≡ δB 02
2 , where ( )δB 0  is the disk of radius δ centered at the origin, with δ< �0 1. 

In polar coordinates

{( ) ⩾ ⩽ ⩽ }θ δ θ πΩ = |r r, , 0 2 .2

We model the dynamics of the motor population by an advection-diffusion equation that is 
a radially symmetric 2D analog of the 1D model. As in the previous cases, we first consider 
irreversible vesicle delivery and then reversible vesicle delivery.

4.1.1.  Irreversible delivery.  Let u(r, t) and c(r, t) denote, respectively, the density of motors 
and vesicles at a radial distance r from the origin at time t. The motor and vesicle densities are 
taken to evolve according to the equations
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Figure 4.  Plots showing loss of vesicular uniformity as v1 decreases in the case of a 
Cayley tree (kinked curves) and a semi-infinite track (smooth dotted curves). Parameter 
values are v0  =  0.1 µm s−1, D  =  0.1 µm s−1, γ = 0.010,1  s−1, =±k 0.01 s−1, L  =  10 µm, 
z  =  3, J0  =  J1. Vesicle density is normalized so that c(0)  =  1.
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where D is the diffusion coefficient, /= Vv r is a divergence-free motor velocity1, and λ is the 
degradation rate of vesicles. As in the 1D case, we model irreversible vesicle delivery using 
an effective degradation term in equation (4.1a). We pair equation (4.1a) with the boundary 
conditions

( ) ( )
→

δ = =
∞

u u u rlim 0,
r

0� (4.2)

where u0  >  0 denotes the density of motors on ( )∂ δB 0 . At steady state, we have the equations
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The steady state vesicle density profile is immediately given by a modified Bessel function 
of the second kind:
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As in previous geometries, irreversible vesicular delivery results in a decaying steady state 
profile for vesicle density. In figure 5, we compare the decay in the disk with the decay on the 
semi-infinite track. We can see that towards the origin the Bessel function distributes vesicles 
more liberally than the exponential function but then rapidly decays below the latter. We also 
show a plot of the corresponding decay in the case of a sphere (see section 4.2), which is simi-
lar to the disk. Let us now look at the reversible vesicle delivery case.

4.1.2.  Reversible delivery.  To account for the possibility of re-uptake of vesicles by free 
motors, we model the dynamics of both the free motor density, u0(r, t), and the cargo-carrying 
motor density, u1(r, t). We thus have a pair of radially symmetric advection-diffusion equa-
tions coupled with switching terms that reflect vesicle delivery and uptake. Again, let c(r, t) 
denote the vesicle density at a distance r from the origin at time t. The system of equations is
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1 This is motivated by the idea that the density of microtubules decreases as r−1 in the 2D case (and decreases as r−2 
in the 3D case). When we consider a discrete distribution of microtubules the effective velocity will have a more 
complicated r-dependence.
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∂
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k cu k u ,0 1� (4.5c)

where D is the motor diffusion coefficient, /= Vv r0,1 0,1  are divergence-free velocities of the 
free and cargo-carrying motors, respectively, ±k  denote the rates of vesicle uptake and deliv-
ery, respectively, and γ0,1 are motor degradation rates. We again point out that the reversibility 
in vesicle delivery means that we do not need to include a degradation term in equation (4.5c). 
The corresponding system at steady state is
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The solution for ul(r, t), l  =  0,1, is

)
)

⎛

⎝
⎜

⎛

⎝
⎜δ δ

=

γ

γ

V

V

V

V

u u

r K r

K

,l l

l
D l

D
D

l
D l

D
D

0

2

2

2

l

l

where ul
0 denotes the boundary data at the origin for ul. It immediately follows that
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Figure 5.  Figure comparing irreversible vesicular profiles from equations  (4.4) and 
(2.4). Here x either represents 1D distance or a radial coordinate. Parameter values are 
D  =  0.1 µm2 s−1, =V 1 µm2 s−1, λ = =k 0.01 s−1, δ = 0.1 µm, and the flux J1 is chosen 
appropriately so as to match up left boundary data. Also shown is the corresponding 
steady-state density for the sphere. Vesicle density is normalized so that c(0)  =  1.
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Suppose that the motor degradation rates are equal, γ γ=1 0. It is clear that if =V V1 0, then the 
vesicle distribution is uniform. On the other hand, we find that if <V V1 0, then the spatial profile 
is a decaying function of r, see figure 6(a). The behavior here is consistent with what is seen along 

Figure 6.  Figure showing loss of vesicular uniformity on the disk as 1V  decreases.  
(a) Plot of steady-state vesicle density for various 1V  values and fixed motor degradation 
rates γ = 0.010,1  s−1. (b) Corresponding plots for various degradation rates and 

7.51=V   µm2 s−1. Other parameter values are =V 10   µm2 s−1, D  =  0.1  µm2 s−1, 
0.1δ =  µm, =±k 0.011 s−1, γ = 0.100,1  s−1, =u u0

0
1
0.
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the semi-infinite track, although in the latter case the decay is exponential. As expected the rate of 
decay is mitigated by a reduction in the motor degradation rates as shown in figure 6(b).

4.2. The sphere

Let \ ( )RΩ ≡ δB 03
3 , where ( )δB 0  is the ball of radius δ centered at the origin, with δ< �0 1. 

In spherical coordinates, the domain is defined as

{( ) ⩾ ⩽ ⩽ ⩽ ⩽ }ρ θ φ ρ δ θ π φ πΩ = |, , , 0 2 , 0 .3

As in the case of a disk, we consider a population of motors sourced at the origin switching 
between diffusive and ballistic transport, depending on whether or not a given motor is bound 
to a microtubule. The dynamics of the motor population is modeled by a radially-symmetric 
3D advection-diffusion equation analogous to the 1D model. Let ( )ρu t,  denote the density of 
motors located at a radial distance r from the origin at time t.

4.2.1.  Irreversible delivery.  Let ( )ρc t,  represent the density of vesicles at a distance of ρ from 
the origin at time t. Then the dynamics of the motor and vesicle densities are given by
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where D is the motor diffusion coefficient, /ρV 2 is a divergence-free motor velocity, and λ 
is the vesicular degradation rate. As in the previous analysis, vesicular degradation must be 
accounted for in the irreversible delivery case to ensure vesicle profiles do not blow up. It is 
not necessary in the reversible case. We pair equation (4.8a) with the boundary conditions

( ) ( )
→

δ ρ= =
ρ ∞

u u ulim 0,0

where u0  >  0 is the density of motors on ∂B. At steady state, we have the system
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As the steady state equations are difficult to solve analytically, we solve them numerically. In 
figure 5, we compare the decay of the steady-state vesicle density in 3D with the 1D and 2D 
domains. We find that the 3D steady state profile behaves similarly to the 2D case.

4.2.2.  Reversible delivery.  In the reversible delivery case, we keep track of the free motor 
densities, ( )ρu t,0  and the cargo-carrying motor densities, ( )ρu t,1 . We model the motor dynam-
ics with advection diffusion equations coupled with switching terms to reflect delivery and 
uptake of vesicles to and from target sites. Let ( )ρc t,  denote the vesicle density at a distance ρ 
from the origin at time t. The system capturing the dynamics is

⎛
⎝
⎜

⎞
⎠
⎟

ρ ρ
ρ
ρ ρ ρ

γ
∂
∂
=

∂
∂

∂
∂

−
∂
∂
− − ++ −

Vu

t

D u u
u k cu k u0

2
2 0 0 0

0 0 0 1� (4.9a)

B R Karamched and P C Bressloff﻿J. Phys. A: Math. Theor. 50 (2017) 055601



16

⎛
⎝
⎜

⎞
⎠
⎟

ρ ρ
ρ
ρ ρ ρ

γ
∂
∂
=

∂
∂

∂
∂

−
∂
∂
− + −+ −

Vu

t

D u u
u k cu k u1

2
2 1 1 1

1 1 0 1� (4.9b)

∂
∂
= −− +

c

t
k u k cu ,1 0� (4.9c)

where the various parameters are as in previous examples.. At steady state, we have the system,
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Again, we obtain the steady state profiles numerically. Clearly, if =V V1 0, we have a uniform 
distribution of vesicles. When <V V1 0, we again have similar behavior to the 2D profiles, see 
figure 7. An explicit comparison of the distributions the 1D, 2D and 3D cases is shown in 
figure 8.

5.  Discrete microtubule distributions

The models in section 4 were phenomenologically-based, under the assumption that we could 
treat a cytoskeletal network as a continuum, and model the effective motor transport as a radi-
ally symmetric advection-diffusion equation. It is possible to derive a higher-dimensional 
advection-diffusion equation from a more realistic stochastic model of 2D or 3D motor trans-
port, in which individual motors switch between ballistic motion when bound to a microtubule 
and diffusive motion when unbound [2]. In general, the resulting advection-diffusion equa-
tion will be anisotropic, with an associated diffusion tensor that depends on the configuration 
of microtubules. Here we will consider a different regime in which the cytoskeletal network is 
sparse so that we have a discrete network. In order to simplify our analysis, we will assume that 
the microtubules project radially from the center of the disk or sphere. We can then derive an 
effective advection-diffusion equation for motor transport by following recent analysis of virus 
trafficking in cells [10, 16].

5.1. The disk

Consider a finite set of N identical, evenly spaced microtubules radiating from the center of 
the disk [10, 16]. That is, Ω2 is partitioned into N equal slices, each of angular width /πϒ≡ N2  
(see figure 9), whose boundaries correspond to microtubules. Following Lawley et al [16], we 
will derive an effective advection-diffusion equation for motor transport by considering the 
dynamics of a single molecular motor moving within a single slice [ ) [ ]δ≡ ∞ × ϒ ⊂ΩU , 0,2 2— 
restriction to a single slice is allowed because of the symmetric partitioning and the fact that 
we are only interested in the radial distribution of motors.

Therefore, consider a single motor-cargo complex originating on ∂ δB  and undergoing 
Brownian motion in the interior of U2 until it reaches a microtubule, whence it binds to the 
microtubule and moves ballistically away from the origin for some exponentially distributed 
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amount of time. At this point the motor-cargo complex is reinserted into the slice at the current 
radius for some randomly selected angle between 0 and ϒ. If X(t) represents the motor’s radial 
distance from the origin and ( )θ t  represents some angle between [ ]ϒ0, , the motor’s motion is 
described by the following system of SDEs [10, 16]:

( / ) ( )

( / ) ( )⎪

⎪

⎧
⎨
⎩
⎧
⎨
⎩

θ
θ

θ
θ
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D X t D W

D X W
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d
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2 d 0, ,
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(5.1)

Figure 7.  Figure depicting loss of uniform vesicle distribution on the sphere when 1V  
decreases. (a) Steady state distributions of vesicles in 3D sphere for various 1V  values 
and fixed motor degradation rates γ = 0.010,1  s−1. (b) Corresponding plots for various 
degradation rates and =V 0.751  µm3 s−1. Other parameter values are as in figure 6.
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where θW W,X  are standard independent Wiener processes, V is the motor velocity, and D is 
the motor diffusion coefficient. Note that one major difference from models of virus traffick-
ing is that we are interested in the outward transport of motors from a source at the origin, 
whereas viruses enter the cell at some finite distance R from the cell center and move inwards 
in order to find the cell nucleus. In [16], Lawley et al use a coarse graining method to derive 
a single effective SDE describing the overall radial motion of a particle evolving according 
to equation (5.1). They assume there is a continuous-time jump Markov process underlying 
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Figure 8.  Comparison of profiles in 1D (dotted), 2D (dashed), and 3D (solid) domains 
for v1  =  0.075 µm s−1 and =V 0.751  µm2 s−1 for the disk and =V 0.751  µm3  s−1 
for the sphere.  Other parameter values are as in figures 1 and 6.
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Figure 9.  Partitioning of domain 2Ω  for N  =  5.
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the particle’s switching between diffusive and ballistic dynamics, and that the dynamics of 
the Markov process are very fast relative to all other processes. Invoking an adiabatic (or 
quasi-steady state) approximation, they derive the following coarse-grained effective SDE 
approximation to equation (5.1):
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where W(t) is a standard Wiener process, μ is the mean for the exponential distribution dictat-
ing the amount of time a particle spends in the ballistic phase, and T(X) is the mean first pas-
sage time (MFPT) for a particle in the cytoplasm to reach a microtubule,

( ) = ϒT X
X

D12
.

2 2

� (5.3)

Let p(r, t) represent the probability that a particle evolving according to equation (5.2) is at a 
distance r from the origin at time t. The corresponding Fokker–Planck equation is
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Now suppose that there are N  independent motors evolving according to the SDE (5.2). Let 
u(r, t) denote the density of motors at time t located a radial distance of r from the origin. We 
have the following relationship between p(r, t) and u(r, t):

( ) ( )π
=
N

p r t ru r t,
2

, ,� (5.5)

where

( )∫π=
δ

∞
N ru r t r2 , d .

We are assuming that u decays sufficiently fast at infinity. Substituting equations (5.5) into 
(5.4) yields the following PDE for motor density dynamics:
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Using equation (5.6) as a starting point, we now investigate reversible vesicle delivery for the 
discrete microtubule set case.

Consider the dynamics of free motors with density u0(r,t) and cargo-carrying motors with 
density u1(r,t). Each evolves according to an equation of the form (5.6), coupled with switch-
ing terms that reflect vesicle delivery and uptake. Again, let c(r,t) denote the vesicle density at 
a distance r from the origin at time t. The system of equations is then
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∂
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= −− +

c

t
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with D, V0,1, ±k  defined as in previous cases. One important difference is that we no longer 
include motor degradation terms, since these would lead to a breakdown of the analysis of 
Lawley et al [16]. However, as shown in the continuum case, the profiles are relatively insesii-
tive to the degradation rate, see figures 6(b) and 7(b). Again we find that a uniform steady-state 
distribution of vesicles occurs when =V V0 1, but there is a loss in uniformity when <V V1 0. 
This is illustrated in figure 10(a) where we show numerical plots of the steady-state solutions.

5.2.  Sphere

Let Ω3 be defined as in section 4.2, but now we let the set of microtubules emanating from the 
origin be discrete rather than a continuum, see figure 11. Hence, we have a natural partition 
for ω ωΩ = ∪3 1 2. We define ω1 in the following way. Let N be the number of microtubules 
emanating out from the small sphere of radius δ enveloping the origin. These can be modeled 
as infinite cylinders each of radius ε. Let ci for i  =  1...N denote a randomly selected fixed posi-
tion on the δ-sphere. Then each microtubule Mi is defined as follows:

{ ∥ ∥ ⩽ [ )}ρ ε ρ δ≡ ∈Ω − ∈ ∞M x x c , , .i i3

We take ω =∪ = Mi
N

i1 1  and \ω ω= Ω2 3 1. To model the dynamics of motor-cargo complexes in 
this domain, we must derive PDEs from the SDEs describing the motion of a single particle 
in this domain. We assume a single particle’s motion is characterized by standard Brownian 
motion in ω2 until it reaches a microtubule, when it undergoes ballistic motion with fixed 
velocity V away from the origin for some exponentially distributed time. The particle is then 
released at a random position in Ω3 with radius equal to how far it reached with ballistic 
motion. Lawley et al provide the following SDE as a coarse-grain approximation to a particle 
moving through Ω3 as described above:
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where X(t) is the distance of a particle from the origin, D is the diffusion coefficient, V is the 
particle velocity, W(t) is a Wiener process, μ is the mean for the exponential density for the 
amount of time a particle spends on a microtubule, and T(X) is the MFPT for a particle begin-
ning at position X to reach a microtubule. Coombs, Straube, and Ward provide the following 
asymptotic approximation for T(X) in the small ε limit:
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Let ( )ρp t,  represent the probability that a particle is at position ρ at time t. The Fokker–Planck 
equation associated with equation (5.8) is
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Now suppose that there are NS independent motors evolving according to equation (5.8). If 
( )ρu t,  denotes motor density at a distance ρ from the origin at time t, we have the following 

relation between ( )ρp t,  and ( )ρu t,

( ) ( )ρ
π
ρ ρ=

N
p t u t,

4
,

S

2� (5.10)

where

( )∫π ρ ρ ρ=
δ

∞
N u t4 , dS

2

Substituting equations (5.10) into (5.9) gives

Figure 10.  Figure showing the loss of vesicle uniformity for V V 11 0< =  and discrete 
distribution of microtubules. (a) The disk with N  =  12 microtubules. (b) The sphere 
with N  =  1000 microtubules. Other parameter values are D  =  0.1 µm2 s−1, 0.1δ =  µm, 
=±k 0.01 s−1, =u u0

0
1
0.
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Equation (5.11) is the PDE describing the dynamics of motor density in Ω3. We now use it as 
the governing PDE to investigate reversible vesicular delivery in a sphere.

Consider the dynamics of free motors with density u0(r,t) and cargo-carrying motors with 
density u1(r,t). Each evolves according to an equation of the form (5.6), coupled with switch-
ing terms that reflect vesicle delivery and uptake. Again, let c(r,t) denote the vesicle density at 
a distance r from the origin at time t. The system of equations is then
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Again we find that a uniform steady-state distribution of vesicles occurs when =V V0 1, but 
there is a loss in uniformity when <V V1 0. This is illustrated in figure 10(b) where we show 
numerical plots of the steady-state solutions.

6.  Discussion

In this paper, we investigated a possible biophysical mechanism for facilitating a more uni-
form distribution of vesicles to targets dispersed throughout cells of various geometries. In 
particular, we generalized the results found in [4] by examining the impact of allowing for 
reversibility in vesicular delivery to target sites on a Cayley tree, a disk, and a sphere. On the 
disk and sphere, we considered both a continuous distribution of microtubules and a discrete 

δ

Figure 11.  Sketch of 3Ω  showing N  =  6 microtubules radiating from center.
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set. In the latter case, we derived an effective advection-diffusion equation for motor transport 
based on SDEs for single motor motion, following along similar lines to [16]. In all cases, we 
found that uniformity in the steady state-vesicle distribution is attainable if vesicle delivery is 
reversible, and the velocity of cargo-carrying motors is not significantly less than that of free 
motors. We also characterized the loss of uniformity when there was a mismatch between the 
velocities of free and cargo-bound motors.

There are a number of issues we wish to explore in future work. In this paper, we assumed 
each motor carried only one cargo element. It would be interesting to relax this condition and 
allow each motor to carry a collection of cargo elements that can be delivered to target sites. 
This problem was previously investigated for a 1D track using aggregation theory and a modi-
fied version of the Becker–Doring equations in [5]. A related problem is developing a more 
detailed model of bidirectional motor transport. This is particularly important in determining 
how the effective speed of a motor-cargo complex depends on the cargo load, for in order to a 
achieve a more uniform distribution of resources using the proposed mechanism, it is neces-
sary that the speed is weakly dependent on cargo load. In the case of large vesicles, this would 
require that transport involves cooperation between multiple molecular motors, rather than a 
single motor. There is considerable debate in the literature regarding the most likely mech
anism for cooperative bidirectional transport [7, 14, 20]: (a) an asymmetric tug-of war model 
involving the joint action of multiple kinesin and dynein motors pulling in opposite directions; 
(b) a symmetric tug-of-war model where all the motors are of the same type, but they are dis-
tributed on microtubules of opposite polarity; (c) a hopping model, in which the whole motor-
cargo complex hops between microtubules of opposite polarity; (d) some form of coordination 
complex that controls the switching between different motor species. Yet another related issue 
is developing a more detailed model of the exchange of vesicular cargo between motors and 
targets. In this paper, we simply took the exchange to be given by first-order kinetics, and 
assumed that there was a uniform distribution of targets throughout the cell. The latter is likely 
to be a particularly crude approximation in the case of higher-dimensional cell geometries. For 
example, in the case of discrete microtubular networks, one might expect targets to be located 
within some local neighborhood of the microtubules.

A natural extension of the analysis on a tree would be to take successive generations 
of the tree to have different properties, reflecting the fact that in axons (and dendrites) the 
branches tend to taper off (become thinner). A further generalization of this work would be 
to account for exclusion effects between motor-cargo complexes. We previously investi-
gated the impact of exclusion effects on steady-state vesicle densities on a 1D track in [6], 
and asymmetric exclusion processes have been studied on a Cayley tree [1, 19]. Another 
interesting problem is how one would extend the analysis of Lawley et  al [16] to more 
general configurations of microtubules. One of the essential steps in their analysis is the 
adiabatic approximation that during the time between binding and unbinding to a micro-
tubule the relative change in radial position is small. This has several implications for our 
own analysis. First, the adiabatic approximation breaks down at sufficiently large radii, as 
can be seen from the formula for the MFPT in equation (5.3), that is, ( )∼T X X2. Thus, a 
more careful analysis would need to restrict the dynamics to a bounded domain and take the 
number of microtubules to be sufficiently large. The adiabatic requirement also meant that 
we had to neglect the degradation of motor-cargo complexes. Again, it would be interesting 
to extend the analysis of [16] to allow for the possibility that motors disappear so that one 
has to determine a conditional MFPT.

Finally, we hope to investigate other biological processes involving motor transport on 
interesting geometries. For example, we recently developed a mathematical model of a molec-
ular motor-based axonal length sensing mechanism using delay differential equations  and 
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advection-diffusion PDEs [12] on a 1D domain, but a more realistic model would account 
for axonal branching. Hence, a Cayley tree geometry may be more appropriate as a domain.
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