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Abstract

Microtubules are dynamic biopolymers whose lengths are continuously regulated by the concerted
actions of polymerization, depolymerization, and motor-protein activity. While numerous math-
ematical models have explored the regulation of filament length, most have been formulated in
the context of growth and shrinking at a single tip of a microtubule, effectively ignoring the mech-
anistic description of complex phenomena such as treadmilling. Here, we develop a multiscale
model for microtubule length regulation that explicitly couples the kinetics of two classes of kin-
esin molecular motors to filament dynamics at both microtubule tips. Motor densities along the
filament are modeled using one-dimensional parabolic partial differential equations. The micro-
tubule length evolves dynamically through a shrinkage term that depends on motor density and
which closes the system. In the adiabatic regime, where motor kinetics are fast relative to length
dynamics, we derive a reduced model amenable to analytic study and identify simple parameter
relationships distinguishing growth, disassembly, and treadmilling behavior. Numerical simula-
tions of the full system reveal qualitatively distinct dynamical regimes and demonstrate how bid-
irectional motor transport modulates filament length distributions. We parametrize our model
with both in vivo and in vitro data and thus lay the foundation for developing mathematical mod-
els yielding a better understanding of cytoskeleton dynamics in living cells.

1. Introduction

Understanding the mechanisms that regulate the
dimensions of subcellular compartments to match
cell volume and metabolic needs remains a funda-
mental challenge in cell biology. Current evidence
suggests that organelle dimensions are governed by a
combination of physical limitations and autonomous
self-organization [1]. Researchers have broadly cat-
egorized these regulatory strategies into several main
types, notably quantal synthesis, molecular rulers,
and dynamic balance [2].

The principle of dynamic balance dictates that the
continuous turnover of structural components can
yield a stable size, provided that the rates of build-
ing and dismantling the structure eventually equalize.

© 2026 The Author(s). Published by IOP Publishing Ltd

Crucially, if either of these kinetic rates is intrinsically
tied to the structure’s current dimensions, the system
naturally contracts to a steady-state size. This is exem-
plified by microtubules in eukaryotic flagella, which
experience ongoing turnover at their distal ends. A
uniform breakdown rate is counteracted by an elong-
ation rate that scales with length—a consequence of
a finite pool of motor proteins delivering building
blocks from the soma. This equilibrium ultimately
dictates the final length of the flagellum [3-5].
Similar equilibrium models have been proposed
for actin-rich protrusions like inner ear stereocilia [6].
In these systems, actin filaments undergo continuous
treadmilling: they are degraded at their proximal base
while growing at their distal tips. Because the addition
of new material relies on the passive diffusion of actin
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monomers to the far end, the growth rate inherently
decreases as the structure lengthens. A comparable
diffusion-limited growth model has also been hypo-
thesized to govern hook length in bacterial flagella
[7].

Conversely, yeast cells utilize a distinct balan-
cing strategy to manage microtubule length. In this
case, specific kinesins travel processively to the ends
of microtubules to actively promote depolymeriza-
tion. Because longer microtubules offer a larger sur-
face area to capture these depolymerizing kinesins
from the surrounding cytosol, the rate of structural
breakdown increases directly with length. Pairing this
length-dependent degradation with a constant rate
of polymerization ensures the microtubule reaches a
definitive steady-state size [8—13]. Other related mod-
els of microtubule regulation focus on adjusting their
dynamic balance, specifically through the targeted
control of catastrophe frequencies [14, 15].

Here, we develop a multiscale model that
focuses on the dynamic balance of microtubules.
Microtubules are directionally-polarized filaments
with biophysically distinguishable (+) and (-)
ends [16]. The principal functions of microtubules
are twofold: (1) maintain structural integrity of cell
shape, and (2) aid in transport of vesicles and organ-
elles throughout the interior of a cell. They also play
a key role in cell motility during mitosis [16, 17].

There are two broad categories of microtubules:
centrosomal and non-centrosomal. Centrosomal
microtubules emerge from the pericentriolar material
surrounding the centrioles of the centrosome. Their
(=) ends are anchored to the centrosome and are thus
not subject to dynamic growth and shrinking. The
(4+) ends extend out radially in the cytoplasm. This
type of microtubule is prominent in most dividing
animal cells. Non-centrosomal microtubules eman-
ate from other microtubule organizing centers, such
as the Golgi apparatus, nuclear envelope, or even
from other microtubules via branching nucleation
or severing. Both (4) and (-) ends are free and sub-
ject to growth and shrinking. They are prominent in
polarized cells, such as neurons and other special-
ized cells, and support local organization rather than
global radial structure [18, 19]. In this work, we focus
on non-centrosomal microtubules, as they exhibit
a variety of dynamical behaviors, such as growth,
shrinking, and treadmilling.

Transport and delivery of vesicles and organ-
elles is carried out by molecular motors, such as
kinesin and dynein. Although the precise mechan-
ism by which these motors collectively transport ves-
icles is debated, it is known that the polarity at a
given end of the microtubule dictates what kind of
molecular motor will travel along the microtubule
in a given direction. For example, kinesin motors
generally walk in the (4) direction along microtu-
bules, whereas dynein motors tend to walk in the ()
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direction. The transport and delivery process enabled
by molecular motors is crucial for cellular and organ-
ism health. Breakdown in these processes in neur-
ons has been implicated in neurodegenerative dis-
eases such as Alzheimer’s and Huntington’s [20-22].

The question of how microtubule length is
controlled therefore reflects an interesting balance
between distinct effects. On the one hand, micro-
tubules are continuously switching between states
of growth and shrinking to facilitate cytoskeleton
rebuilding and robustness to injury; on the other
hand, they are required to maintain a semblance of
constant length to facilitate robust vesicle transport
throughout a cell. Understanding the mechanisms
that generate specific microtubule length distribu-
tions is therefore of interest to both theorists and
experimentalists.

Situations like this are precisely where mathem-
atical models can play a key role in advancing bio-
logical understanding—namely to theorize outcomes
for hypothesized mechanisms underlying a particular
biological phenomenon. Indeed, a plethora of math-
ematical models exist that investigate some aspect of
microtubule length control. However, these models
tend to focus on the dynamics at one end of centro-
somal microtubules (the (+) end) and are typically
framed in the context of in vitro experiments. Several
biological and mathematical models have been spe-
cifically proposed to address an important growth
control mechanism for microtubules, where filament
assembly is limited by length- or age-driven microtu-
bule disassembly [23, 24]. While an exact molecular
basis for this length-dependent catastrophe mechan-
ism has not been fully established, experiments have
supported several hypotheses. One is the ‘antenna’
mechanism, where certain types of depolymerizing
kinesin motors accumulate at microtubule (+) ends
and promote catastrophe [9, 25]. Another is a mech-
anism that proposes that, as microtubules grow, their
tips become more ragged due to the variable protofil-
ament lengths and are thus destabilized [26, 27].

Here, we develop a model of microtubule length
dynamics at both ends, with parameters informed
by in vivo data, coupled with a model of molecu-
lar motor kinetics, parametrized using in vitro meas-
urements. We assume a length regulation paradigm
where shrinkage is dependent on the density of
depolymerizing molecular motors attached to micro-
tubules. We explicitly model the dynamics of two
types of molecular motors in the kinesin family and
link their kinetics to overall microtubule length. We
use a 1D macroscopic parabolic partial differential
equation to model kinesin motor density dynam-
ics. Such an equation can be derived in a prin-
cipled way from a more detailed biophysical model
formulated in terms of a stochastic hybrid system
where a particle switches according to a Markov pro-
cess between states where it moves ballistically in
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Figure 1. Schematic showing the bidirectional motor-based depolymerization of microtubules. These dynamics provide the

foundation of our theoretical model.

the (4) direction, ballistically in the (-) direction,
or remains stationary [28, 29]. The domain of the
advection-diffusion equations describes the length
of the microtubule and thus changes through time
(figure 1).

Our approach is reminiscent of the earlier model
[25], which proposed the first mathematical formula-
tion for the antenna model of MT depolymerization
due to motor accumulation. This model tracked the
density of depolymerizing Kip3p (kinesin-8) motors
along a microtubule and showed that different motor
binding models could not be distinguished. As they
were interested in different phases of MT depolymer-
ization, this study did not model individual micro-
tubule end dynamics and instead focused on repro-
ducing the decrease in microtubule length due to the
depolymerizing motors. In addition, our approach
is most similar to the model in [15], which also
describes the density of depolymerizing motors along
a single microtubule. As in [25], they consider a single
class of motors that depolymerizes microtubules from
the (4) end, and do not distinguish between bound
and unbound motor states. This study then couples
the microtubule length to the density of motors at
the last site on the filament. A more complex ver-
sion of the model they propose includes dynamic
instability at the (4) end and incorporates a cata-
strophe rate that varies with length. By modulat-
ing the catastrophe frequency as a function of the
density or the flux of depolymerizing motors, [15]
makes analytical approximations of the mean MT
length in these two theoretical scenarios. However,

this study does not intend to model the dynam-
ics of non-centrosomal microtubules, which undergo
growth and shrinking at both filament ends, and does
not distinguish between the contribution of depoly-
merizing motors and other mechanisms to the length-
dependent catastrophe of microtubules.

Our model therefore goes beyond these prior
studies by incorporating dynamics at (+) and (-)
ends of microtubules, informing parameters from
in vivo and in vitro data whenever possible, and
assessing the contribution of motor-driven and
non-motor-driven length-dependent disassembly.
Exploring the parameter space of this model allows
us to investigate the qualitative differences of the sys-
tem’s behavior in various regimes. In the adiabatic
regime, where motor dynamics are assumed to occur
faster than microtubule length dynamics, we derive
a reduced model that is amenable to analytic tech-
niques. Using homotopy continuation, we analyze
equilibria of the reduced model and describe regions
of parameter space where different types of micro-
tubule behavior (e.g. growth, disassembly, tread-
milling) can be observed. Specifically, our reduced
model provides a simple relationship between model
parameters to distinguish between growth and disas-
sembly in the adiabatic regime.

In the unrestricted parameter regime, we per-
form numerical simulations of the model on a grow-
ing domain and are also able to identify qualitatively
distinct microtubule behaviors in various parameter
regions. We are thus able to assess the impact of motor
kinetics and different length-dependent disassembly
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mechanisms on microtubule dynamics. The main
contribution of our work is thus the development of
a flexible model that can shed light on the regimes of
biophysical parameters that characterize microtubule
length regulation. Such quantitative tools are espe-
cially useful given that ascertaining characteristics of
in vivo behavior of microtubules remains challenging.

2. Background on
microtubule-depolymerizing motors

As mentioned above, one of the ways in which micro-
tubules achieve length regulation is through a length-
dependent catastrophe mechanism, which has been
observed both in vitro and in vivo [24]. Microtubules
have been found to experience increased catastrophe
frequency as they grow, and a leading mechanism for
this phenomenon is the so-called ‘antenna’ mechan-
ism, where kinesin motor proteins walk to micro-
tubule ends and stimulate catastrophe. Studies on
the kinesin-8 motor (Kip3P in the budding yeast)
found that more motors accumulate at the (+) ends
of longer microtubules, which in turn leads to fur-
ther destabilization of these ends [9, 25]. Kinesin-8
was also found to be a slow, highly processive motor
in [9], leading to the analogy of the microtubule fila-
ment to an antenna that directs Kip3p molecules to its
(+) end and thus leads to a concentration gradient of
the motor along the microtubule. These findings hold
in vitro and in vivo and have positioned kinesin-8 as a
length-dependent depolymerase that controls micro-
tubule length from the (+) ends [9].

On the other hand, kinesin-13 motor proteins
(MCAK and Klp10A) were found to depolymerize
microtubules from both ends, though depolymeriz-
ation was faster from the (-) ends [9, 30]. Unlike
kinesin-8, kinesin-13 is known to start depolymer-
ization by bending the terminal subunits of micro-
tubules, leading to their loss of lateral interactions
[25, 30]. The MCAK kinesin-13 protein is known to
diffuse in a 1D random walk along the microtubule
filament, as opposed to using directed motion like
kinesin-8 [25, 31]. These studies have thus established
kinesin-13 as a depolymerase that uses rapid diffusion
to get to both ends of the microtubule, and which is
able to cover short distances rapidly [31]. The protein
Patronin was found to help (=) ends resist to complete
depolymerization by kinesin-13, and the regulation of
dynamic instability by these motors was thus found to
be responsible for controlling mitotic spindle length
in vivo [30].

3. Model of motor kinetics and
microtubule length dynamics

Motivated by the biological evidence outlined in
section 2, we develop a model that describes the
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motion of both (+) and (-)-end depolymerizing
motors along microtubules. Neurons are long struc-
tures and, since we are interested in the dynamics of
microtubules along such structures, we model space
as one-dimensional, implicitly assuming all signific-
ant dynamics occur along the length of the neuron.
Our goal is to model the impact of (4+) and (-)-
end motors on microtubule length. This setting yields
the following coupled system of partial differential
equations:

% = _V+% +D+%212)+kon,+c_koff,+p’ (1)
i—; = D%zg — kon,+ ¢+ Kot +-P, (2)
%7 = V_%” +D_‘327T + kon,—f — kofe,—m, (3)
%:DT){; — kon,—f + kofr,—m, (4)

where p(x,t) is the density of MT-bound (moving)
(4)-end motors, c(x,t) is the density of unbound
(4)-end motors, m(x, 1) is the density of MT-bound
(moving) (-)-end motors, and f(x,?) is the density
of unbound (-)-end motors. The motors move with
speeds v ,_ and diffuse with diffusion coefficients
D, /_ along microtubules. Motors diffuse with dif-
fusion coefficient D when unbound from microtu-
bules. The binding rates of the motors to microtu-
bules are k,, ;. and their unbinding rates are given
by Ko+ /—. We denote the MT length by L, which
extends fromx=L_tox=L,.

The  advection-diffusion  equations  in
equations (1) and (3) are effective mean-field reduc-
tion equations of a more detailed stochastic biophys-
ical model describing the transport of a population
of motors of a given type, which randomly switch
between a motile state moving ballistically in the
(4) direction, a motile state moving ballistically in
the (-) direction, and a stationary state. Assuming
the transitions between states are fast relative to the
transport dynamics, one can employ a quasi-steady
state approximation upon the associated Chapman—
Kolmogoroff equations to obtain an effective partial
differential equation for the dynamics. The diffusivity
describes the modification to motor-cargo dynamics
arising from the intermittent stationary state [28, 32].

We need to specify boundary conditions at the
(+) and (-) ends for both the motor densities and
for the MT ends. At the () end, we model a constant
source of moving and diffusing (4)-end motors, as
well as of diffusing (—)-end motors:

om
L_)=1 L )=1, — = L_)=1
L) =1,e(t)=1, 2 =0, fL)=1,
(5)
while at the (+) end, we model a constant source of
moving and diffusing (-)-end motors and of diffusing
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(+) end motors as follows:

5]
OB, =0, el =1 m(L) =1 f(Le) = 1.
(6)

The boundary conditions for the moving (+)-end
motors at the right edge of the domain and for the
moving (—)-end motors at the left end of the domain
assert that the Fickian flux of motors departing the
domain is zero. The justification for imputing zero
Fickian flux upon the motors is again derived from
the underlying stochastic model of the advection-
diffusion equations. In the stochastic model, motion
across the boundary of the domain occurs in the
motile, ballistic states [28, 33]. Thus, we allow for con-
vective flux but set Fickian flux to naught.

We assume that the dynamics of the (+) and (-)
ends of the MTs is given by:

oL
Byl = —a—+ B |Ll 4+ ym

oL
ot

(7)
L, = oy — By|L] —p,

where the first term corresponds to intrinsic growth
of the MTs, the second term denotes intrinsic length-
dependent MT disassembly, and the third term mod-
els MT shrinking driven by the (4-) and () end motor
populations, respectively. These equations do not
explicitly model the switch from growth to shrinking
of MTs, but rather the overall dynamics at the (+)
and (—) ends. We therefore incorporate the length-
dependent shrinking mechanism in the second term
of these equations.

4. Tractable model simplifications

Equations (1) and (7) describe a model that can
be derived from first principles, and solving them
numerically provides insight into how solutions
behave. However, they are analytically difficult to
parse. We thus invoke some approximations to obtain
analytic insights from the model. Specifically, we
reduce the model in equations (1) and (7) into a
coupled set of ODEs to explore the parameter space of
the model and examine the biophysical insights that
emerge.

4.1. Fast-switching limit

We assume that switching occurs on a faster times-
cale than the advective and diffusive processes so that
kon,+ and kog + are larger than v /L* and Dy /L*?,
where L* is the equilibrium microtubule length
attained in the absence of motor influence. This has
been observed experimentally in the peripheral sens-
ory neurons of Drosophila [34]. We make this expli-
cit with the mapping kop /off,+ — e ko Joff,+> Where
0 < € < 1. The effective dynamics then manifest as
a perturbation away from the stationary measure of
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the process governing the switching dynamics. We
show the derivation explicitly for (+) moving motors
and the derivation for (-) moving motors is nearly
identical.

We rewrite the dynamics of the (4) moving
motors as

5P =¢ AP+L(p), (8)
where
_( px1) _( —vZ+D. 52
P—( c(x,t) >7 L(P)-( D%ch
and

—koft,+  Kon,+ )
A= o +).
( koff,+ *kon,+
The co-kernel of A is spanned by the vector

vl = (1,1) and the kernel of A is spanned by the vec-
tor

_ 1 ( kon,+ )
uw=_——————- )
kon,Jr + koff,—i— koff,Jr

so that vIu = 1. Indeed u is the eigenvector corres-
ponding to the zero eigenvalue of A and represents
the stationary density of a Markov process formed by
the motor switching rates.

Let g =v'p = p(x,t) + c(x,t) and w = p — qu, s0
that g is proportional to the component of p in the co-
kernel of A and w is in the orthogonal complement.
Applying v to both sides of equation (8) gives

99 _ r
=Y L(w+qu). 9)

Substituting p = w + qu into equation (8) and using
equation (9) and the fact that u € Ker(A), we obtain

0 1

—wW=—-Aw+ (]Iz—uvT)]L(w—i- qu) , (10)
ot €

where II; is the 2 x 2 identity matrix. We introduce the
expansion

w=wo+ew; +0(e?)

and substitute it into equation (10). Collecting
O(e7!) terms gives Awg =0 = wp =0, since we
require vIwg = 0. In this case, higher order terms are
not needed to extract a reasonable effective equation,
so we do not compute higher order terms.
Substituting the leading order term for w
(wo =0) into equation (9) gives the effective
advection-diffusion equation for q(x,t), the total
density of (+) moving motors at position x at time #:
VTL(qu):—’V+@+@+% (11)
Ox Ox?’

9q _
or
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where
k
Y, =—%" o and
+ kon,+ + koff,+ +
k Kofr, +
9D, = on, + D, + o
* kon,+ + koff,+ + kon,Jr + koff,+

We refer to ¥, as the effective velocity of the (+)
motors, and to P as the effective diffusivity of the
(4) motors. After performing a similar approxima-
tion on the model of (-) moving motors, we obtain
the following system of parabolic equations describ-
ing motor dynamics of (+) moving motors q(x, t) and
() moving motors h(x, f):

dq dq 9*q
Ay Ay g 24
31? + ax + + axz (12)
o,
ot T ox2’
where
kon — koff -
9_ = : D_ :
kon,f + koff,f kon7f + koff,f

These are coupled with the boundary conditions:

Oh
q(L_)—l h(L_)+&x:L_7l
0
Viq(Ly) — 9+872 L 1 h(ly)=1
(13)

We note that the Robin conditions arise from the
fast switching between Neumann and Dirichlet con-
ditions [35].

4.2. Adiabatic approximation and analysis

We make the further assumption that effective motor
velocities are greater than the growth rates of the
microtubules, to ensure that motors can reach the end
of the microtubules and induce motor-dependent
shrinking before the microtubule reaches its basal
equilibrium length. Implementing this approxima-
tion will allow us to investigate and make predic-
tions regarding those regimes where such assump-
tions hold. Acquiring such data about an application
system is challenging, however this is exactly where
mathematical modeling is especially useful. We can
leverage it to make predictions about what could hap-
pen in the particular parameter regimes that corres-
pond to the approximation assumptions here.

We assume the motor dynamics reach equilib-
rium before studying microtubule length dynamics.
The equilibrium solutions are readily obtainable from
equations (12) and (13), yielding

9= (1457 ) (G 0-10) =3,
hix)=1.
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Substituting these into equations (7) gives

dL
Tj=a+*5+(L+*L—)*W+

(e )en(m)-4)
dL_

F:—af-‘rﬂf (L+—L7)+’Yf.

(14)

Defining L=L; —L_ yields the 1D flow for the
length of the microtubule:

dL

3 = (e tas) = (B +B8-)L =7

1 a 1
()0 -4) -
(15)

Equation (15) yields a unique equilibrium micro-
tubule length provided oy + o~ > v+ +v_. This is
straightforward to see by rewriting equation (15) as

=) —s(n).

where

f(L)=(ay+a_)—(B++B-)L  g(L)=7+

X 1+L ﬁL L +
7 exp 7, 7 v

Since /(L) <0 and g'(L) >0, VL, if oy +a_ >
v+ +v— (ie. if f(0) > g(0)), then the Intermediate
Value Theorem guarantees that f and g intersect for
some L>0. The intersection point is the unique
microtubule length, LT (see figure 2).

An interesting aspect of the reduced model is
the prediction that the basal microtubule shrinking
rates, 5+, do not affect the existence of an equilib-
rium length but only its value (see figure 3). Only the
basal growth rates of the microtubules and the motor-
dependent shrinking rates are responsible for estab-
lishing whether a microtubule reaches an equilibrium
length or shrinks to zero.

Treadmilling. A generic equilibrium resulting from
equation (15) results in a treadmilling equilibrium,
meaning % =0 but dj—:r, dﬁ—; # 0. This is another
key prediction of the model: equilibrium microtu-
bule lengths are effectively only maintained dynamic-
ally with growing and shrinking tips rather than fixed
tips.

Equilibrium tip positions can be obtained in the
reduced model, (15), but they occur in very con-
strained regimes of parameter space. To have an equi-
librium point (LS_,LT_) of equations (14), we must
have chl—j =0 and dﬁ—; = 0. Consider the nullclines
of the system obtained by setting each equation indi-
vidually equal to zero. The nullclines n4 (L4, L_) and

n_(L4,L_) satisfy

n+(L+,L,):O n_ (L+,L7):O,
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A . B
|
I — f(L)
I — g(L)
|
|
| T+ + V-
I ap +a
[ R e :
i /I
|
|
—>>——<4<¢ < < < <4+—
0 It L 0 L
Figure 2. Dynamics of equation (15) in different parameter regimes. (A) If a + a— > v4 + v—, the model predicts the exist-
ence of a unique equilibrium microtubule length, LT; (B) If a1 4+ ar— < 4 +~_, then the microtubule shrinks.

120 3 3 8
LT 60 15 15 1.5
0 0 0
00 5 0 -0 5 0 0 0.08 0.16 0 0.08 0.16
o B:l: T+ v-
3 3 N 3 3
Lt 15 15 1.5 15
0% 5 o %0 5 o % 5 0 % 5 10
Uy Dy kon,+ kogf,+

Figure 3. Dependence of LT upon various parameters in the reduced model in equation (15).

where
no(Ly,L_)=L,—L_— O“ﬂ_ =
D+
ny (L+7L—) = L"r —L_— <ﬂ+7/+)
V. 1 V.
@7::’# <1+"’7+) exp<@++5+ <a++%)) ar Py + 7+
X —5+Q

in phase space, so they can only intersect when
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In words, equation (16) says that equilibrium micro-
tubule length with fixed ends can be attained only
if motor dynamics in the (+) end and (-) end are
roughly equal. This in general will not be the case,
simply due to major biophysical differences. Thus, we
consider the case of fixed endpoints as a special con-
strained case that will be rare in biological settings.

Our model is thus amenable to analysis and
makes concrete predictions about microtubule length
at equilibrium. However, the assumptions about the
parameters justifying the approximations do not
cover the most general regimes. We thus next perform
simulations based on parameters drawn from exper-
imental data.

5. Full model simulations

We now return to the full model formulation in
equations (1) and (7). We are interested in mod-
eling specific microtubule-depolymerizing motors
that have been identified in experiments and whose
dynamics has been at least partially quantified. In
particular, we consider the effect of (4)-end motor
kinesin-8 and (-)-end motor kinesin-13, whose roles
as microtubule-depolymerizing motors are described
in section 2. Therefore, the fast-switching limit in
section 4.1 and the assumption of rapid motor equi-
libration in section 4.2 may not hold, and we thus
must consider efficient numerical simulations of the
full coupled model of motor and MT behavior.

5.1. Model implementation and parametrization

In equations (1) and (7), the spatial domain of
the PDEs (i.e. the length of the MT) changes
through time. We therefore consider efficient numer-
ical methods for moving the domain boundaries
and adjusting the computation mesh. We imple-
ment equations (1) with boundary conditions (5)-
(7) in FlexPDE, which supports moving computa-
tion meshes in time-dependent problems [36]. This
means that we distribute the computation mesh
smoothly within the moving domain boundary by
using a surrogate coordinate for the spatial dimension
x and by using the diffusion equations for distributing
the positions smoothly in the interior.

To parametrize the model, we use experimental
measurements for the dynamics of motors and MT
ends whenever possible. Table 1 outlines the para-
meters used to evaluate the model. In the kinetic
parameters characterizing motor dynamics, we note
that the (+)-end motor (modeling kinesin-8) has a
slow diftusivity along microtubules, while the (—)-end
motor (kinesin-13) does not use directed motion and
instead has a high diffusion coefficient for movement
along microtubules. The binding/association rates are
typically measured in the literature as a function of
the concentration of motors, which is not consistent
with our model framework. We therefore set these
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parameters to a baseline value in this study. We note
that several known parameters are not identical for
(4+)- and (-)-end motors.

To inform the parameters in boundary condi-
tions (7) for the impact of the motors on the MT (+)
and (-) ends, we use emergent MT length measure-
ments from in vivo sensory neurons of the Drosophila
larva [37]. The maximum speeds of growth at the
(+) and (-) ends of MTs in this system are given by
v = 9 ummin~" and v, ™ = 1.125 ym min .
If the microtubule polymerization at the ends is
driven entirely by intrinsic growth, equations (7)
would become

and thus parameters o, ,_ can be set to the max-
imal MT growth speeds. Since we use a timescale of
seconds in our model simulations, we approximate

these parameters to be o = v ™ =0.15ums™"
and a_ = v, ™ =0.02ums ™.

Length- or age-dependent catastrophe of MTs
is a documented phenomenon of MT dynamics.
Experiments have shown that catastrophe is sup-
pressed in short newly-polymerizing microtubules
[23], and the initial simple models of stochastic
changes in GTP cap length leading to «cata-
strophe could not account for the increase in cata-
strophe frequency as microtubules grow. However,
there are various mechanisms that could explain
length-dependent shrinking. The accumulation
of variable protofilament lengths as microtubules
elongate [26] and the accumulation of microtubule-
depolymerizing motors at growing MT ends (antenna
effect) [9, 25] are likely to both contribute to the
observed length- or age-dependent catastrophe. In
recent work, we showed that tuning the length-
dependent catastrophe rate can have a significant
impact on the resulting MT length distributions in a
realistic stochastic model [38, 39].

Therefore, setting parameters 3 _ and v4 _ in
equations (7) is a difficult task. To inform rough start-
ing values for parameters 84 _, we again consider
measurements from in vivo sensory neurons of the
Drosophila larva. The average speeds of growth at the
(+) and (-) ends of Drosophila sensory neurons are
vg ™8 =6 ummin~! and v " = 0.75 ym min~"., If
we make the assumption that these average growth
speeds reflect the intrinsic MT growth and the length-
dependent shrinking due to ragged protofilament
ends only [26], equations (7) become

dL

— =a—pfL.

dt P
We set a characteristic MT length L = 10 um, which
is a relevant length scale for MTs in these neur-
ons. Estimating that % ~ v; %, and using the choices
of a ,_ from the maximal MT growth speeds, we
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Table 1. Parameters used for the full model formulation, informed from in vitro and in vivo experiments.

Motor parameters Notation Plus-end (Source) Minus-end (Source)

Motor speed on MTs vy — 0.05 ums~—! [9] 0 [25,31]

Motor diffusion on MTs Dy _ 0.01 m? s~ (this study) 0.38 pm? s~ ! [31]

Motor diffusion off MTs D 4 pm?s~! [40] 4 pm?s~! [40]

Binding rate to MTs Kon,+ /- 1 (this study) 1 (this study)

Unbinding rate from MTs Kott,+/— 0.25s7! [41] 1.2s7 1 [31]—3s7! [42]

MT parameters Notation Plus-end (Source) Minus-end (Source)

Intrinsic MT growth speed o — 0.15ums~! [37] 0.02 ums~! [37]
Length-dependent shrinking rate By, — 0.05s~1, varies in this study 0.0006s ™1, varies in this study
Motor-driven shrinking rate ~y 0.01, varies in this study 0.01, varies in this study

R
estimate that 8, = % =0.05s""! and B_ =

0'3751’3/%“ =0.0006s5"!. We re-iterate that these
are simply starting values for our numerical simu-
lations, and that we are interested in how changes
in these parameters impact the model MT length. In
addition, since we are also interested in the impact of
the depolymerizing motor populations on MT length,
we expect that parameters v, _ from equations (7)
may also need to be varied. The initial value for these
parameters is in the range investigated in [38].

To identify distinct MT behaviors in differ-
ent parameter regimes, we next perform para-
meter sweeps with particular parameter directions
informed by the results of the reduced model
(figure 3) and numerical simulations of the full
model. Our baseline parameter set is as discussed
above.

5.2. Model behavior

We now assess the behavior of the predicted motor
densities and MT length based on the full model
in section 3 using numerical implementation in
FlexPDE [36] and the parameters in table 1. We
observe several qualitative behaviors that emerge for
the predicted MT length and the MT end dynamics.

Disassembly. The baseline parameters discussed and
derived in section 5.1 lead to fast disassembly of a
MT starting at the characteristic length L = 10 um.
Figure 4(a) shows the evolution of each motor
population density along the shrinking MT, while
figure 4(b) shows the linear decrease in MT length
and the dynamics at each MT end. These baseline
parameters predict slow, sustained growth at the
(=) end of MTs (as observed in [37]) and demonstrate
rapid disassembly at the (4) end of the model MT
(see Supplementary Video 1). Since the behavior of
the (+)- and (-)-end motors is not symmetric (i.e. it
is characterized by different parameters), this leads
to the emergence of different sizes of the densities of
motor populations.

Treadmilling. In figure 5, we explore whether the full
model can exhibit MT treadmilling, where one end of
the filament grows while the other end shrinks. This

MT behavior has been documented and reviewed in
the experimental literature [43]. By tuning the length-
dependent disassembly rate at the (4) end (para-
meter 54 ), we show that MT treadmilling is achieved
and maintained in the full model. Figure 5 shows
that the MT length stays constant at the character-
istic length L = 10 um, and that all motor popula-
tions achieve steady-state within minutes and move
along the treadmilling MT. We run this simulation for
10 min to illustrate that the MT treadmilling move-
ment predicted by the model is sustained through
time (see Supplementary Video 2).

Fixed MT ends. figure 6 shows that the full model can
also illustrate equilibrium behavior at both MT ends.
This is achieved by keeping parameters the same as
in the treadmilling case, except that we are further
tuning the length-dependent disassembly at the (-)
end (parameter 5_). This leads to fixed MT ends and
maintaining the equilibrium length of . = 10 um (see
Supplementary Video 3). We note that this behavior
occurs in very constrained regions of the parameter
space, where significant tuning of the intrinsic length-
dependent disassembly mechanism at both ends is
required. Indeed, this is consistent with what the
reduced model suggested in section 4.2.

Disassembly through Patronin RNAi perturbations.
The full model also allows for testing changes
that correspond to experimental perturbations. For
example, Patronin is a protein that acts as a brake on
(-)-end microtubule depolymerization by kinesin-
13. This protein specifically binds to and protects the
(=) ends of MTs, preventing them from being disas-
sembled by kinesin-13. Assuming that our full model
includes this protective impact of Patronin on (-)
ends (through the choice of the y_ parameter), we
can model Patronin RNAi experiments as in [30] by
increasing v_. This change means that our model pre-
dicts full microtubule disassembly (figure 7), consist-
ent with the complete MT disappearance observed in
experiments [30].

The full model can thus generate realistic MT
end behaviors given assumptions about differ-
ent regulation of microtubule end dynamics and
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Figure 4. (a) Full model predictions of motor population densities for 4+ = 0.05s~!, B3_ = 0.0006s~! and y4 = v_ = 0.01
(disassembly). (b) Corresponding evolution of the underlying MT length and the predicted dynamics at the (+) and (-) ends.
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Figure 5. (A) Full model predictions of motor population densities for 3+ = 0.0116s™!, 3_ = 0.0006s ! and v = y— = 0.01
(treadmilling). (B) Corresponding evolution of the underlying MT length and the predicted dynamics at the (4-) and (-) ends.

length-dependent disassembly. This model can be
easily updated with additional biological insights
and relevant parameters to provide predictions for
cytoskeleton behavior in specific applications. Unlike
the reduced model in section 4.2, exploring the beha-
vior of this more complex model and its parameter
space requires growing domain simulations, which
impose a higher computational cost.

6. Discussion

In this paper, we proposed a model for understand-
ing non-centrosomal microtubule dynamics that

accounts for microtubule tip dynamics at both the
(+) and (-) ends. Our model incorporates motor-
based microtubule depolymerization and allows us
to assess the impact of motor dynamics on micro-
tubule growth and shrinking dynamics. Importantly,
some parameters that inform our model of micro-
tubule end dynamics are based on in vivo measure-
ments from neuronal microtubules. Exploring the
parameter space of our model and the emergent
microtubule behaviors allows for predictions of cyto-
skeleton dynamics in living neurons. We emphas-
ize that such parameter space exploration is import-
ant for our biophysical understanding of microtubule
dynamics in living cells, since obtaining experimental

10
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data about these processes is extremely challenging.
Moreover, understanding microtubule dynamics and
their polarized organization within cells can provide
insight into how these filaments mediate the trans-
port of protein cargo and thereby contribute to the
sorting of cellular components. In principle, the full
model can classify MT behaviors across a wide range
of parameter values, but the computational cost of
such a classification is substantial. To address this,
we derived a reduced model which greatly facilitates
understanding MT behavior in distinct parameter
regimes and provides elegant analytic results.

The model simulations presented here show that
tuning mechanisms that influence the disassembly
behavior of microtubules can lead to maintenance
of an equilibrium length. In neurons, this is very
important, since these cells must last a lifetime
and must maintain a relatively uniform coverage of
microtubules throughout the axon and dendrite [44].
In particular, stable microtubules and microtubule
coverage of these neurites allows for transport of key
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proteins throughout neurons. In our model, differ-
ent equilibrium lengths can be obtained with differ-
ent choices of free parameters. This reflects what is
known about the variability of microtubule lengths;
filaments are known to be tuned spatially and to
vary in axons and dendrites of neurons and in differ-
ent organisms [44]. There are also many parameter
regimes of the model where microtubules undergo
shrinking. We can connect this with the neurons’ abil-
ity to respond to stimuli. For example, in Drosophila
fruit fly neurons, microtubules in a selected dendrite
have been shown to reverse their polarity following
axon injury, which requires that they first undergo
complete disassembly [45]. Finally, we also observe
microtubule treadmilling in our model. Such micro-
tubule sliding relies on motor proteins and cross-
linkers and has been found to be key for axonal
growth, neurite formation, and for maintenance of
microtubule polarity in neurons [46, 47].
Furthermore, the analytical and computational
results presented here offer immediate biophysical
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insights into cellular structures that rely on simul-
taneous, two-ended microtubule regulation, such as
the mitotic spindle. During metaphase, kinetochore
microtubules exhibit a continuous ‘poleward flux,
characterized by tubulin addition at the kinetochore
(+) end and removal at the spindle pole (—) end [48,
49], maintaining a relatively constant filament length
while generating critical mechanical tension across
sister chromatids [37, 50-53]. Our reduced multiscale
model demonstrates that such treadmilling behavior
is not an anomalous state requiring complex external
orchestration, but rather a robust, emergent property
of the system whenever equilibrium is achieved via
motor regulation at both ends.

Numerical simulations of our model, which
includes a growing domain, allow for identifying
qualitatively different behaviors of microtubules.
This, in turn, facilitates evaluation of the contribu-
tion of distinct mechanisms (i.e, motor and non-
motor driven) to the observed length-dependent dis-
assembly of microtubules. While we focus on kinesin-
8 and kinesin-13 depolymerizing motors here, the
model can be extended to other motor proteins that
have been found to have an impact on dynamic
instability of microtubules in vivo and in vitro. For
example, dynein has been found to regulate (+)-
end stability and control microtubule length in bud-
ding yeast [54] and in a reconstituted cortical system
[55]. In specific model parameter regimes, we can
invoke a quasi-steady state and adiabatic approxim-
ation, which allows us to derive a tractable math-
ematical model and thus directly determine the role
that various biophysical parameters play in affecting
microtubule length.

Notably, we did not investigate the dynamics of
our model in the fast-switching limit but without the
adiabatic approximation. In this regime, we could, in
principle, find an explicit solution for (4) and (-)
motor densities in terms of the corresponding causal
Green’s functions of the parabolic operators govern-
ing motor dynamics. This would be interesting math-
ematically and biophysically, as the model would
make predictions about microtubule length dynamics
to be verified experimentally, and it involves Green’s
functions with a domain that changes in time. In par-
ticular, it would be interesting to perform stability
analysis on this reduced model.

There are a number of other avenues we plan
to explore in the future. First, we would like to
develop a more biophysically-detailed model that
captures motor-motor interactions and to investigate
how these interactions impact microtubule length
dynamics. One possible implementation is to allow
the motors to evolve according to a totally asym-
metric simple exclusion process [56-58], thereby
incorporating exclusion effects between motors.
We could also investigate motor dynamics on an
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ensemble of microtubules, each undergoing motor-
dependent shrinking, and to observe the resulting
equilibriumdistribution of microtubule lengths. This
would provide particularly interesting theoretical
predictions, since distributions of microtubule length
are challenging to obtain experimentally in living cells
such as neurons. Finally, we could relate ensemble
microtubule length distribution with the macro-
scopic neuronal length, seeking to answer the ques-
tion: how do subcellular filamentous structures scale
in size with neuronal length? This could be achieved,
for example, by linking microtubule length dynam-
ics and motor dynamics with axonal length sensing
(33, 59, 60].
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