3.9: Related Rates

If two quantities that change over time are related to each other, then their rates
of change over time are related as well. For example, consider an expanding circle.
Then, the radius r = r(¢) and the area A = A(t) both change with time and are
related with

A=mr?.

As the circle expands over time, the rate % at which the radius increases is related

to the rate Cﬁl‘;‘ at which its area increases. We can find the equation that relates these

rates by using implicit differentiation to the formula that relates r and A:

Alt) = T [rtty]* dh . r. e AT

d% [Mt)] =£.; [n-[rtu]’] — & at

Suppose the circle has an initial radius of 2inches and the radius is increasing at
a constant rate of 3 inches per second. How fast is the area of the circle initially
increasing? =y

. .
P

Can we draw the situation?

could ge like a
puddle M +he
vround 1w rain \1[_____ g

What information are we looking for? Based on our drawing, what do we expect the
answer to look like (i.e., positive, negative, zero)?

godL : dh  wHen =0, we expect dR . g
dt dt

What information have we been given? How can we use that to solve for our goal?

giVCl‘U r(o) =2 in dA =T 2r(0). j"
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Many related-rates problems involve geometric quantities such as volume, area, and
surface area. Many of the formulas may (or should?) already be familiar to you.

Some common formulas are:

Volume and Surface Area Formulas

The formulas that follow describe the volume V and surface area S of a rectangular box,
sphere, right circular cylinder, and right circular cone. The lateral (side) surface area L is
also given for the cylinder and cone.

(@) The volume and surface area of a rectangular box
of length x, width y, and height z are

V=xyz
S=2y+2yz+ 2z

(b) The volume and surface area of a sphere of radius r

are
S
V= 3T
S = 4nr?
() The volume, surface area, and lateral surface area of _
a right circular cylinder of radius r and height h are e
|
2
V=nr‘h at
S =2nrh+ 2nr? i
L=2arh
(d) The volume, surface area, and lateral surface area of .
a right circular cone of radius r and height h are / r
]
V= 37T h

S=narJr2+h?+nr?

L=narJr2+h?
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Example 0.1. With the volume of a sphere as V (t) = 37 [r(1))°, determine d_‘t/

V(t) = _g_rr-[rct)]3

d[vee)) = 4[4 - [ree)]?
dt dt|3

&y 3 freen® dr | oymLrie)’ dr
? dt dt
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Its also common for related-rates problems to involve right triangles, either with the
Pythagorean theorem or with similar triangles.

Two Theorems About Right Triangles

The following two theorems describe well-known relationships between the side
lengths of right triangles:

(a) The Pythagorean theorem states that if a right triangle
has legs of lengths a and b and hypotenuse of length c, c

then:
a*+b =7

(b) The law of similar triangles states that if two
right triangles have the same three angle measures,
so that one is just a scaled-up version of the other, then
the ratios of side lengths on one triangle are equal to
the ratios of corresponding side lengths on the other. d H
Specifically, with the side lengths shown in the dia-
gram at the right, we have b B
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b b
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The reason these theorems about triangles arise in related-rates problems is that
both theorems give us ways to relate quantities that might change together over
time. Finding an equation that relates two quantities is often the first step in finding
an equation that relates the rates of change of those quantities.

Example 0.2. If a(t),b(t), c(t) all change in time and satisfy a® + b* = %, find de

[aen s (o))" = [cten)?
i 1 2| - _A_[ cle) .
|+ bLt)]] = [ete))

a)- 4%+ 2-b@-db _ 2-Cle)- dS
2 )dt T -

c(t) b LE)

alt)

ath)- 5+ b1 g de
) 4




working with
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Example 0.3. Suppose a pink spherical party balloon is being inflated at a constant
44 cubie incl 1

(1) How fast is the radius of the balloon increasing at the instant that the balloon
: fius-of 4-inches?

given: 4V - yy in®
df sec-

joaL: Find ,%'.:
wheN r (£) =Hin

e EEssssssssss s ss=-

WY in® |
$0  6YT in’
(2) How fast is the radius of the balloon increasing at the instant that the balloon
ins 100 cubic incl F air? i
1 . 3
R A i ogiwven: 4V syy In
AV - qr (rien® de | OJVeNT =T
af af
: 40aL: Find i'_f
v \ . 3 2 dr ! r
yy 1a° = Ymw-(rit)) 'déF i wHeN = 100 i3
sec- :
Y E Y rd to gt
i - (290)% it dr | we vETIE R
(e W dt ; radius:
i jop = Ywrd
E 3 Y3
i 300 _ 3 —)(3_"2.) =¥
P v




Warm- up:

+ find -(F(x
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Example 0.4. A spotlight on the ground shines on a wall 12 m away. If a man 2
m tall walks from the spotlight toward the building at a speed of 2.5 m/s, how fast is
the length of his shadow on the building decreasing when he is 4 m from the building?

(Round your answer to one decimal place.) )
1.oYaw PiCrure.

a5m|s 2. Find giveN Infd-
= [ 3 Dettrmine goa-
M y. jdentipy formula 10
2 _die) [ relafe inyormah OV
F 2m {
L CONStants: variagjes : §
diStante Blw light = 2m distanie glw man : dik) |
P b owall L wal |
i height O man =2 leng+n G shadow: S(t) E
i speed d man’ :

304!,: want S'(£) WHeEN d(t) = Um.

Need 1o reldie Sity, dit):

sty 2 _
T 12 12 -di)
Sk
IIM -\
il =2 sly) = 24 (12- d+)



S'(6) = -24- (12~ det)) - [0-d'w)]
S'(¥)1= 24-d'(E)

(l2- d£))*
s'(¢)= 24-(-a.9)

(l2- 4)*




integer.) ) g===== ity :
2000m \I) inflow: P given: i

T ¢ cm® i dh. 29 (m §
min. o dt min. E

i wHen h(t)<200Cm !

600 ca i goal:
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Example 0.5. Water is leaking out of an inverted conical tank at a rate of 13,000
em? /min at the same time that water is being pumped into the tank at a constant
rate. The tank has height 6 m and the diameter at the top is 4 m. If the water level
is rising at a rate of 20 ¢m/min when the height of the water is 2 m, find the rate
at which water is being pumped into the tank. (Round your answer to the nearest

Eind C (im‘low
rate

\l} out£(ow:

13,000 Cm’ dv . c- 13,000
min. dt

goav: Find

ar

vOluMe o} water in fank: * ONly have Thfo re: hid),
[ets qet v(t) just h term$

vit)= T.[re)n™ hig) a4 i
3
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¢ = dv 4 13000

N
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3000
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dt
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Example 0.6. A ladder 10 ft long rests against a vertical wall. If the bottom of the
ladder slides away from the wall at a rate of 0.9 ft/s, how fast is the angle between
the ladder and the ground changing when the bottom of the ladder is 6 ft from the
wall? (That is, find the angle’s rate of change when the bottom of the ladder is 6 ft
from the wall.)

ichure: 9iveN
r Q‘/ - constants:
D l0ft: [ength O ladder
”/ em X'(t)= 0.9# /sec
0.9 £ E S x(t)

GCC

xlt): distante BIW

Bottom o ladder

& wall

0(t): ao{%le 8lw

- variagles :
goal : 9't) wHEN x(t) =6

ollaauf

.......... b grouns
®
,0/ . relare OL), xle): cos (o) = xl—o
) d [cos (ocen = d| X8
o dfeos (o] A[ 20

__________________ —sin(8LE))- 0'LE) = '-"5 x'(t)

Find sin(0(e)) . |

WHeN  x(t)=b

; o'te)= -
AA i v ¥/
6 1
. ; - _ .9 rad-
= 8 1 ! ® T —
> sin(8(4)) o | g'(t) T

oL . X (%)
= 06'lt 0 s1n (0(£))

.(0.4)
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Example 0.7. A plane flies horizontally at an altitude of 7 km and passes directly
over a tracking telescope on the ground. When the angle of elevation is 7/3, this angle
is decreasing at a rate of w/4 rad/min. How fast is the plane traveling at that time?

picture: x(t)

F .Qp - constants!
m | Tkm: altifude o plane
,,,,, _variagles: |
lav6 0(t): angle of elevaton

X(¢) : hor)zontd|

distane BIW
plane & telescopt

goal: Findk X'(£) wHeN

O rad Y §)=-T rad

4 Min o
. relate  xit), Ole) ¢ tan( 8(¢)) = E_) =7-[xte]”
x 1#) i[m(em)] - & (}-[x(e)]’j

.
sec*(8(t)-0'(¢) = -7 [xm] x'(¢)

Findihg x(4)
WHeN 9({:)='3I :

x (%)

%
= x'(¢ = -1. sec2(6(€))- 0°(k) '[x(t)]
7
12

1

X'ty = -4 - sec’( -4 [‘ﬁ
fam(l{)=>%ﬂ ? i 717' M P;][%j
T

.
Fan(3)

F(’l“ = 1T em

mih.



