Chapter 3: Probability

Understanding probability is the gateway to understanding inferential statistics be-
cause if we know information about a population, then an inference can be made
about the likelihood of a sample.

1. EVENTS, SAMPLE SPACES, AND PROBABILITY

e Statistical experiment: a process leading to an outcome with some probability,
such as flipping a coin, rolling a die, drawing a card, taking a sample, etc.

e Outcome: a result of an experiment, such as flipping heads, rolling a 4, drawing
a Queen, etc.

e Sample space: the set of all possible outcomes of an experiment.

o Event: an outcome or set of outcomes, such as rolling an even number, flipping 2
heads in a row, etc.

e Probability of an event: the number of outcomes in the event / total outcomes
in the sample space.
Notation: ‘P(A) represents the probability that event A occurs.

¢ Basic Rules of Probability
— The probability of any outcome must be no less than 0 (0%) and no more than
1 (100%).
— The sum of the probabilities of all outcomes must be exactly 1 (100%).

Suppose you are flipping a coin and then rolling a die, and you want to find the
probability of flipping heads and rolling an even number.

Determine the following:

Experiment: Outcome: , .. 'l ¢
flir\n’ng in &, flipping coin: Heads or tai
thew Tolling di@ rolling die [,2,3,4,5b

Event: Sample space:

flipping Heads

' H,Y), (MiS), [(H
ronmo 2-, q,Or 6 (H/|), “",2—),(”}3))( :'4), | ‘L)/

— (T,1), (T)2), (7,32, (T)4), (T1S), (T.8).

3 .1 .25 totql postible outcomes = 1
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One method of determining the number of sample points for a complex experiment
is to develop a counting system. See if you can develop a system for counting the
number of ways to select 2 students from a total of 4. If the students are represented
by the symbols Si, Ss, S3, and Sy, the sample points could be listed in the following
pattern:

(¢,S2) (S2,83)  (s3,5u)

(€1,635) ($2,%4)
(4 students) (41 Sy)

S';:gz, $3,%

A second method of determining the number of sample points for an experiment is to
use combinatorial mathematics. This branch of mathematics is concerned with
developing counting rules for given situations. For example, there is a simple rule for
finding the number of different samples of 5 students selected from 1,000. This rule,
called the.combinations rule, is given below.

Theorem 1.1: Combinations Rule

If & samples are drawn from n > k options without replacement, then the
number of possible samples we can observe is:

*Nn ChOﬂw k" (n)_L wheren!=n-(n—1)-(n—2)-...-3-2-1.

k) Kl(n—k)
I “fqCtoridl”
(Note: 0! =1.)

In what situations should this be used: when order does matter, or when order does
not matter?

wHin order ooef wt waieyr

How many ways are there to select two students out of a group of 10?7

L (ampies drawn fom 10
oy . 108 _ 10! _ oqf7iEAZLy
1) 20 (10-2)! 2! 8" (@) {(NEEAEAA)

- M: ?2-.",5
-1 é

0!=10-9- 82!
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2. UNIONS AND INTERSECTIONS

e Union: the union of two events is the event that either (this is an inclusive either,
meaning that both events can happen at the same time) event occurs.
Notation: A U B is the union of events A and B.

e Intersection: the intersection of two events is the event that both events occur.
Notation: A N B is the intersection of events A and B.

e Complement: the complement of an event is the event that it does not occur,
Notation: A® is the complement of event A:

P(AC) =1 - P(A).

o Mutually exclusive: two events are mutually exclusive if they have no shared
outcomes (another way of saying this is that their intersection is empty).

Consider drawing a name at random in this class. Consider the events A that the
name drawn is a girl, and the event B that the name belongs to a junior. What do
P(AU B) and P(AN B) represent? What tools could we use to help us?

sample syace

e frecy, BOY ‘ju“‘: BOY

.o « Sh., BOY
.sopl' R 9‘” e N,, g""

b auB) = £ P(RNB) = 7

o ProB. mat a ¢tudent ¢ K u ProB. mat a Sh\dﬂ.\i’ ’ig r
girl O_Y' 1 & Junio\r" girl g=Vl._l') 1$ a J\MIOY
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3. COMPLEMENTARY EVENTS

e The complement of an event A is the event that A does not occur, denoted A®.
AC consists of all sample points that do not belong to A.

e The sum of complementary events must equal one; that is, P(A) + P(A%) = 1.

This says: if A denotes an event of an experiment, then any given sample point is
either in A or A%, and not both!

Consider flipping two coins, and define A as the event that exactly one of the coins
shows heads. The complement, A®, then consists of all the possible outcomes where
the number of heads showing is not exactly one. In this example that corresponds to
either having no heads or two heads showing. What is the data in set A? And what
are the points in the set A°?

sample space: { (M), (T, (TyH), (T,T)F
SAMPIL SpAcL:

A:§ (HT), (TH)

C: TT l"l”)
AS: § (HH), (TIT)] o

The equation above is a powerful relationship. Often times, it is easier to calculate
the complement of an event than the probability of an event itself. Then we can use:

P(A)+P(A%) =1 <«  PA)=1-PA%), P(RS)=1-P(K)

What about (AU B) and (AN B)°? What do these look like on Venn diagrams?

(RVB)¢ = A° n BC
‘ (rNB)¢= AV B

How could we find P(A U B) with complements?

P(RUB) =) - P((AVB)) = |- P(A°NB°)
P(E)= |- P(ES)



Chapter 3: Probability 5

4. THE ADDITIVE RULE AND MUTUALLY EXCLUSIVE EVENTS

Theorem 4.1: Additive Rule of Probability

Consider two events A and B. The probability of the union of the two events,
AU B is equal to the sum of the individual probabilities minus the probability
of the intersection:

P(AUB) = P(A) + P(B) — P(AN B).

What does this look like on a Venn diagram?

P(AVB)= P(r) + P(B)-P(ANB) e

= 1+5-23 1%
5 1§ IS s

Take a six-sided die. What is the probability a number that is either even or greater
than 27 Use a Venn diagram to map out the sample space and determine the proba-
bility, and then use the formula above to determine the probability.

sample space: § 1)2,3,4,5 b
A: leq: 6;

B:i 3:"" S'l 65

Sample
spdce

sample
space

f[A.): %:é or S0/ P(A’"B) s Z :-%- or 33.37.

©

P(B):-;i: 2 or .17 p(,wg) (m)+ P(B) - P(MB))

P '5.?.-“3“) P((AVB)‘) = % or b1/
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e Two events A and B are mutually exclusive if AN B contains no sample points;
that is, P(ANB) =0.

If A and B are mutually exclusive events, what is P(AU B)?

P(RUB)= p(R) + P(B) - P(ANB) = P(AVB) = P(A) + P(B)

=0
Consider rolling two dice. What is the probability of either rolling a 10 or greater, or
seeing one or more 1’s?

Let A be the event of seeing one or more 1’s. Write out the sample points of A to
determine P(A).

A= ? (1,.1), (4,2), ll,3),(|;"l).(\1$),(l,b),
(2,1, (3,1, (41, (5N, (& §

_
P(M..% or 30.67

Write out the sample points of B to determine P(B).

B= { (4140, (5,6) , (600, (L), (6,5),(515)]

I’(B)-—--; or )67/

Are these events mutually exclusive? Justify your answer.

yes, K1 B a4t muwiualy excsive ANLE Hve
1S hO over(ap B/W fhm- Thdt is, P(RaB) =0
or ANB s empiy-

To answer the original question asked, we’re looking for P(A U B). How can we find
this?

P(AVB) = P(R) + P(B) ~P(AnB)
J/ = Jl + _". - 0

YlA UB) = _l_._? \r q‘ll'/,
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5. CONDITIONAL PROBABILITY

Often, we have additional knowledge that might affect the outcome of an experiment,
so we may need to alter the probability of an event of interest. A probability that
reflects such additional knowledge is called the conditional probability of the event.

To develop programs for business travelers staying at convention hotels, Hyatt Hotels
Corp. commissioned a study of executives who play golf. The study revealed that
55% of the executives admitted that they had cheated at golf. Also, 20% of the ex-
ecutives admitted that they had cheated at golf and had lied in business. Given that
an executive had cheated at golf, what is the probability that the executive had also
lied in business?

What is this asking us to find?

W we Have qn execuhve who has oHeaded
A gof, wetis pobability Hay've lied W BUsiness ?

Theorem 5.1: Conditional Probability Formula

To find the conditional probability that event A occurs given that event B
occurs, divide the probability that both A and B occur by the probability that
B occurs; that is,
P(ANB)
P(AB) = ———=
(A1B) = =55

This does assume that P(B) # 0.

So, given that an executive had cheated at golf, how can we find the probability that
the executive had also lied in business?

Let A represent the event that the executive has cheated at golf, and B represent the
event that the executive has lied in business.

P(h}=.S5 ov s57. p(8|a) = F(ANB) _ 'sis =0
P(RAB)=.2 o 207 Py 55 v 2047
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The Federal Trade Commission’s investigation of consumer product complaints has
generated much interest on the part of manufacturers in the quality of their products.
A manufacturer of an electromechanical kitchen utensil conducted an analysis of a
large number of consumer complaints and found that they fell into the six categories
shown in the table below. If a consumer complaint is received, what is the probability
that the cause of the complaint was the appearance of the product given that the
complaint originated during the guarantee period?

Distribution of Product Complaints
Reason for complaint

Electrical | Mechanical | Appearance | Totals
During Guarantee Period 18% 13% 32% 63%
After Guarantee Period 12% 22% 3% 37%
Totals 30% 35% 35% 100%

Let A represent the event that the cause of a particular complaint is the appearance
of the product, and let B represent the event that the complaint occurred during the
guarantee period.

p(n18) = P(ANB) - .32 sl or 617,
P(B) 03

P(ANB)= .32 or 327
P(B) = .63 or 37

given a« Bag O Iz Coing L |9 MArBIES, WHAt IS He
probabilim oy Aravu'ug 20r move marbleS om 3 draw(?

2 0r moOre
P marp)es )

2marbles) : ( |{)(’f—) = (9L(,

Looin — —— = 1826+ 81 _ (c320...

Yooo
= 6S5.31 7/

smares __ 2 () = gne

Zol.iebts o (3'30) = 4060



Chapter 3: Probability 9

6. MULTIPLICATIVE RULE AND INDEPENDENT EVENTS

First, let’s revisit the conditional probability. Recall that, given events A and B, we
have that
P(ANB)

P(AN B)
P(B) '

P(A|B) = =y

and P(B|A) =

Alternatively, we can write

P(ANB) = P(A|B)P(B), and P(AnN B)= P(B|A)P(A).

Why can we write these?
P(8)- P(AIB)= P(ANB) )({) = P(B)-P(RIB) = P(RAB)

TS

By using conditional probabilities we have two ways of calculating the probability of
an intersection in two different ways:

P(AN B) = P(A|B)P(B)
— P(B|A)P(A).

The point here is that we can rearrange what we already know so that we can compute
certain probabilities with different combinations. In the previous section we wanted
to compute conditional probabilities. Here, we can use conditional probabilities to
compute other things.

In class of 30, 12 students come to office hours. Of those 12, 10 pass Test 1. Moreover,
21 in total pass Test 1. What fraction of students come to office hours and passed
the test?

If T"and O are the events of passing the test and coming to office hours, what are we

trying to find? P ( T n 0)

How can we determine the fraction of students come to office hours and passed the

oy =1z RTA0)= PTIO)-P(0) = p(01T)- P(T)
30 | " o idea

P(TI0) =7'2 12" 30
&
p(Tn0) = 19 - L or 33.33%

])
o

(=)
W
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When we have two events, there are two possibilities. On the one hand, the two
events may be correlated with one another - the probability of one occurring informs
the probability of the other occurring. However, we may find that two events have
nothing to do with one another - they are totally uncorrelated from one another. For
instance consider a person and two events: A - the person goes to Trinity and B -
the person is wearing blue. In fact, many people walking around campus are wearing
blue, so these are probably correlated.

However, let’s consider another event: C' - the person likes cheeseburgers. These two
events are likely unrelated, and therefore their probabilities are likely unrelated.

Definition 6.1: Independent events

Two events A and B are independent if the occurrence of B does not affect
the occurrence of A and vice versa. This is equivalent to:

P(A|B) = P(4), and P(B|A) = P(B).

We can use the definition of P(A|B) to find:
P(AN B)
P(B)
The interpretation here is— the likelihood of two independent events occurring

is equal to the product of the two individual probabilities.

P(A|B) = P(A) — = P(A) — P(ANB) = P(A)P(B).

Consider the experiment of rolling a dice and the two events: A as rolling a 4 or less,
and B as rolling an odd number. What are P(A) and P(B)?

P(A) = 2 P(B) = 2 ’ __ B
b b 6

Are the two evgnts independent?

P(ANB) = P(R)-P(R)

1.2 My 3.1 ABae independomt events
3 b ¢ 3 7

If we change event A to rolling a 5 or less, what changes and how?

P(AB) = PK-P(B) ; 3
1.3 45 3.5 @
2 b j(Fo(._.n.

=) A,B drt not indtpendint events.
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7. COUNTING RULES

Earlier in this chapter, we pointed out that experiments sometimes have so many
sample points that it is impractical to list them all. However, many of these ex-
periments possess sample points with identical characteristics. If we can develop a
counting rule to count the number of sample points for such an experiment, it can be
used to aid in the solution of the problems. The combinations rule for selecting k
elements from n elements without regard to order was presented in Theorem 1.1.

Here, we give three additional counting rules: the multiplicative rule, the permu-

tations rule, and the partitions rule.

A product can be shipped by four airlines, and each airline can ship via three different
routes (Route 1, Route 2, Route 3).
How many distinct ways exist to ship the product?

4.3 =2 distinct
- way §

Assuming the airline and route are selected at random, what is the probability that
Route 2 is used?

uway( wsing vowe 2y BpRoN g5 337
* 3

(2 dishintt ways i

Definition 7.1: Multiplicative Rule

You have k sets of elements, n; in the first set, n, in the second set, ..., and
ny in the kth set. Suppose you wish to form a sample of k£ elements by taking
one element from each of the k sets. Then the number of different samples that
can be formed is the product

Ny -MNg-MN3 - ... Nk
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Suppose there are five companies with internships, and 100 students applying to all
five positions. In how many ways can the five students be assigned to these positions?

I 2 3 4y Dd(ﬂ—creﬁ = order do¢§
. —

¢ 1
s\M‘w’M 2 [ 3 Y ordering' waker
: 3 4 S

\
cow‘w‘M

wo - 99 - 1¢ - 97 - 96

= distintt
= 9,034, S02,4oo dithi wlerifs.

The arrangement of elements in a distinct order is called a permutation. There are
more than 9 billion different permutations of 5 elements (soldiers) drawn from a set
of 100 elements!

Definition 7.2: Permutations Rule

Given a single set of n different elements, you wish to select k elements from the
n and arrange them within k positions. The number of different permutations nl
of the k elements taken k£ at a time is denoted by FP/'and is equal to { :) = K\ (n-k) !

n! comlnation
(n—Fk)!"

Pl=n-(n—-1)-n—2)-...-(n—k+1)=

Suppose there are ten athletes, and we’re responsible for awarding first and second
place to two of them. How many ways can first and second place be awarded to 10
people?

0. 9 =90 dishinck ways +o ordau\'ae.
s+ gnd 0 ahdeses w0 s, 2nd place

.USing ‘permut atoN NOYahoN':

jo! ! 10-9-8 _ 09 =90 dishnct

o . - — = .
F'& - (IO"‘Z)! - 2! y ard""ﬂ&
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Suppose we are supervising four construction workers. We must assign three to job
1 and one to job 2. What are some ways we can make this assignment? How does
order matter?

if order did watter, 4-32-1=24 ways o ovdeyr-

: 3z 3 : f? same ordeng. = order doesnl'MdHer
—_— e - wthin eatH SDB s11€ .

S——"
JoBI JOB z

In how many different ways can we make this assignment?

3 (}8)1) wl parhhong rule
| (joB )

N=Y n
k> ny

N 4! 127 . Y4 ways b wmake
! om! (3N(1) ol assig nmont

The numerator is the number of different ways (permutations) the workers could be
assigned four distinct jobs. In the denominator, the division by (3)(2)(1) is to remove
the duplicated permutations resulting from the fact that three workers are assigned
the same job, and the division by 1 is associated with the worker assigned to job 2.

Definition 7.3: Partitions Rule

Suppose you wish to partition a single set of N different elements into k sets,
with the first set containing n; elements, the second containing n, elements, .. .,
and the kth set containing n elements. Then the number of different partitions
is N

— — whereni4+ns+ns+...4+n,=N.
ny!ng! ...yl
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Suppose you have 12 construction workers and you wish to assign 3 to job site 1, 4
to job site 2, and 5 to job site 3. In how many different ways can you make this

memet? () 419901600 iF order mditertd)

Nl g Dhht A= 43 31320k
3QBI 10\32 J s |- &

=f
J
o ms 20 e ey St
Ny "|! "3! ns! 30yl &1 ),(Myr
w-9-4-7

27,740 waqs {0
md ke asn’gnmen’r

A consumer testing service is commissioned to rank the top 3 brands of laundry
detergent. Ten brands are to be included in the study. In how many different ways
can the consumer testing service arrive at the final ranking?

{f ordor maHers:

10
o- 9 -¢Q - do! 10! lo-1-8=720=lD3
((0-3)! 71

(st 2 3nd
<16 order dS)iS_n_ZI- maifor ¢

:(w):_”’ . I20
— — — 3) a7
—

op 2 g
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CHAPTER 3 UNDERSTANDING

Chapter 3 goals:

After this chapter, you should be able to understand:

(1) The difference between experiment, outcomes, events, and probabilities;
(2) How to create and interpret tree diagrams and Venn diagrams;

(3) The Additive Rule and taking a union of two events;

(4) The Multiplicative Rule and taking an intersection of two events;

(5) The difference between mutually exclusive and independent events;

(6) Conditional probability;

(7) Counting rules including the difference between combinations, permu-
tations, and partitions;

(8) That counting can be difficult sometimes!

SECTION RECAP

What are some take-away concepts from this section?



