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Quantum phase distribution of thermal phase-squeezed states
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The quantum phase distributions and variances of strong coherent and phase-squeezed states mixed with
thermal light are calculated. We find that the effect of thermal light on the coherent phase distribution becomes
important only when the number of thermal photons is of order one-half. Its effect on the phase distribution of
phase-squeezed states~for the case where the number of photons is very large compared toe2r) becomes
important when the number of thermal photons is of order1

2 e22r , where r is the squeezing parameter.
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As is well known, the nonclassical properties of elect
magnetic~em! waves are destroyed by the presence of no
and losses. The influence of thermal noise on several n
classical properties of squeezed states has been analyz
previous works@1–5#. However, the effect of thermal nois
on quantum phase measurement, especially for nonclas
light, has attracted only a little attention. The aim of t
present article is to study such effects. We analyze the ef
of thermal noise on phase measurements of strong em fi
~for which the quantum phase is well defined! and include in
our analysis in particular the coherent and squeezed st
We study the extent to which the thermal noise destroys
nonclassical phase properties of phase-squeezed states

We shall follow the Glauber-Lachs formalism@6–8# in
quantum optics for describing admixtures of thermal and
herent radiation. By a direct generalization of this approa
the admixture of the pure densityr̂0 with thermal light in the
same mode is given by@1,4,5#

r̂~ n̄ !5E d2b

p n̄
exp~2ubu2/ n̄ !D̂~b!r̂0D̂†~b!, ~1!

whereD̂(b) is the standard displacement operator andn̄ is
the mean number of thermal photons ‘‘added’’ to the on
mode em field. The physical meaning of this formula h
been discussed in a previous work@5#. In the present article
we would like to relate the general formula~1! to the effect
of thermal light on quantum phase measurements of cohe
and phase-squeezed states. A pure displaced squeezed
is described by the density operator

r̂05ua,j&^a,ju, ~2!

where

ua,j&5D̂~a!Ŝ~j!u0& ~3!

is the displaced squeezed state,

D̂~a!5exp~aâ†2a* â! ~4!
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is the usual displacement operator, and

Ŝ~j!5exp@ 1
2 ~j* â22jâ†2!# ~5!

is the squeezing operator with the squeezing parametj
5reif. Throughout the present article we will takef50 and
real a. The Wigner function corresponding to the dens
operator of Eq.~1! with the density operatorr̂0 of displaced
squeezed states is given by@5,9#

WTSS~ n̄ !5
1

pA~2 n̄1e2r !~2 n̄1e22r !

3expS 2
~x2A2a!2

2 n̄1e2r
2

p2

2 n̄1e22r D , ~6!

where the subscript TSS denotes thermal squeezed stat
In the present work we calculate the Wigner phase dis

bution of a phase-squeezed state mixed with thermal no
For this purpose we express the Wigner function of Eq.~6!
in polar coordinates and integrate over the radial variable
this way we generalize the procedure used in a previ
work @10# to treat here the effects of thermal light on th
phase distribution. Since we are interested especially
strong em fields, the present procedure gives results sim
to those that can be obtained by other methods@10–13#, but
it is more convenient for an analytical treatment.

The phase distribution of displaced squeezed states m
with thermal noise is given by

WTSS~u!5E
0

`

jWTSS~x5jcosu,p5jsinu!dj. ~7!

By substituting Eq.~6! into Eq. ~7! we get after straightfor-
ward integration
1451 © 1998 The American Physical Society
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WTSS~u!5
e2c

2paA~2 n̄1e2r !~2 n̄1e22r !

3Fb

2
Ap

a
eb2/4aerfc S 2b

2Aa
D 11G , ~8!

where

a5
2 n̄1e22rcos2u1e2rsin2u

~2 n̄1e22r !~2 n̄1e2r !
,

b5
2A2acosu

2 n̄1e2r
,

c5
2a2

2 n̄1e2r
.

The Wigner phase distribution for thermal coherent state
obtained from Eq.~8! by substitutingr 50, whereas for pure
phase-squeezed light byn̄50. Although Eq.~8! describes a
very general result, we would like to concentrate here
strong em fields for which we can use the approximatio
a@e2r , n̄!a2, and u!1. These approximations have
simple geometrical interpretation@10# in the Wigner phase-
space description. The approximationa@e2r means that the
width of the Wigner function is very small relative to th
distance of its center from the origin and consistently
approximationu!1 means that the opening angle for t
phase distribution is very small@10#. The thermal noise lead
to smearing of the phase distribution, but forn̄!a2 the
above approximations are still valid. Under the abov
mentioned approximationsb2@4a, so that we can neglec
the term 1 in the square brackets of Eq.~8! and use the
approximation erfc(2b/2Aa).2. Using these approxima
tions, we obtain the result

WTSS~u!.A2

p

a

A2 n̄1e22r
expS 2

2a2u2

2 n̄1e22r D . ~9!

The variance of the phase distribution of phase-squee
states mixed with thermal noise is obtained approximately

~Du!TSS
2 5

2 n̄1e22r

4N
, ~10!
,

n

is

n
s

e

-

ed
s

whereN5a2 is the number of coherent photons. Notice th
for n̄50 and r 50 we recover the well-known result o
(Du)coh

2 51/4N. The variance of the phase distribution
thermal phase-squeezed states can be calculated also
the geometrical picture of the phase opening in the Wig
phase space

~Du!TSS
2 5

~Dp!TSS
2

2a2
.2

1

4p n̄a2E d2b e2ubu2/ n̄

3^0uŜ†~j!D̂†~a!~ â2â†12iby!2D̂~a!Ŝ~j!u0&

1
1

4p n̄a2F E d2b e2ubu2/ n̄

3^0uŜ†~j!D̂†~a!~ â2â†12iby!D̂~a!Ŝ~j!u0&G2

5
2 n̄1e22r

4N
. ~11!

More accurate results for the phase distribution of therm
phase-squeezed states can be made by numerical calcula
using Eq.~8!. The effect of squeezing in Eqs.~9! and~10! is
to decrease the width of the quantum phase distribu
while the thermal noise makes it broader. The effect of th
mal noise for phase-squeezed states becomes importan
values of 2n̄ that are of ordere22r . We find that for a laser
radiation at about 10m and at room temperature, the numb
of thermal photons is approximatelye24.3 @11#. The effect of
thermal photons on the phase distribution of coherent st
under these conditions is negligible. However, for pha
squeezed radiation the effect of thermal noise becomes
portant for r *1.8. Increasing the squeezing parameter
yond this limit will not improve the phase measureme
significantly due to admixture of thermal light. Therefor
the effect of thermal noise is much more important for pha
squeezed states than for the phase distribution of cohe
states, where its effect becomes important only for value
2 n̄ that are of order unity. In conclusion, we have treated
effect of thermal noise on the phase distribution for stro
em fields for which the phase is well defined. We have
treated this topic for weak em fields for which there a
various theoretical problems in the description of the ph
distribution @12–17#.

The authors would like to thank A. Mann for helpful dis
cussions.
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