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Directions

e Do not begin until instructed to do so. You will have 90 minutes to complete the exam.

Point totals

You may use pencils, pens, and erasers.

Show all work for full credit. If in doubt, write it out.

Keep your work as neat as possible. If we can’t read it, we won’t grade it!

Keep your student ID out on your desk while working on your exam.

Put away all books, notes, cell phones, calculators, and other electronic devices.

You must also present your student ID to the instructor when turning in your exam.
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1. (8 Points) Solve the following initial value problem:

— = cos(t) +sin(t), s(m)= 1.

Solution: We know that s(¢) is an antiderivative of the given function. Therefore we
calculate z P@,f,dg Jor

s(t) = / (cos(t) +sin(t)) dt = sin(t) — cos(t) + C. -f&k//y wtf/-dmi/\

We now use the given 1r’151t1a1 C(;Sé(itl%g to sol\;f for tgl?e u)nknown constant C.
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This fully determines the functionF(t) = sin(t) — cos(t) *fé?/\ j(’cz lewl et ,{7
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. (12 Points) Suppose that f and g are both integrable functions. You are given that

/13f(x)dx=—4, /lsf(x)dle, /jg(x)dz=7/2, /jg(x)d:ﬂ=1/2.

Use these facts to calculate the definite integral

/5 (f(z) — 29(x) da.

Solution: We use the properties of the definite integral
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3. (8 Points) Calculate the definite integral

1
2
xze® dz. _ wo/\kl
/0 4 | oo:/l'f@rg&u E,
ot r
Solution: We let u = z2. A quick calculation shows du = 2zdz g(n thus zdx = 1du
When z = 0 we have u = 0, and similarly when z = 1, u = 1. We use these facts to

make the substitution
notits for properly ==

/01 ze® dx = /01 le“ du 3 S'A‘O‘off hUILI/\l? Il\f%l%/ w-
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4. (8 Points) Find the indefinite integral

tv/t — V/t2
/Mdt

t2

Solution:
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5. (12 Points) Sketch the region between the curves y = 1 + cos(z), y =2, and x = 7.
Then calculate the area of this region. Solution: The region in question is pictured in

the figure below.
2 AN | % ?O'Mlc;
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Y =1 + cos(X)

We calculate its area using the formula A = f h(z) dz. The function h(z) is the height
of the region of interest, which in this case is from the top curve (y = 2) to the bottom
curve (y = 1 + cos(x)). Therefore

h(z) =2 — (14 cos(z)) = 1 — cos(z) & %%ﬁl /L‘/‘%

T/
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As can be seen in the figure, the region spans from z = 0 to z = 7. Thefore ‘QAV‘(j@fl f@
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. (16 Points) Solve the following initial value problem:

2
%0% = 4sec?(20) tan(20), ¥'(0) =4, y(0)=-1.

Solution: As before, we begin by finding the general antiderivative. To do this we make
the substitution v = sec(26). A quick calculation shows that du = 2 sec(26) tan(20)d6.

Thereiore '1(9/”'&5
/
/45@02(29) tan(20) df = /2u du = u* + C = sec?(20) + C. "{29/‘ 'L[/f s‘/’Mt

We use the initial condition for y'(#) to solve for the unknown constant

L
4=y(0) =sec?(0)+C=>C=3 (5, —eints OF Fonst”
) constant”
This gives us that % = sec?(26) + 3. We repeat this process to find y(#). Taking the
antiderivative we have

| s tor
/ dy df = / (sec(26) +3) df = %tan(ZG) +30+C. g g“/jg le?m/

Using our initial condition we see

1= y(0) = %tan(O) +3(0)+C = C = 1.

Therefore .

1 C
y(0) == 5 tan(260) + 30 — 1. )

. (8 Points) Find the average value of the function f(z) = sin(x) over the interval [0, 77].
Solution: We know that the average value of a function over an interval is given by
f=+ fab f(x) dx. Therefore we calculate
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8. (12 Points) Find the length of the curve given by y = 2(z? 4+ 1)*2 on the interval
0<z <2,

Solution: We begin by recalling the formula for arc length:

b 2
/ dy
= 1 — | dz.
In order to use this formula, we calculate
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This allows us to use the arc length formula and calculate
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9. (16 Points) Calculate the volume of a sphere of radius 3 by rotating a semi-circular arc
(of radius 3) about the x-axis (HINT: The equation for a circle of radius r in the x-y
plane is y? + 2% = r?).

Solution: We begin by drawing the semi-circle (or radius 3) in the top half plane. We
define the distance from the x-axis to this curve to be r(z).

1? ” § r(x) = (9 - ) a wm‘kmj %Fé’jfaﬂ
|| § o of rofation

The formula given in the hint allows us to solve for r(z) = y = V9 — z2. Using the disk
method we know that rotating this semi-circle about the x-axis will produce a volume
V= f 7r(x)? dz. This is the sphere we are interested in. Our limits of integration are
where the curve touches the x-axis, which is x = —3 and z = 3. Using this information,

we calculate
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10. (16 Points) Calculate the volume of the solid that is generated when you take the region

.

bounded by the x-axis and the graph of f(z) = sin(z?) (on the interval 0 < z < /7)
and revolve it about the y-axis.

Solution: We will calculate this volume using the method of cylindrical shells. Begin
by sketching the region being rotated and drawing a slice through it parallel to the
axis of revolution.
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This slice has a thickness that we call dz. It is a distance r(z) = z from the axis of
revolution. It stretches from the x-axis to the curve y = sin(z?). Therefore the height
of this slice is h(x) = sin(z?). The method of cylindrical shells tells us that the volume
of the solid of revolution is

b Vo 3 /4]é é/\
V=/a 2nr(z)h(x) d:c——-/o 2nx sin(z 96/79'77 ”/0 S/iéls
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To evaluate this integral, we make the substitution v = z2. A qulck calculation shows/?;
us that du = 2zdz, when 2 = 0, v = 0, and when z = /pi, v = 7. Using this

Z information, we make a U-substitution and get

V= / msin(u) du = — cos(u)]y = 2.
0

— 2 />W/ I for fwz/z/%?}f/ 47/57”/




}v@

\‘\j(7

11.

(16 Points) Calculate the lateral surface area (not including the circular end) of the
solid that is generated when you take the graph of the function g(y) = 3®/3 on the
interval 0 < y < 1 and revolve it about the y-axis.

Solution: The figure below shows the curve that will be rotated about the y-axis.
Recall that the area for surfaces of revolution is

A:/ab%rx() 1+(§y) dy.
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We begin by calculating the terms needed to evaluate this integral:

FPI/”Luié?f
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The problem statement tells us that we will be integrating from y = ‘Z%/I) /€Mf/77L'
Therefore we must evaluate the integral
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" To do this, we make the substitution that u = y* + 1. A calculation shows us that
du = 44%dy, and therefore y3dy = 1du Furthermore, when y = 0, we have u = 1,
and wheny =1, u=2. Thls allows us to make the substitution
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