Solutions to MLC Module 1 Section 1 Exercises

1. Generally, p + q = 1, with the same decorations on p and gq.
SO zopso = 1 - 20q50 - 1 - .75 = .25

2. Note that we usually omit the duration value when it equals 1. lLe. g3 = 195, and
P30 = 1P30- As with the above prOblem, Q30 = 1- P30 = 1—.95=.05

3. Recognize this as a problem where we need to use factorization of the p’s. (There is
no factorization of ¢’s.) Start with the earliest age and shortest duration associated to this

age, then proceed as prompted. We get 30P20 = 10020 ° 20P30 = 30P20 = (-9)(.6) = .54
4. Proceed as in the previous problem. We get 50Pag = 5Ps0 * 15P45 = 15P45 = = = =

5. Recognize that we can factor the p’s to get ;sp35 and then ;g3 = 1 — ;5p35. We

get 15P35 = Pss = 22 = 75 o 15935 = .25,

20Ps0 4

6. Use factorization of p’s. The earliest age is 20. The durations associated to age 20
are 30 (from the symbol ;,p,,) and 10 (from the symbol ;,q,4). So the shortest duration
associated with the earliest age of 20 is 10. Start with age 20 and duration 10 and
proceed with factoring the p’s using what the given information leads us to use. We get
50P20 = 10P20 * 30P30 * 10Ps0 = s0P20 = 5" 30P30 "3 = 33 * 30P30- Now using the earliest
age of 20 with the other duration of 30, we get the factorization 5op,o = 30P20 * 20050 =

5,3 _ 3 3 __ 21, — 3
s0P20 = 5% = 5. Therefore 2 = 2 30p30 = 30P30 =3 = 30430 = >

In(1) _ In(10)

7. Since ,p, = Py Pxprthen.l=e# e3¢ =™ =y = — "

8. We're given p, =1—(01t)2,0 <t < 100. We'll refer to O-year olds as
newborns. Note that ,p, = 1, as it should be, since this is just the probability that a

newborn is alive at time O (right now). Also, note that ;40p, = 0. The earliest age at
which the probability of surviving to is 0 is called the terminal age, and we generally
denote it by w (omega). So in this model the terminal age is w = 100.

soPo = 1 —(.5)% =.75, then ,op30 = z:'?

(b) Use (a) as a guide and factor p’s: 394D = 30P0 ° tP30- Lhen ;op, = .91, and
soutPo =1 - (0130 + D)  =1— (3 +.016)2 = .91 — 006t — .0001¢2.

91-.006t—.0001¢t2
91 ’

Therefore, p;; =

Note that 0 < t < 70 for this expression since the terminal age is w = 100 and this is the



— — 2
survival function for a 30-year old. Also, note that p5, = 2 '006(031'0001(0) =1,asit

should be, since this is just the probability that a 30-year old is alive at time O (right now).

9. (See Video Solution)
(a) 2930 = .28.

(b) 2934 = .8

(€) 3930 = 496

(d) 3q34 = 94

10. We seek the probability that (40) dies between ages 45 and 60.
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Since 5115G40 = { sPao — 20P40 there are several ways to proceed. Recognizing that

5P40 " 15945

63
5Pa0 " 15P45s = 20P40, WE g1 5Pgg = — =.9. Therefore

20940 = 5G40 = .37 — .1
5115940 = § sPao — 20Pa0 = -9 — .63 and so sj15040 = 27

sPa0 * 15945 = .9+ (.3)

11. 10120930 = 10P30 — 30P30 = 2 = 85 = 30P30 = 30P30 = -65

19
12. 30120940 = 30Pa0 * 20470 = 19 = (-2) " 20970 = 20470 = 20 95

13. Note that 4q, = Pr(T, <10) =Pr (K, =0orlor2..or9)
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Pr(Ky =k) = ki9x and SO 14y = gy + 14 ++ 9/9x - Note that g, = 0|9x -
Therefore 14q, = .01+ .02+ -4+ .09 = 45 and so {yp, =.55



14. Since fo(t) is the pdf for Tyo, we have [ f5(¢)dt = Pr(Ty, < 30) = 50440 and

w 111
f1o fao(8)dt = Pr(Ty > 10) = 14Pso- Then 1420940 = 30940 = 10940 = Soo=5 We

[N

could have just have easily used p’s, getting 14120440 = 10Ps0 — 30Pa0 = Z -

15. As in the previous problem, f; fao(£)dt = Pr(Thg > 20) = ,4p40. Since we seek
20P40 then I'll use the formula ;550q25 = 15P25 * 20440- Using the given information, we

then get. 18 = (L 9) * 10G40 = 20940 = -2 and so fzog fro()dt = ;4pse = -8

16. Note that ;49 = Pr(Ky4o = k). Sometimes it helps to draw a timeline. Using & =3
as an example, the symbol ;,q,, represents the probability that (40) dies between ages 43

and 44. The corresponding timeline is
] N 1W1
Moo Tx=1 4 k=2 ) K=3 |
oleo yRalg K 3 !
Ho L H3 43 LY

We see that 31q4 = Pr(Ky = 3).

Therefore, the probability distribution table for K, is

Ky Pr
0 Pr(Kyp = 0) = g0 = o940 = 515
1 Pr(Keo = 1) = 1|qao = %
2 Pr(Ky =2) = 21940 = gla
3 Pr(Ky =3) = 31da0 = 316
49 Pr(Ky, =49) = 49940 = 315

Let W = Min(K4p,2). Soif K4 = 0then W = 0, and if K,y = 1 then W = 1.
However, if Kyq = 2 then W = 2. Therefore the probability distribution table for
W = Min(K,, 2) is

W= Min(K40, 2) Pr
0 f}a: Pr(Kso = 0) = quo
1 i Pr(Kyp =1) = 1/940
2 gg =Pr(Kse = 2) = ,pao

- . Liq. L. 897 _
() EMin(Ky, 2)] =0 —+1-=+2 -2 =2=194



(b) Var(Min(Ky,2)) = Var(W) = E[W?] — (E[W])?. From part (a), E[W] = 1.94,
and E[W?] =02+ L+ 1% 2 4 22.22 = 1% = 386 Therefore Var(Min(Ky, 2)) =
3.86 — 1.94% = .0964

17. We can capture the given information in a table as follows

K Gx+k
0 .1
1 .2
2 .3
9 1
Therefore
(@ g, =1

(b) 119x = Px " Gx+1 = (9)(2)=.18
() 2/9x = 2Px “Gx+2 T Px " Px+1 " Qx+2 = (9(8)(3)=.216

(d) 3Dx = Dx Dx+1 DPxs2 = (N8 7) = .504

18. Let W = Min(K,, 3). Using the logic in Number 16 and mortality assumptions from
Number 17, the probability distribution table for W = Min(K,, 3) is

W=Min(K,,3) Pr
0 Pr(K, =0) =g, = .1
1 Pr(K, = 1) = ;q, =.18
2 Pr(K, =2) = ,,q, =.216
3 Pr(K, 23) = ;p, =.504

Note that the sum of the probabilities is. 1 + .18 + .216 + .504 = 1, as it should be.
Also, E[W?2] =0%- (1) +1%-(.18) + 22 - (.216) + 3% - (.504) = 5.58 and
EW]l=0-(1)+1-(18)+2-(.216) +3-(.504) = 2.124. Therefore
Var(Min(Kx, 3)) = 558 — 2.124% = 1.068624

19.  (a) eg = E[Kgol =0-(2)+1-(3)+2-(5) =13

(b) Var(Keg) = E[(Kgg)?] — (E[Ksg])?. From part (a), E[Kee] = 1.3, and since
E[(Kog)?] =0%-(.2) +12-(.3) +22:(.5) = 2.3, we get Var(K,,) = .61



20. (See Video Solution) e,; = 39.5

21. (See Video Solution) e,y = ?81

22. We generally have two ways to determine Z’x, the expected value of the continuous
random variable, T,. We can use the statistics definition, gx = E[T,] = fooo t-f, (t) dt,
or we can use the “integration by parts” formula gx = me tPx dt. Based on the given
information for this problem, and this is usually the case, it’s easier to use the
“integration by parts” formula; namely, e, = fow e™05t dt = .—ols'(l —-e~®) = 20.

. 0 - .
23. There are two ways to proceed, based on the two ways to determine e, discussed in
the previous problem. Let’s use the statistics definition first.

Note that .q,, is the (cumulative) distribution function of the T, random variable, and
so the pfd of Ty is fo0(€) = F3o(t) = (4s0 = 8—16 for 0 < t < 80. Implied here is that

f20(t) = 0 for r> 80. You should recognize this as the pdf of a (continuous) uniform
distribution over the interval [0,80]. The expected value of a (continuous) uniformly
distributed random variable over an interval is just the midpoint of the interval. So

gzo = 40. The longer approach is to actually go through the integration. Then we would

o0 o 2
have &9 = E[Ty] = [, ¢ f(O)dt = [t = de + [ot-0de = |3 = 22 = 40,

The second method is to use the integration by parts formula; i.e. to integrate the survival
function (p,y =1 — é% Note that if # > 80, then 1 — 5% yields a negative value, and so

once again, implied here is that (p;o =1 — = for 0 <t < 80, and ,p,, = 0 for 1> 80.

0 80 ¢ t2 |80 8072
Then 820 - E[Tzo] = f() tp20 dt = fO (1 bt ﬁ) dt = (t —-‘1—6—0)'0 = 80 ——;—6-6 = 40 as

o0

before.

24. This is a basic application of the 1-year recursion formula: e, = p,(1 + e,4;). With
x =50 we have esy = pso(1 + e5;) = 25 = 98(1 + e5,) = €5, = — — 1 ~ 24.51.

25. This is another basic application of the 1-year recursion formula: e, = p, (1 + e,,4).
With x = 60 we have ey = pgo(1 + eg1) = €50 = .95(1 4+ 10) = e4q = 10.45.

26. (See Video Solution) e;; = 33.5

27. This is another illustration of the 2-year recursion formula for e,.:
€y = Dx + 2D (14 €xi2) = Py + Py " Paer1 (1 + €442). Therefore

8
45 =p, [1 +5+ 3.5)] = p, =9

28. (See Video Solution) e, =p, + .0 + 3Px (1 + €544).



