1. CHAPTER 1 SECTION 8: ONE-SIDED LIMITS

We begin with an example of a function that is undefined at x = 5, but otherwise
behave nicely. You are provided both a table of values and the graph of this func-
tion.

3r —15 .
Example 1.1. Consider the function f(z) = i —10s 52 and find 9151215 f(z).
. 325 . — 305
V&2 —10z+25 V2102425
5.5 3 4.5 -3
5.1 3 4.9 -3
5.01 3 4.99 -3
5.001 |3 4.999 | -3
5.0001 | 3 4.9999 | —3
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2. LEFT AND RIGHT LIMITS

Definition 2.1. The limit of f(z), as = approaches a from the left, equals L
means that as x gets arbitrarily close to the value a AND z < a, the value of f(x)
gets close to the value L. This is also written

lim f(x) =1L

Tr—a~
Definition 2.2. The limit of f(x), as = approaches a from the right, equals
L means that as x gets arbitrarily close to the value a AND x > a, the value of
f(z) gets close to the value L. This is also written

lim f(z)=1L

r—a™t

Theorem 2.1. lim f(x) = L if and only if

T—a

Example 2.1. Go back to example 1.1 and find lim f(z) and lim f(x).

T—5— z—5t

Example 2.2 (1.8 WP Homework Question 1, Text 4). The graph of y = f(x) is

y (1) f(0) =
(2) lim f(x) =

z—0t

o1 (3) lim f(z) =

z—0~

r "(4) lim f(z) =

j (5) f(1) =

(6) lim f(x) =

r—1t

(7) lim f(x) =

r—1—

() lim f(x) =
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3. INFINITE LIMITS

Definition 3.1. The limit of f(z), as = approaches a, is infinite means that as
x gets arbitrarily close to the value a, the value of f(x) gets arbitrarily large. This
is also written lim f(x) = oo

T—a

If the value of | f(z)| gets arbitrarily large, but f(x) < 0, for x close to a, then we

write lim f(x) = —o0
Tr—a

Definition 3.2. If lim |f(z)| = oo, lim |f(x)| = oo, or lim |f(z)] = oo, then the
T—a r—a— r—a
vertical line x = a is a vertical asymptote of the curve y = f(z).
Definition 3.3. We say the limit as x approaches infinity is L, written lim f(x) =
T—r00

L, if for some x large enough the graph of y = f(x) moves closer and closer to the
line y = L as one moves to the right. Moreover, in this case the graph y = f(x) has
a horizontal asymptote y = L.

Definition 3.4. We say the limit as x approaches negative infinity is L, written
lim f(x) = L, if for some x far enough to the left the graph of y = f(x) moves
T—>—00

closer and closer to the line y = L as one moves further to the left. Moreover, in
this case the graph y = f(x) has a horizontal asymptote y = L.

Example 3.1 (1.8 WP Homework Question 1, Text 4). The graph of y = f(x) is

'y (1) lim f(x) =

r—2+

(2) lim f(r) =

T—2~

(3) lim f(z) =
2 X

1 (4) lim_f(z) =

-2
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4. QUICK LiMmITS

The following limits are ones that you should know as quick facts that can be de-
termined very quickly because you know the graphs. Review the graphs using the
Desmos graph: https://www.desmos.com/calculator/alj9vflemw. Find these limits
and then memorize them (or remember the graphs).

Given p is a positive integer constant and r is a positive real number.

(1) lim 2" =

T—00

(2) lim 2P =

T——00

(7) JUh_}rgo sinz =

(8) lim cosx =
Tr—00

(9) lim arctanz =
Tr—00

(10) lim arctanz =
T—r—00

(11) lim e* =

T—00

(12) lim ¢ =

T—r—00

(13) lim Inz =

T—00

(14) lim Inz =

z—0t

(15) If f is a polynomial, lirin f(z) =
T—r 00
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5. LiMIT LAWS

Find the formulas in Section 1.8 of the text to fill in the blank spaces in the formu-
las below in Theorem 5.1.

Theorem 5.1 (Limit Laws). If b, k, and n are constants and all limits involved
exist (are real numbers), then

(1) lim[bf (x)] =

(2) T [f(x) + g(2)] =

(3) lim[f(x) — g(x)] = lim f(x) — lim g(z)

r—a T—a T—a

(4) lim[f(z)g(x)] =

Tr—a

(5) I (x)/g(x)] =

(6) T f ()" = [t f(2)]"

r—a

(7) lim k =

r—a

(8) lim z =

r—a

(9) If f is a function that you know from previous classes is “continuous” at a,

lim f(x) = f(o).

(10) If f(x) = g(x) for all x in an open interval containing a (except possibly at
a), then lim f(z) = lim g(z).
T—a Tr—a

Example 5.1 (1.8 WP Homework Questions 2-5; Text 6, 8, 15). Given that lim f(x) = 4,

Tr—C
lim g(z) = 6, and lim h(z) = —2, find the limit if it exists.
Tr—cC T—cC
(1) lim(f(z) + 59(x)) =
(2) tim v/J(@) -

(3 1 L))

T—rC g(l‘)
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6. ABSOLUTE VALUES

Theorem 6.1. lim f(x) = L if and only if

T—a

2
Example 6.1 (1.8 WP Homework Question 9, Text 42). Evaluate: lim [z i 2' ,
r—=—-27 X
2 2
lim M, and lim M
z——2+ 1+ 2 z—>-2 T+ 2

7. PIECEWISE FUNCTIONS

Example 7.1 (1.8 WP Homework Question 10, Text 44). Let g be given by
2042 aifxr < -2
glx)y=1< 1 if 2<z<1
2 — 2% ifr>1

(1) lim g(z)=

r——2"

(2) lim g(x)=

(3) lim g(z) =

(4) 9(=2) =
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4 2
Example 7.2 (1.8 WP Homework Question 11; Text 55, 56). Find the limit: lim T

Example 7.3 (Practice: 1.8 Text 16-21). Sketch a graph of a function satisfying
the following conditions:

The domain for f is all real numbers except 2, f is continuous on its domain, lir% f(z) = oo,
r—

lim f(z) = —o0, lim f(z)=1, and f(-2)=0.

T—r00 Tr——00



