2.1 #10 The following implications are valid if and only if the

measure j is complete

(a) If f is measurable and f = g p-a.e. then g is measurable

(b) If f,, is measurable for n € N and f,, — f p-a.e. then f is measur-
able

Proof.

if:

(a) We need to show that for every Borel set B C R we have g~'(B)
measurable. Since f = g a.e. there is a measurable set E with p(E) = 0
such that for all « ¢ F we have f(x) = g(x). Then

g (B)=(fT(B)\E)U(Eng '(B)).
Since f is measurable, we have f~!(B) measurable, and since pu is
complete, we have ENg~'(B) measurable. Thus g~'(B) is measurable.
(b) Let f = limsup, .., f,. Then since each f, is measurable, f is
measurable. Since f, — f a.e., we have f = f a.e. and so, by (a) f is
measurable.

only if:
Suppose that p is not complete. Then there is a measurable set F with
u(E) =0 and a set I’ C F such that F' is not measurable. Then, for
(a) note that 1p is not measurable and 1p = 0 a.e. Similarly, for (b)
define f,, =0 for all n and f = 1p.
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