2.4 #44 (Lusin’s Theorem) If f : [a,b] — C is Lebesgue measur-
able and € > 0, there is a compact set E' C [a, b] such that pu(FE°) < e
and f ‘ p, is continuous (Hint: Use Egoroff’s theorem and Theorem 2.26)

Proof. First, note that

.t = 4171 < )
neN
and so, by continuity from below, we can find an ng such that letting
E; = {|f] < no} we have m(E¢) < €/3. Setting f equal to f on E,
and 0 on E¢ we then have f integrable on [a, b] (since it is measurable,
bounded, and [a, b] has finite measure).

Since f is integrable, Theorem 2.26 gives a sequence {bn}22, of con-
tinuous functions on [a, b] such that ¢, — f in L'. Then by Theorem
2.30 there is a subsequence {¢,, }‘;‘;1 such that ¢,; — f pointwise a.e..
By Egoroff’s theorem there is a set Fy C F; with m(ES) < % such
that ¢,, — f uniformly on FE,. Then by Theorem 1.18 there is a set
compact set F3 C Ey with m(E§) < €. Since f = f on Ej, it is the
uniform limit of continuous functions and hence continuous on Fs.

O

2.3 #38b  Suppose f, = f, g» — ¢ in measure and p(X) < oo.
Show that f,g, — fg in measure.

Proof. Let €, > 0. We need to find an N such that for all n > N

Since

X=Jlr<smy
MeN
and p(X) < oo we can find an M; so that, letting Ey = {|f| < M},
we have p(F1) < n/10. We define Ey and M, analogously, but with g
in place of f.

Since g, — ¢ in measure, we can find an N; so that for n > Ny,
w{lgn — g| > €/(2M7)}) < n/10 and an Ny so that for n > N,
w({|gn — g| = Ms}) < n/10. Since f,, — f in measure, we can find an
N3 so that for n > N3, u({|f, — f| > €/(4M3)}).

Note that

| fugn = gl < 1fI - lgn = gl + Ignl - |fn =[]
and that if z ¢ FEy and |g,(z) — g(x)| < M, then |g,| < 2Ms. So
{‘fngn_fg| > 6} C Fn
where
Fy = BE\UE,U[gn—g| = €/(2M1)}U{|gn—g| = Ma}U{[fu—f| = €/(4M2)}
But, if n > max(Ny, Na, N3) then u(F,) < 51/10 as desired. O
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