1.3 #11 Let A C 2% be an algebra, A, the collection of countable
unions of sets in A, and A,s the collection of countable intersections
of sets in A,. Let ug be a premeasure on A and p* the induced outer
measure.

(a) For any F C X and € > 0 there exists A € A, with £ C A and
W (A) < i (B) + ¢

(b) If u*(E) < oo, then E is p*-measurable if and only if there exists
B e A,s with E C Band p*(B\ E) =0

(c) If po is o-finite, then the restriction p*(F) < oo in (b) is superflu-
ous.

Proof. For (a),let E C X and € > 0. Since the infimum in the definition
of p*(E) is the greatest lower bound for

(1) {i po(Aj) {4172, C A, and E C G Aj}

j=1

we have that p*(F) + € is not a lower bound, and so there is a se-
quence {A;}52, C Awith B C U2, Aj and 3272, puo(A;) < p*(E) +e.
By Proposition 1.13, we have p*(A;) = po(A;) for each j, and so by
countable subadditivity p*(IJ;2; A;) < p*(E) + € as desired.

For the“if” direction of (b), first suppose that £ C X (allowing the
possibility that p*(E) = oo) is such that thereisa B € A,s with E C B
and p*(B \ F) = 0. Letting M denote the o-algebra of p*-measurable
sets, we have A C M by Proposition 1.13. Thus (since M is closed
under countable unions and intersections) A,s C M and so B € M.
Next observe (as in the end of the proof of Carathéodory’s theorem)
that for every FF C X

W(F B\ E) + ' (F N (B\E)Y) < i (B\ E) + i (F) = " (F)

and so B\ E € M (above we used the monotonicity of u* twice).
Finally, since E = B\ (B \ F) and the latter two sets are in M, we
also have that £ € M.

For the “only if” direction of (b), suppose that £ C X is u*-measurable
with p*(E) < oo. By part (a), we can find, for each n € N, a B, € A,
with B C B, and p*(B,) < p*(E) + ;. Letting B = ()2, B, we
have F C B, B € A,s, and (by two applications of monotonicity)
p*(B) = p*(FE). Since E is p*-measurable

p(E) = p'(B) = (B\ E) + p* (BN E) = p*(B\ E) + p*(E)

and since p*(E) < oo we may subtract to see that pu*(B\ E) = 0.
Finally, we consider the “only if” direction of (b) with an assumption
of o-finiteness for py replacing the requirement that p*(F) < co. By o-
finiteness, we may choose {D;}7°, C Awith X C 2, D; and po(D;) =
pw*(Dy) < oo for each [. After applying the “disjointification trick”, we

may assume that the D,’s are pairwise disjoint. For each [, n, apply part
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(a) to find By, € A, with (END,) C By, and p*(By,,) < ,u*(EﬂDl)—i—%.
After possibly intersecting B;,, with D;, we may further assume that
By, C D, (note that after this intersection, By, is still an A, set). Let
B =",U;2, Bin so that E C B € A,s. For each [,

BN D, =n>,B.,
and, as in the previous paragraph, pu*(B N D;) = p*(E N D;). Since
w (EN D) < oo, we have p*((BND;)\ (END;)) =0. Then

o

W (B\E) = w((JBND)\(END)) =Y 5 (BND)\(ENDy)) =0
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