3.4 #26 If X\ and p are positive, mutually singular Borel measures
on R™ and A\ + p is regular, then so are A and p

Proof. Finiteness of A and p on compact sets is immediate from posi-
tivity and the corresponding property for A + p.
Let E be a Borel set. By symmetry, it suffices to show that

(1) AE) =inf{\(U) : E C U,U open}.

Let Gy = [—k,k]" so that R" = (J, Gy and (A + u)(Gy) < oo. Let
e > 0. By the outer regularity of A + p we can find, for each k, an open
UL D (E N Gk> with ()\ + [L)(Uk \ (E N Gk)) < €27k

Letting U = |, Uy, we then have (A+p)(U\E) < eandso A(U\E) <
e, which gives (1) since € was arbitrary.

It seems we didn’t need to use mutual singularity??
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