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Abstract

A (d, k) set is a subset of R? containing a translate of every k-dimensional disc of
diameter 1. We show that if (1 ++/2)*' + % > d and k > 2, then every (d, k) set has
positive Lebesgue measure. This improves a result of Bourgain, who showed that the
analogous statement holds when 2F=1 1k > d and k > 2. We obtain this improvement in
two parts. First, we replace Bourgain’s main estimate with a simple recursive maximal
operator bound involving mixed-norm estimates for the X-ray transform. This method
allows us to simplify Bourgain’s proof, allows us to obtain improved bounds for the
maximal operator associated with (d, k) sets, and demonstrates that improved estimates
for (d, k) sets would follow from new bounds for the X-ray transform. Second, we adapt
arithmetic-combinatorial methods of Katz and Tao to obtain improved bounds for the

X-ray transform suitable for use with the recursive maximal operator bound.
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Chapter 1

Introduction

1.1 History

We begin by giving a brief history of the Kakeya problem, mentioning only the work
which is perhaps most relevant to the specific problems considered in this document.
For complete surveys, see [39], [45], [41], and [7].

In 1917 Kakeya posed the question: What is the minimum area of a subset of R? in
which a unit line segment can be rotated 180 degrees? Independently, in 1919, Besicov-
itch constructed a measure zero subset of R? containing a line segment in every direction
for use as a counterexample in a problem of Riemann integration. After leaving Russia,
Besicovitch learned of Kakeya’s question and used a variant of his construction to show
that Kakeya’s sets may be taken to have arbitrarily small measure [3],[4].

Today, we say that a subset of R? is a Kakeya set if it contains a unit line segment
in every direction, and we say that a Kakeya set is a Besicovitch set if it has Lebesgue
measure zero. The standard construction of Besicovitch sets in R? is due to Perron [34].

This construction starts with the triangle whose vertices are (0,0), (0, 1), (v/2,0), which

contains unit line segments in i of all directions but has relatively large area. Perron
observed that by cutting the triangle into small angular sectors and carefully translating

the sectors along the z-axis so that they have large overlap, the resulting set still contains
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line segments in 3 of all directions but may be taken to have arbitrarily small area. A
limiting argument then yields i of a Besicovitch set, and the union of 4 rotations gives
the full Besicovitch set; for details of the proof, see [38]. The Cartesian product of a
Besicovitch set in R? with the unit ball in R?~? then gives a Besicovitch set in R
Once we know that there are Kakeya sets of measure zero, it is natural to ask whether
Kakeya sets must even have full dimension. The weakest formulation of this question is
in terms of Minkowski dimension. Given a bounded subset E of R? and § > 0, let Ej

denote the d-neighborhood of E. Then F is said to have upper Minkowski dimension at

least n if for every € > 0

y L4(Ey)
AT TR

> 0,

where £¢ denotes Lebesgue measure in R?. It is conjectured that every Kakeya set in R?
has upper Minkowski dimension d, and stronger still that every Kakeya set has Hausdorff
dimension d. This was shown to be the case when d = 2 by Davies in [12], also see [11]
and [21], but is still far from being resolved in higher dimensions.

When d > 2, we may also consider the planar generalizations of Kakeya sets. Let
G(d, k) denote the set of k-dimensional linear subspaces of R¢. We say that a subset E
of R? is a (d, k) set if for every L € G(d, k), E contains a translate of the intersection of
L with the ball centered at the origin with radius %, B(0, %) Marstrand showed in [24]
that every (3,2) set has positive measure, in other words that there are no Besicovitch
(3,2) sets. This contrast between the case k = 2 and k = 1 may be justified heuristically
by counting parameters. The dimension of G(d, k) is k(d — k) and the dimension of a
k-plane is k, so one might expect the dimension of a (d, k) set to be min(d, k(d — k) + k).
When k = 1, k(d — k) + k = d; however when k > 1, k(d — k) + k is strictly larger

than d. Thus, (d,1) sets should “barely” have full dimension and we might expect



them to have zero measure, whereas (d, 2) sets should “easily” have full dimension and
thus might be expected to have positive measure. Although parameter counting clearly
works in the case of (2,1) sets and (3,2) sets, it is known to fail in certain cases when
one replaces G(d, k) by a lower dimensional subset of G(d, k), or when one replaces the
k-planes by lower dimensional subsets of k-planes; see [45], [35], [31], [32]. Nonetheless,
it is conjectured that (d,k) sets have positive measure when k > 2, and soon after
Marstrand’s work this was shown to be the case when k > ¢ by Falconer [14] (the
papers [15] and later [26] are erroneous).

Direct interest in the Kakeya problem was resparked by Bourgain’s revolutionary
paper [5]. For L € G(d, k), § > 0, and a € RY, let Ls(a) denote the §-neighborhood of

a+ (LN B(0,3)). The Kakeya maximal operator for k-planes is defined

M) = s s | 1) e

Bourgain observed that LP bounds for M} imply Hausdorff dimension estimates for

(d, 1) sets. Specifically, the bound *

M@y S0 7 1l ea

for some o > 0 implies that (d, 1) sets have Hausdorff dimension at least d —«. Although
not explicit in [5], the same method gives the corresponding result when k& > 1. From
Bourgain’s observation, Drury’s bound [13] for the X-ray transform, and Christ’s bound

[10] for the k-plane transform, it follows that (d, k) sets must have Hausdorff dimension

k(d+1)

at least e

for every d, k. Bourgain also gave an improved bound for M}, implying

that (3,1) sets have dimension at least T and (d, 1) sets have dimension at least < + ¢,

"'We will use - < - to denote - < C- where C may depend, for example, on d, k, p, q, €, & but not on

~

f,0,\. A similar notation < will be used and explained later.



for d > 3, where €; > 0 is defined recursively, also see [36]. By combining this improved
bound with the L? estimate [37] and a recursive metric-entropy estimate, he then showed
that there are no (d, k) Besicovitch sets when 2k=1 4+ L > d and k > 2. In the cases
(d,k) = (4,2),(7,3) where the recursive metric-entropy estimate was not needed, he
also gave LP bounds for the maximal operator
MHUAL) = sup [ (5G] da,
a€R? J L+a

showing that, for f supported on a fixed ball,

IM* [l e cany S 1oy,

for p > 2 when (d, k) = (4,2) and for p > 3 when (d, k) = (7, 3). He alluded to a bound
when 28=! + k > d, but it is clear that this bound would have to be for a very large p
due to the inefficiencies of the metric-entropy estimates.

Bourgain’s bounds for M} were later surpassed by Wolff [43], who gave a bound
implying that (d,1) sets have Hausdorff dimension at least #. Wolft’s “hairbrush”
argument can be viewed as a unification of Bourgain’s “bush” argument from [5] with
the L? method of Cordoba [11]. The hairbrush argument was later refined by Laba,
Tao, and Wolff to give mixed-norm estimates for the X-ray transform in R3 [44] and R,
d >3 [23].

The bush and hairbrush arguments, and work on the Kakeya problem for circles,
are largely incidence-combinatorial in nature. The next breakthrough came with Bour-
gain’s use of methods from arithmetic combinatorics. While working on quantitative
estimates related to Szemerédi’s theorem, Gowers [16] developed a quantitative version

of the Balog-Szemerédi theorem [2] which relates the size of sum-sets and difference-sets.



Bourgain applied this result to the Kakeya problem [6], showing that (d,1) sets have

t %;’12, and giving a less substantial improvement for

lower Minkowski dimension at leas
the maximal operator bound. Katz and Tao then gave related arithmetic estimates [19],
[17], which were more specialized to the Kakeya problem and hence more elementary
and more flexible for use in maximal operator and Hausdorff dimension estimates than
those of Balog-Szemerédi type. With these estimates they were able to give improved
maximal operator bounds and show that (d, 1) sets have lower Minkowski dimension at
least d%l + 1 where 3 = 1.675. .. is the largest root of 3% — 43 +2 = 0.

Katz and Tao also combined their arithmetic estimates with hairbrush type improve-
ments to show that the Hausdorff dimension of (d, 1) sets is at least (2 —v/2)(d —4) + 3.
Laba, Katz, and Tao combined arithmetic methods with the hairbrush argument and
an intricate “sticky/plainy/grainy” analysis [18] [22] to obtain marginal improvements
for the upper Minkowski dimension over Wolft’s estimate in dimensions 3 and 4.

As we will discuss in Chapter 4, the Kakeya problem may also be considered in the
setting of vector spaces over finite-fields. This variant of the problem first appeared in the
literature in [45]. Many of the methods used in Euclidean space transfer to finite fields
with the most notable exception being the sticky/plainy/grainy analysis of Katz, Laba,
and Tao. Interestingly, alternative methods have been employed to obtain analogous
results in 3 and 4 dimensions [8], [42]. It remains to be seen whether these methods can
be adapted for use in Euclidean space.

Recent work on the (d, k) Kakeya problem for k£ > 1 has focused on bush and hair-
brush type arguments. Alvarez used the bush argument to reprove, except for endpoints,
the maximal operator bound implied by [10] when k& = 2, and used the hairbrush argu-

2d+3
t 3

ment to to show that the lower Minkowski dimension of (d,2) sets is at leas and



to give estimates for a Kakeya-type maximal operator for lines in C%, see [1]. Mitsis
improved this Minkowski dimension estimate to a Hausdorff dimension estimate [27],
also see [28]. In the setting of finite fields, Bueti improved this Hausdorff dimension
estimate to a maximal operator bound and then generalized this bound from k£ = 2 to

k<d—1,see [9].

1.2 Statement of main results

1.2.1 Maximal operators associated with k-planes

Our work on the (d, k) Kakeya problem begins by revisiting, as suggested by A. Seeger,
Bourgain’s recursive metric-entropy estimate from [5]. Roughly stated, Bourgain showed
that if (d — 1,k — 1) sets always have codimension less than «, then (d, k) sets must
always have codimension less than 5. Our initial goal was to adapt the geometric content
of Bourgain’s proof in a manner which was more efficient for L” bounds of M} and M*.
A reasonably efficient “recursive maximal operator bound” was thus obtained in the
unpublished work [33]. Upon completion of [33], the author realized that the recursive
maximal operator bound was essentially Drury’s bound [13] for the X-ray transform
combined with Proposition 2.5 below and an interpolation.

The X-ray transform is the case k£ = 1 of the k-plane transform

THfUL, @) = . fy)dy

where f is a suitable function on R¢, L € G(d, k), and z is in the orthogonal complement

L+ of L. We are interested in mixed-norm estimates

IT* [ zaery S 1 lleogma)



where

1T M) = ( L. (L o d:c)Z dL) ’ (1)

and where we only consider functions supported on a fixed ball. Above, integration on

G(d, k) is with respect to rotation invariant measure, see Chapter 2.

Proposition 2.52. Suppose the bounds

_ _ &0
IME )| zooa—15-1)) S 6 70 || £l pro(ra-1) (1.2)

and
1T (9] zoo ooy S N9l pea ray

are known to hold for f € LP*(R?™Y) and for g € LP*(RY) supported on a fized ball, where

qo > p1. Then the bound

_ o1
M5 oo @amy S 0 7 (1 F1 oo oy

holds for f € LP*(RY), where o = aog—;.

An analogous statement holds with /\/llg_1 replaced by T%!. Heuristically, Proposi-
tion 2.5 says that if the X-ray transform in R? is known to be bounded from L? — L9(L"),
then when passing from M5! in R*! to M¥ in R, we may improve a by a factor of
L. Recalling from Section 1.1 that a bound (1.2) implies that (d — 1,k — 1) sets must
have co-Hausdorff-dimension less than «g, we see that our codimension estimate is thus
improved by a factor of 2 when passing from (d — 1,k — 1) sets to (d, k) sets. From [10],

we know that 7" is bounded from L5 — L4+1(L4+1) for every d, and so we may take

b %, recovering the dimension estimate given by Bourgain’s recursive metric-entropy

estimate.

2Label numbers corresponding to later chapters refer to propositions and theorems which will be
restated for the readers convenience.



A potential difficulty which arises when applying Proposition 2.5 is that the exponent
r for the X-ray transform bound must match up with the exponent py for the M’g_l
bound. This difficulty is overcome by interpolating with L*> bounds when necessary.
However, the interpolation comes at the cost of losing “sharp-p” type estimates, as we
will see below. Also, our method does not allow for the optimal range of ¢q. In possible
future work we hope to eliminate one or both of these issues.

From a judicious application of Holder’s inequality, one sees that for every f

P
(d* T

MLl oqaany S 6 1T [ f]l| aczry, (1.3)

and thus from our known bound for the X-ray transform

IMGLI vt (@anyy S 6 d+1||f|| 94 Ray’

Using this bound as a starting point and recursively applying Proposition 2.5, we obtain

Theorem 2.6. For1 <k <d

IMELfIl Laaany S 077 | F Nl orgeay

_ ol _ d—k
where p =%, q=d+1, and o = *.
Our primary interest in Theorem 2.6 is that, when combined L? methods as in [5],

it yields

Theorem 2.4. Suppose 28~ + k > d. Then

IMELAI]

<
L7 (Gd.k)) HfHLT (Rd)
for f supported on a fixed ball.

Theorem 2.6 is new when £ > 1 and d > 2k. Theorem 2.4 is new when k > 3

and d > 2k. It follows from Theorem 2.4 that (d, k) sets must have positive measure



when 28°! + k > d. This range of k could be improved to match Bourgain’s original
281 4+ k > d by starting with Bourgain’s bound for M}, and indeed there are now even
better bounds to start with, but the statements of the theorems are slightly cleaner as
written.

Our approach to proving Theorem 2.4 is, perhaps, interesting for three reasons.
First, Proposition 2.5 serves to demystify Bourgain’s recursive metric-entropy estimate
which was quite technical, whereas the proof of Proposition 2.5 is fairly straightforward.
Second, by revealing the connection with the X-ray transform, Proposition 2.5 shows
that we may increase our range of k for which M* is bounded by proving new mixed-
norm estimates for the X-ray transform. Finally, the range of p obtained in Theorem
2.4 is a considerable improvement over what we could have hoped to obtain using the
recursive metric-entropy estimate. Unfortunately, this range of p is presumably not

optimal, as we conjecture below.

Conjecture 1.1. Suppose p < %, 1<k<d, k+ d;k > ;—‘f, and g + % > ]l). Then
IT*(fllzocry S £ 1o (ray
for f supported on a fixed ball.
Conjecture 1.2. For1 <k <d,p< %,q <(d-k)p
IMENllzociam < 81 fllnea. (1.4)

Conjecture 1.3. For2<k<d,p> %,q <kp

IME A 2scany S Il ey

for f supported on a fixed ball.
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These conjectures are fairly standard and, if true, would represent the best possible
range of p, q,r, modulo endpoints and interpolation with L* estimates. This may be
seen by testing the operators on characteristic functions of balls and k-plates Ls. We
also expect a suitable version of Conjecture 1.1 to hold without the requirement that f
is supported on a fixed ball. However, by taking f(x) = (1 + |z|)~*, one sees that there
is no hope for a global version of Conjecture 1.3.

All three conjectures, and even more, are known to hold when k = d—1, see [11], [30],

d
29

d+1

and [21]. Conjectures 1.1 and 1.2 are known when k > o

or for any k& when p <
see [10]. In these cases there is no restriction to the local version of Conjecture 1.1.

Our results, Theorems 2.6 and 2.4, are interpolants of certain conjectured bounds.

d=k

For example, from Conjecture 1.2 we expect (1.4) to hold with p = % — ar

and ¢ =

d—+ 2,]“_ ;. This implies the weaker estimate with p = p and ¢ = 2p < ¢. Interpolating this

estimate with the trivial L> — L* estimate would yield Theorem 2.6.

1.2.2 Estimates for the X-ray transform

As discussed above, Proposition 2.5 motivates us to seek mixed-norm estimates for the
X-ray transform 7. From (1.3), we see that estimates for the X-ray transform imply
bounds for the Kakeya maximal operator M}. This implication does not seem to be
reversible, however it is reasonable to expect that methods used to prove bounds for
M} may extend to give estimates for T'. This approach was used previously by Laba
Tao and Wolff in [44] and [23], where Wolff’s hairbrush method of [43] was generalized.
Unfortunately, neither of these bounds seems to be useful for the method of Section

1.2.1. In [44] a bound is only given for d = 3, and M? is already well understood when
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d = 3. In [23], a bound is given for d > 3 but only in terms of an LP Sobolev space of
strictly positive order. This represents the loss of a large enough negative power of §
that the use of the bound is not advantageous for our purposes.

Since [43] there has been much further study of M3, culminating in Katz and Tao’s

work [20] where it was shown that when d > 6

M52 gy S 50 TS 052 (15)

for € > 0 arbitrarily small. This bound was proven using a “sliced” estimate. Interest-
ingly, Bourgain’s recursive metric-entropy estimate is a sort of sliced X-ray transform
estimate, see [33], and seems to be the first appearance of this technique.

We answer the question of whether (1.5) can be extended to a mixed-norm estimate

affirmatively.

Theorem 3.1. When d > 6 and € > 0,

1T [ llzaczry S N F1loay (1.6)
for f supported on a fived ball, where p =443 ¢ =443 ¢ qndp =143 _ ¢

Except for endpoints, this attains the conjectured range of p and ¢ for the ratio
5= L. In contrast to [44] and [23], the refinements needed to obtain the mixed-norm
estimate are quite minimal. An interesting feature of our proof is that we manage to

avoid discretization arguments.

We also extend Katz and Tao’s Hausdorft dimension estimate from [20] to obtain

Theorem 3.2. For d > 4 and € > 0, there exist pe,qe,r. so that (1.6) holds for f

supported on a fixed ball with (p,q,7) = (Pe, Ge, ) where

. 2
T—>1+\/§—e and—>1—|—§—e
De
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This bound features an increased value of %, but not the sharp range of p for the
given 7. Using an observation [40] of Tao, we also obtain variants of Theorems 3.1 and
3.2 where the order of the mixed-norms is reversed. The correspondence between these
“Nikodym-order” mixed-norms and the Nikodym maximal operator is analogous to that

between the “Kakeya-order” mixed-norms (1.1) and the Kakeya maximal operator.

1.2.3 The Lebesgue measure and dimension of (d, k) sets

By combining Theorem 3.2 with the method of Section 1.2.1, we obtain
Theorem 1.4. Suppose (1++/2)F"'+k > d. Then every (d, k) set has positive measure.

Thus, for example, we now know that there are no (8,3) or (18,4) Besicovitch sets,
where before we only knew that there were no (7, 3) or (10, 4) Besicovitch sets. We point
out that the (8, 3) estimate starts with a bound for M} on R®, and the best known bound
is Wolft’s. By plugging this bound into Bourgain’s original method, one may see that
(8, 3) sets have full Hausdorff dimension, but not positive measure. Thus, a mixed-norm
estimate was necessary for the improvement.

We also obtain a bound for M¥* corresponding to Theorem 1.4, but it is for extremely
large p.

When (1 +v/2)*' + k < d, we do not know that (d, k) sets have positive measure,

but we still have the following

Theorem 1.5. The Hausdorff dimension of each (d, k) set is at least

max (d—ﬁ,min (d,d+1—(1j;\/§k)“)) .
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The estimates given by Theorems 1.4 and 1.5 are superior to those given by the
direct use of the bush or hairbrush arguments such as [1] and [27]. In fact this would
still be the case without the introduction of the mixed-norm estimate, if one were to
update Bourgain’s proof with Wolff’s maximal operator bound. One may also attempt
to directly apply arithmetic-combinatorial techniques to the (d, k) Kakeya problem, but
the author’s efforts in this regard have fallen short of Theorems 1.4 and 1.5.

Theorems 1.4 and 1.5 are proven in Chapter 2.

1.2.4 Finite fields

The Kakeya problem may also be considered in the setting of vector spaces over finite
fields. In this discrete setting, one avoids certain technical issues present in Euclidean
space, and some aspects of the arguments become more transparent.

Given a finite field F, a subset E of F? is said to be a (d, k) set if it contains a
translate of every k-dimensional subspace of F¢. By deriving analogues of Proposition
2.5 and Theorem 3.1, and using the analogue of Wolftf’s maximal operator bound from

[29], we obtain the theorem below, where | - | denotes cardinality.

Theorem 4.2. Suppose that the characteristic of F' is strictly greater than 3. Then for
every (d, k) set E in F?

Bl Z [F]"

ol Qi ()

and where the implicit constant is independent of |F|.

where
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This is the finite field analogue of the statement that (d, k) sets have Minkowski

dimension at least 7.
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Chapter 2

Maximal operators associated with

k-planes

This chapter concerns the proof and application of Proposition 2.5, which should be

considered a revisionist approach to Bourgain’s recursive metric entropy estimate from

[5].
As stated in Chapter 1, our main interest in Proposition 2.5 is the following principle.

Given a bound
_%0
M I 2o @a—1h-1)) S 0 20 | Fll oo rary, (2.1)
and a bound

1T [ pacery S N F1lo ey, (2.2)

we may obtain a bound

IMEL N 2o @y < 0725 oo geay (2.3)

where a; = a?. The value a1 is of importance because the bound (2.3) implies that
(d, k) sets have Hausdorff dimension at least d — «;. The specific statement of this

principle is below.

Proposition 2.1. Suppose the bound (2.1) holds for f € LP*(R*1) where qo > po, and

suppose the bound (2.2) holds for f € LP(R?) supported on a fized ball where q,r > p.



16

Then (2.3) holds for f € LP*(R?) where
. r
g1 = 1min (QO—aC]> » 1 =P
Do

if v > po, and where

. Po Po
g1 = min (CI0>q—> y b1 = p—
T T

if r < po.

Typically, this is applied with » > pg. We point out that in either case ¢; > p;, and
so it is possible to use Proposition 2.1 recursively, provided bounds for 7! are known
in all dimensions with ¢, > p. We delay the proofs of Propositions 2.1 and 2.5 until
Section 2.1, where we also show that Theorem 2.6 follows from a combination of Drury
and Christ’s Ls" — L4 (L) bound for T with Proposition 2.1.

One could formulate an endless number of variations of Theorem 2.6 by starting
from a different bound for M}, using a different estimate for T, or considering the

mixed-norm version of Proposition 2.5 from Section 2.2. One such variation is

Theorem 2.2. Suppose 1 < k < d. For every e > 0, there exists a p < oo so that

—+e

IMS L Nlze(Gary S0

f”LP(Rd)

_ _d-k
where a = Tvar

This follows immediately from Theorem 3.2 and Proposition 2.1.
The method above gives diminishing returns for small «. In particular, when a <
1+ \% it is preferable to use the L? method from [5] which we restate in a somewhat

generalized form.



17
Proposition 2.3. Suppose k,p > 2 and that a bound for M45~" on LP(R*™) of the form
MG Al S 87 1 ooy (24)

is known. Then if « > 1 we have the bound
IME Aoy S 67 1 llzoas) (2.5)

for f € LP(RY). If a < 1 we have the bound
IMEflllzrc@my S 1 llogeay (2.6)

for f € LP(RY) supported on a fived ball.

This is proven in Section 2.3.

If 2= + k£ > d and k > 3, we see from Theorem 2.6 that

IME2f]] s <5 SYf) 4

LT(G(d 2,k—2)) LT (Ri=2)

where a < 2. Thus, applying (2.5) we see that

k-1
M A, 5t s S P
where o < 1. Applying (2.6), we obtain
Theorem 2.4. Suppose 281 + k > d. Then
k <
M, a5t ) 15t

for f supported on a fixed ball.

If (14++/2)" ' +k > d and k > 2, then we see from Theorem 2.2 that for sufficiently
large p
IME (o a-1h-1) S 672 | Flloza-y
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where a < 1. Thus (2.6) gives

Ml ee(camy S N Ilreay

for f supported on a fixed ball, which implies Theorem 1.4. Theorem 1.5 follows from

Theorem 2.2 and a combination of Theorem 2.2 with (2.5).

2.1 A recursive maximal operator bound

We start with the definition of the measure we will use on G(d, k). Fix any L € G(d, k).

For a Borel subset F' of G(d, k) let
GUR(F) = O({0 € O(d) : (L) € F})

where O is normalized Haar measure of the orthogonal group on R¢, O(d). By the
transitivity of the action of O(d) on G(d, k) and the invariance of O, it is clear that the
definition is independent of the choice of L. Also note that G(¢*) is invariant under the
action of O(d). By the uniqueness of uniformly-distributed measures (see [25], pages
44-53), G(@k) is the unique normalized Radon measure on G(d, k) invariant under O(d).

It will be necessary to use an alternate formulation of G(¢*). For each ¢ in S4~* let Uy :
£+ — R*" be an orthogonal linear transformation. Then U; ! identifies G(d — 1,k — 1)
with the & — 1 dimensional subspaces of £+, Now, define U : S ! x G(d — 1,k — 1) —
G(d, k) by

U(&, M) = span(§, Ug ' (M)).

Choosing Ug continuously on the upper and lower hemispheres of S*!, U~! identifies

the Borel subsets of G(d, k) with the completion of the Borel subsets of S** x G(d —
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1,k —1). Let 0! denote normalized surface measure on the unit sphere. We claim

that o= x GU=1E=1)(U~1(F)) is rotation invariant, and thus
GER(F) = g7t x GU-LE=D(—L(F)). (2.7)

Indeed, let R € O(d). Then for F' C G(d, k)

/ / xrr(U(€, M)) dM dg
si-1 JG(d—1,k—1)
:/ / \r(span(R™€, R7UZ (M) dM de
si-1 JG(d—1,k—1)
_ / / xe(span(R™1E, Uz (ReM))) dM dg
si-1 JG(d—1,k—1)
_ / / yr(span(R71E, UL, (M))) dM dg
si-1 JG(d—1,k-1)

[ vr(span(&, U7 (M) dM de.
sd-1 JG(d—1,k—1)

Above, each R is a suitable element of O(d — 1). The second equation follows from the
orthogonality of U and R, and the appropriate choice of R¢. The third equation follows
from the fact that G(~1*=1 is invariant under O(d — 1). The last equation follows from

the fact that %! is invariant under O(d).

Proposition 2.5. Suppose the bounds

IME A o aark-ny S 670 |1 FLzow et (2.8)
and
1T (g1l oo (zv0) S Nlgllzs ey
are known to hold for f € LP*(R?~Y) and for g € LP*(RY) supported on a fized ball, where

qo > p1. Then the bound

_ o1
IMEA poo@ar SO 7 1l o gy
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holds for f € LP*(R?), where ay = k.

Proof. Without loss of generality, we assume that f is positive. Since averaging over a
k-plate is local and we are proving an LP — LI(L") estimate with p < ¢ < r, we may
also assume that f is supported on a fixed ball.

Let L € G(d, k) and suppose that L = span(¢, Ugl(M)) where M € G(d—1,k—1).

Let a;, € R? and let ay = Ue(projer (ar)), where proj denotes orthogonal projection.

/ dy</ /f x) + t€) dt dz
Ls(ar) Ms(anr)

-/ TG ) do

Then

where Lgs(ay) and Ms(ay) are k and k — 1 plates respectively. Noting that d — k =

(d—1) — (k—1), it follows that

MGIFUL) S METHTHFIE U ())(M).

By (2.7) and our hypothesized bound for M4~!, we now have

1

1M1z S (//M AU I0n® a )"

1

<5 ( L (], v o dm)’q’ d&) "’

_ &0
=6 || T [f]|| £oo (zr0)-

Finally, f is supported on a fixed ball so we may apply our hypothesized estimate
for T

_ 20 _ &0 _ o1
6 70 [T [l oo (zroy S 0 70 || fll or may = 6~ 71 || fll por (-
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Proof of Proposition 2.1. First, suppose r > pg. Then, we may interpolate our hypoth-

esized bound for M’g_l with the trivial L*° bound to obtain the bound

— _&0
IME U1 0y a1y S 8 F I sy

Applying Holder’s inequality if necessary, the same bound holds with qoplo replaced by ¢;.
Possibly applying Holder’s inequality again, we obtain from our hypothesized estimate

for T,

T Mo ey S 1l ray-

By our assumptions that g, > py and ¢,r > p, we have ¢; > p; and so we may apply
Proposition 2.5 to obtain the conclusion.
Now, suppose r < pg. Since we are only considering bounds for T'[f] when f is

supported on a fixed ball, we may interpolate with the trivial L> — L*°(L*) bound to

obtain
1
HT [-f]HLqﬂrl(LpO) 5 ||fHLp1(]Rd)
where pil = pi(”l?. Applying Holder’s inequality if necessary, we may replace g2 by ¢i.

Possibly applying Holder’s inequality again, we obtain the bound

_ 20
IME 2o Ga—1h-1)) S 670 || fll pro (ra-1).

By our assumptions that gy > py and ¢,r > p, we have ¢; > p; and so we may apply

Proposition 2.5 to obtain the conclusion. Il
Theorem 2.6. For1 <k <d

MGl zaoary S 07 [ flloe

wherep:%,q:qul, anda:d;—,f.
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Proof. We first observe the well known fact that Theorem 2.6 holds when £ = 1. From

Holder’s inequality, we see that for any L € G(d,1) and a € R¢

f e assaeen ([ i ax) ™
Ls(a) i1

Thus, using the L= — L4 (L) bound from [10] for the second inequality,

—(d— — __1
HMé[f]HLd“(G(d,l)) 55 (@ 1)6(d b d“)HTl[f]HLdH(LdH)

- d—
S DO )y

_d— 1/d+1

171, 252 -

Now, assume that Theorem 2.6 holds for (d — 1,k — 1). Then, we may take ag =

d—1—(k-1) _ d—k

ST = =1, Po = 5, and qo = d in Proposition 2.1. From the LS LA LAY

Ny

bound for T, we take p = &1 ¢ = d+1, and r = d+1. Thus ¢; = min(d4, d+1) = d+1,
2

d+1 d—k
pP1 = + ,and a; = oF—1

= 2% Hence, Theorem 2.6 holds for (d, k). O

N

2.2 A recursive mixed-norm estimate

We now demonstrate that the method of the previous section can also be used to obtain

mixed-norm estimates for T%. Our recursive bound here is

Proposition 2.7. Suppose the bounds

1T Al zso oy S 1 im0 ey (2.9)

and

1T [g]]] oo w0y S Mgl o (rey
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are known to hold for f € LP°(R*Y) supported on a fized ball, and for g € LP*(RY)

supported on a fized ball. Then the bound
T[N 2o 2oy S N f 1o ey
holds for f € LP*(RY) supported on a fived ball.

Instead of reducing the quantity «, we apply Proposition 2.7 to increase the ratio ;io.

Given a bound

1T A1l oo o) S 1 f 1m0 ga-ry, (2.10)
and a bound
IT [ zazry S N Fllzrgeay, (2.11)
we may obtain a bound
T o zry S S o ey (2.12)

where % = ;ioi. The specific statement of this principle is below. We will not give any
applications; let it suffice to say that one may obtain previously unknown estimates, but
these estimates are rarely for the optimal range of p and never for the optimal range of

q (here we mean the optimal range for the given value of g)

Proposition 2.8. Suppose the bound (2.10) holds for f € LP°(RYY) supported on a
fized ball, and suppose the bound (2.11) holds for f € LP(R?) supported on a fived ball.

Then (2.12) holds for f € LP*(R?) supported on a fized ball, where

. T T
g1 = min (QO_7Q) y "1 =To—, P1=0P
Po Do

if ¥ > po, and where

. Po Po
¢1 = nmin CJO7Q7 , 't = To, p1:p7
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if 1 < po.

Proof of Proposition 2.7. Without loss of generality, we assume that f is positive.
Let L € G(d,k), x € L*, and suppose that L = span(¢, Ué_l(M)) where M €

G(d—1,k—1). Then

T’“[f](hx)—/“ f(y) dy—/MW )/Rf(Ugl(z)thg) dt dz
= T HTHAIE U ()M, Ug ().

By (2.7) and our hypothesized bound for T*~1, we now have

T2 oo (2o

40 1

S ( Lo L (L e me s ooy a) ™ d§>q0
S ( [ ([ mnevcwr a)” da) ’

= 7" [f]llzoo (zv0)

where above we note that T[f](€, Ue (1)) is supported on a fixed ball, since f is sup-
ported on a fixed ball.

Finally, we apply apply our hypothesized bound for T
1T (£l 2o 220y S 1LF Nl 2os -
O

Proof of Proposition 2.8. First, suppose r > po. Then, since we are only considering

local estimates, we may interpolate our known bound for 7%~! with the trivial L>®
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bound to obtain the bound

I g ) S I s

Applying Holder’s inequality if necessary, the same bound holds with QOPLO replaced by ¢;.
Possibly applying Holder’s inequality again, we obtain from our hypothesized estimate

for T,
1T (Al por zry S 1LF Nl o -
We apply Proposition 2.5 to obtain the conclusion.

Now, suppose r < pg. Since we are only considering local estimates, we may interpo-

late with the trivial L*° bound to obtain

||T1[f]||Lqﬂrl(Lp0) S ||f||LP1(Rd)'

Applying Holder’s inequality if necessary, we may replace ¢2 by ¢;. Possibly applying

r

Holder’s inequality again, we obtain the bound

1T A1l zor oy S 1o ga-ry.

We apply Proposition 2.5 to obtain the conclusion. O

2.3 The L? method

Reducing o by a fixed factor g, as in Proposition 2.1, is not a substantial gain for

small ag. By using an L? estimate of the X-ray transform which takes advantage of
cancellation, instead of the LP — L?(L") bounds, we may take cr; = ag — 1 when o > 1

and obtain a bound for M* when «aq < 1.
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The main estimate needed to derive Proposition 2.3 was proven by Smith and Solmon

in [37].
Lemma 2.9. ford >3
IT F1llz22) = Cal 1l -3 gy
where Cy is a fized constant depending only on d and H denotes the homogeneous L2

Sobolev space.

It immediately follows that if the Fourier transform g of a function ¢ is identically 0

on B(0, R) then
1T gl 222y S B2 lg] oy (2.13)

To effectively apply (2.13), we use a Littlewood-Paley decomposition. Let ¢q be a
Schwartz function with qgo =1 on B(0,1) and with 50 supported on B(0,2). For j > 0,
define ¢; = 299 (27.) —20=Ddg,(29-1.) 5o that ¢ is supported on B(0, 27+1)\ B(0,2/71).
Functions are decomposed

F=> 1
§=0

where f; = f * ¢;.

Our last ingredients are two Schwartz-tail estimates needed to reconcile the localiza-

tion properties of the space and frequency variables.

Lemma 2.10. Suppose g >0 and § =G on B(0, %) Then
Mgl S M5 Hlal). (2.14)

Proof. For 1 <n < dlet ®" be a nonnegative Schwartz function on R"™ such that " > 1

on B(0,1) and " is supported on B (O, \%) For L € G(d, k) let

T

m1.a(x) = @ (proj, (@)~ (proj. (5)).
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Now, define

A7’g[f](L) = sup /[Rd mre(x —a)f(x)dz.

a€cRd

. XLgs(a)
By construction, 7z 5(- —a) 2 Ty @)

and 71,5 is supported on B(0, 1). Thus
M;lg) S Milgl = M;lg).

Since ®F and ®?* are Schwartz functions, we have

k
<D X,
j=1
and

TN <Y N,
j=1

for some {c;},{d;} € I'(N), {y;} C R*, and {z;} C R4*. Then, for an appropriately

chosen {a;,}

Thus,

Lemma 2.11. Define

M gl(L) = sup / g(z)da.
a+(LNB(0,3))

a€Rd

Suppose g is supported on B(0, %) Then

Mg llgl] < M5~ Hlgll.

loc
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Proof. Since g is supported on B(0, %),
gl <_>
g=9%0 "5

and so

/ 9(@)lde < /
a+(LNB(0,3) R4

Since ¢ is a Schwartz function,

54 4 / g(x)|dx dy.
° ((5)‘ a+y+(LﬂB(0,%))| ( )l

1
2

[0l <D Xm0
=1
for some {c¢;} € I'(N) and {y;} € R%. Thus

54 y / z)|dx d
/Rd %o (5>‘ +y+(LNB(0,1)) l9(@)| Y

< c;0 / / lg(x)|dx dy
Z ’ B(8y;,%) Jaty+(LNB(0,3))

S chMlg Hlgll(L)
j=1

< M Hlgll(L).
O

Proof of Proposition 2.3. We begin by proving (2.5). Averaging over each k-plate is
local and we are proving an LP — L(L") bound where p < g < r, so we may assume
that f is supported on a fixed ball. Additionally, assume that f is nonnegative.

Following the proof of Proposition 2.5, we observe that for L = span(§, Uy Y(M)) we
have

MEFUL) S METHTHFIE U ())](M). (2.15)
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Since f is supported on a fixed ball, we may switch the order of integration between

convolution and the X-ray transform to obtain

T £l oo ooy S I1Fllzoo ey

uniformly in j. Hence, interpolation with (2.13) gives

iyt
1T [fillzony S @72 f ooy (2.16)

for any p > 2.

From Lemma 2.10, we obtain

[log(d)[+1

METHTHAIE U (OIM) S Z METHITHA)E U ()M). (2.17)

Averaging Lemma 2.11 gives, for each j,

M T U OMM) S MEZITEIE U ()M, (2.18)

Integrating over G(d, k) and combining the bounds (2.4) and (2.16) as in the proof

of Proposition 2.5, we obtain

|log |41

a1 _a-1
IMEUA N rann S D2 @) Iflm@ay S 677 (il

5=0
from (2.15), (2.17), and (2.18), when a > 1.
Proceeding to the proof of (2.6), we have f supported on the unit ball and we assume
that f is nonnegative, giving
M[f] S Mie[f]-
As before,

Migel /I(L) £ My T U (DI(M)

loc
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and
M HITHAIE U OM) S METHITHFIE U ()M,
giving
IME Loy S D7 Nl S I1Fllra
7=0

when o < 1. OJ
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Chapter 3

Estimates for the X-ray transform

In this chapter, we extend two results of Katz and Tao from [20] to give mixed-norm
estimates. In addition to their intrinsic interest, these mixed-norm estimates are needed
to fully utilize the method of Chapter 2. Modulo endpoints, Katz and Tao gave the
best possible L*** bounds for M} on R? d > 6. Through a slight refinement of their
technique, we give the best possible, except for endpoints, local L*#* bounds for T! on

R?, d > 6.

Theorem 3.1. When d > 6 and ¢ > 0,

1T [ M zacry S NSl oo ay (3.1)
or f supported on a fized ball, where p = 242 ¢ =443 _ ¢ gpd r = 2983 _ ¢
7 4 3

By combining an iterated version of the main estimate from their maximal operator
bound with certain “hairbrush”-type improvements, Katz and Tao showed that (d, 1)
sets have Hausdorff dimension at least (2 — /2)(d — 4) + 3. Ignoring the hairbrush
improvements, which are perhaps not well suited for mixed-norm estimates, one would
obtain the lower bound (2 — v/2)(d — 4) + 3 — (3v/2 — 4). We extend this lower bound

to a mixed-norm estimate for T!.

Theorem 3.2. For d > 4 and € > 0, there exist p.,q., e so that (3.1) holds for f
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supported on a fixed ball with (p,q,7) = (Pe, Ge, ) where

V2

E>1—|—\/§—6, and%>1+——e.
De Pe 2

Here, we do not obtain the optimal range of p for the given ratio %. This is because, at
present, we are not able to effectively use the two-ends reduction for iterated estimates.
It will convenient for our purposes to use a different parametrization of the set of
lines. Let ey,...,eq be an orthonormal basis for R? and let H = span(ey, ..., eq_1). For
&, € H and a function f defined on RY, the local X-ray transform of f at the line

x + R(€ + e4) may be defined

T[f1(& ) =/0 f(@+t(E+ey)) dt.

We consider the “Kakeya-order” mixed norm of T'[f]

IT U arac = ( Lo (L e or (m);z dg) (32

where C' > 0 and B(0,C) denotes the ball centered at 0 with radius C' in R and we

Q=

aim to prove bounds of the form

1T M oy S 1Nl ze@e): (3.3)

Through a covering argument, one may see that the bound (3.3) is equivalent to the

more conventional version
1T [l zoqzry S M1 Ilzvray (3.4)

where we only consider f supported on a fixed ball, and where 7! and the mixed-norms

are as defined in Chapter 1.
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By testing T" on the characteristic functions of d-neighborhoods of points and line

segments, and letting ¢ approach 0, one sees that

d—1 _d
1+ > — (3.5)
r p
and
1 1_1
Syo>Z (3.6)
q T p

are necessary conditions for the bound (3.3) to hold. It is conjectured that, together
with the condition r» < oo, these are also sufficient. This was shown to be the case for
p < “L by Drury in [13] and for p = 41 by Christ in [10].

Instead of the Kayeya-order mixed norms (3.2), one may also consider the Nikodym-

order mixed norms of T'[f]

1T W pary,n = (/Rdl (/B(OC) IT[f](&, )| d{)g da;) % .

In order for the bound
1T cacryn S I ey (3.7)

to hold, we again have the necessary conditions (3.5), (3.6), and r < co. Unless we
impose the additional assumption that f is supported away from H, we have another
necessary condition

d—1 _ d

1+ ——2>

—2 (3.8)

which follows from the application of T to characteristic functions of d-neighborhoods
of a point in H. Tao showed in [40] that bounds for the Kakeya and Nikodym maximal
operators are roughly equivalent. We observe that his proof carries over to the general

mixed norm case, and hence combined with Theorem 3.1 yields



Corollary 3.3. Whend > 6 and e > 0, the bound (3.7) holds with p = 4‘1%3, q= 4¢€T+3_€7

4d+3

and r = 3

€.

One may also formulate a corresponding version of Theorem 3.2.
We prove Theorem 3.1 in sections 3.1, 3.2, 3.3, and 3.4. We give the additional
arguments needed for Theorem 3.2 in section 3.5. We show that Corollary 3.3 follows

from Theorem 3.1 in section 3.6.

3.1 Reduction to weak estimates

We first note that, since T is local, when p < ¢ < r it suffices to prove (3.3) for f
supported on the cube () centered at %ed with side length 1. A natural simplification of

the bound (3.3) is the estimate
[IAxFlza@ry . S IxEl e e (3.9)
where £ C @, 0 < A <1, and
Txg|(& x) > A for (€,2) € F C B(0,C) x R, (3.10)

We further simplify the estimate (3.9) to

1 /;2(d—1)(p) q
LYE)» > A(W) Q(F)
= ACTV(F)eQ(F)r

S =

(3.11)

Qe

where

QF)= sup L7'({z: (&) € FY)).

£€€B(0,0)

The crude interpolation argument below shows that (3.3) follows from (3.11).
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Claim 3.4. Suppose that r > q and that the estimate (3.11) holds for all E contained

i Q. Then for any e > 0, the bound

||T[f] “Lq(Lr) K S ||f||Lp+e(Rd)
holds for functions f supported on Q.

Proof. Without loss of generality, assume that f is nonnegative and

1| Lo+eqray = 1. (3.12)

For integers j, k, [ let

={r cR": 27! < f(zx) < 2%}
Fip={(&2) € B(0,C) x R™': 2571 < Ty, ] (€, 2) < 27}

Fini=A{(& ) € Fjpp: 27" < L7'({a 1 (€,2)) € Fip}) <2}

Since each T[xg,] < 1, we have F};, = () for k > 1. Since we only consider £ € B(0,C)

and f supported on Q, F;r; =0 for [ > C. Tt follows that

0o 0

1
T o S D Y, Z QI G0 L2V (B ),

Jj=—00 k=—o00 l=—00

Let €1,e2 > 0 and Sy, = gker—lG =) Then

. 1—e¢
DR 2B )i = Sy (2421070 L2y )

IR,

Provided that e, is sufficiently small relative to €;, we have

1 o . X
—q(1—€1) +T(1—€1) + € <r(1_€1) _q(l—el)) (3.13)
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We then have

1 1y1lteo

2k21(;—5)1_61 *CQ(d_l)(F'k:l)q(Tq) 5 2k2l(%—q(qu))£2(d—1)(Fv]kl)q(l+q)

where the first inequality follows from (3.13) and the second inequality follows from

(3.11) and the fact that w < 1. Since Sk, is summable this gives

1—eq

Tl o S Y 2LYE;)

j=—00
0 . . 1 l1—e1 ° . . 1—eq 1+4e1
= 3 o <zﬂgd(5j);> +y 27ia <2J£d(Ej)m)
j=—00 J=1
SNA + 1A
L 1—61
5 ||f||1_p(€11+€1) + ||f| 1‘;(511+€1)
L 1—€1 I 1—€
= 2| fllzo+e,

where we choose €; solving le_rZ = p+ ¢, and recall (3.12) for the last equation. Il

1

3.2 The two-ends reduction

In order to obtain a favorable value of p in Theorem 3.1, we will employ a version of
the two-ends reduction from [43], namely that it suffices to assume for A < p < A9

(€,7) € F, z € RY, that

1
/ XENB(z,p) (QZ + t(f + ed)) dt < )\pB6 (3.14)
0

where B = ﬁ. To justify this reduction, we will use induction on scales via Claim 3.5

below.
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Claim 3.5. Suppose that 1 + d;1 > % and that the inequality

1 1

LYE) > a0 pyio(ryr(i) (3.15)
holds for
EcCQ, N> X\, and E, F, X satisfying (3.10). (3.16)

Then, we also have for p < 1

LYE) > p A L2000 (Fyi (R

S

) (3.17)

when E is contained in any sub-cube Q C Q with side length ok A > pAo; and E,F,\

are as in (3.10) (i.e. T[xz] > X on F).

Proof. The proof is simply a change of variables, mapping Q to Q. Let z be the center
of Q. Then, letting t,ey = proj, (z), . = projy(z), and & = % (t—(t. — %)), we see

that
tat2
Thpl(a) = [ xplo+ s+ ea) d

t+5 P
= / XEfer%ed (.’L’ — X+ t(i + ed) - (tz - 5) ed) dt
t—

- p/olxg_z+ged (90 -z, + (tz - g) E+pt(E+ 6d)> dt
S (3 (et (1= 5) ) +Hc+ea) ai

— T [xs] (g,% (v -2+ (t-) 5))

where E = % <E—z—|—36d>.

Let F' = {(f,%(:v—a:zjt (tz — g) 6)) c (&) € F} and \ = %5\, so that T'[xg] > A
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on F. Then
LYE) = pLYE),

£2(d71)(F) _ pf(d71)£2(d71)]5
and
Q(F) = p~HIQ(F).

By construction, E is contained in () and, since A > pPAo, we have A > \g. Thus, we

may apply (3.15), obtaining

p—d/jd<E’) > O (p_15\)17+5 (p—(d—l)ﬁz(d—n(ﬁ))z (p_(d_l)Q(F))p(%_%)

~ 1_1

= o e At N (Fyipp (),

Then, since 1 + d;1 > % and p < 1, we have pd’p(H%) > 1 and thus our conclusion

(3.17) holds. 0

We will use induction on )¢ to show that proving (3.15) for arbitrary A under the
two-ends reduction is sufficient to prove (3.15) for arbitrary A in general.

Note that (3.14) holds trivially for any fixed choice of A by a sufficiently large choice
of the implicit constant. Thus, we may start our induction and assume that (3.15) holds
for an initial Ag. Now, suppose that (3.15) is known to hold with Ay = A < 64~ ¢ and
that we want to prove it with \g = %A. Let %A <A< A, and let E| F be as in (3.16).
Let F be the subset of F' for which the two ends condition (3.14) fails. If

E2(d—1)(ﬁ> < %£2(d—1)(F)’ (3.18)

then we may apply our knowledge of (3.15) under the two-ends reduction to the set

F\ F. Thus, without loss of generality we assume the inequality opposite to (3.18).
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By dyadic pigeonholing we may find py € [\, A] and F' so that (3.14) fails with p = py

for (€,x) € F and
2(d—1)

, 2en(E)
| log(A)]

We then tile @ by a collection {Q;} of cubes with side length py, and let E; = E N Q;

£2(d71) (F’)

A

where Qj is the cube with the same center as (); and side length 4py. For each (§,z) € F,

(3.14) fails for some z¢, € Qj, ,, giving

Tlxg, (€ 2) > M (3.19)

Henceforth, we take A = \pP¢ and let F; = {(¢,2) € F': j = jeo}. Without loss of
generality, we assume that the constant on the right hand side of (3.14) is at least 1 and
thus we may ignore it in (3.19).

For each j we now have T'[xz | > X on Fj, and E; contained in a sub-cube of Q with
side length 4p,. Naturally, we will want to apply Claim 3.5 in order to estimate the size

of the Ej. In order to apply the claim, it only remains to verify that A > 4poA. In fact,

L

55, we have

assuming without loss of generality that e <

- A b 1 1 1 1, 1,
A > Mg = poATog ™ = pohpg T = pohspe” = poASATES > dpoA.

Thus, we may apply Claim 3.5. We then have by (3.17)

LUE;) > (4po)  CAH LD (Eyia(F)—i)
1

> o TP LD (B (),

1

Recalling that ¢ < r, we observe that, since FJ C F, we have Q(Fj)p(?fé) >
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Q(F)p(%_%). Since the E; are finitely overlapping and ¢ > p, we then have
LYE) > ch(Ej) (3.20)

1 —e+(p+e)Be € - - 1_1
> ZIOO D C)\er Z‘CZd 1) F (Fj)p<’“ q)

1 —e+(p+e)Be +e s 2(d—1) /B
> 0 CN? Q<F>< )Y LN
J
> L TRy LD ()
2 o O log )| EON QR ) L2 ()Y,

Recalling that B = i and assuming that € < p, we have
—€ €)Be b _1l.2 _r
po T og (W) 7T > A7 [log(M)] 7. (3.21)

It only remains to verify that the right side of (3.21) is large enough to overcome the
implicit constant in (3.20). Noting that this constant is independent of the constant in

(3.14), we see that this may be accomplished by a sufficiently small initial choice of Ag.

3.3 The main estimate

For t € R, let H; denote the plane H + te;. Given a line g which intersects H in exactly

one point, we define

m(g) = Hy N g.

For collections G of such lines, we are interested in lower bounds for the size of m(G) in
terms of the size of G.

We first consider the purely combinatorial setting where G is finite. Then, from the
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fact that a line is determined by two points, we see that for every t; # ts,

#G2 < sup #m,(G)

t=tq,t2
where # denotes cardinality. In [20], Katz and Tao showed that if g, to, t1, L1/, to, tor
satisfy a certain algebraic condition, and if the lines in G point in distinct directions,

then

#G% < sup #m(G). (3.22)

t=t0,tc0,t1,t17,t2,t07

In order to give a bound of type (3.3), one must consider the more general case where
the lines in G do not point in distinct directions. Suppose that at most M lines in G
point in each direction. Then by taking a maximal direction separated subset of G, the

estimate

s

< M7 sup #m(G) (3.23)

t=to,too,t1,t17,t2,to

e,

follows trivially from (3.22). However, following the proof of (3.22) with the quantity

M in mind, one actually obtains

i
=

#GT S M sup #m(G) (3.24)

t=t0,toot1,t1/ b2 tor
with no additional arguments required. This is, in fact, the sharp power of M for the
given power of (G, as one may verify by letting G,, be the set of lines determined by the
pairs of points (iey, ie; + je; + eq) where 1 < 4,5 < n, letting to, too, t1, t1, t2, tr be any
fixed rational numbers, and considering n large.

To prove the desired operator estimates, one must make the transition from the
combinatorial to the continuous setting. The maximal operator bound in [20] was proven
using a d-discretization argument and a refinement of (3.22) which took into account

possible d-uncertainties. It is possible to adapt (3.24) for use with a discretization
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argument and use this estimate to prove Theorem 3.1. Instead, we will prove the analog
of (3.24) for Lebesgue-measurable sets of lines and avoid discretization entirely.

Let G be a set of lines in RY, each of which intersect the plane H in exactly one
point. Considering the coordinates for the X-ray transform 7', we parametrize GG by the
subset

Gx ={(§, x) : there exists g € G with z, (x + £ + eq) € g}

of H x H. For t; # ty, we may also parametrize G by the subset

Gt17t2 = {(Wh(g)?ﬂ-h(g)) VRS G}

of H x H. Using the “line property”

ty —ty  ty—1t to—1ty ti—t
,y) € G & , € G4, 3.25
(. y) t1,t2 (t2 — tlx ty — tly ty— tll' ty— tly) t3,ta ( )
we may change variables to give
G| = L2 (Gx) = L2 (Goy) = [ty — to| "4 VLHED(G, o). (3.26)

Henceforth, we will use the abbreviation
Dy 1= |t — #7600,

Finally, define

QG) =QGx) = iggﬁd_l({x 1 (& x) € Gx 1.

In practice, each line in G will intersect the cube Q, and Gx C B(0,C) x R*!. Thus
QG), |G|, L3 (m(G)) < oo. We will always assume that this inequality holds below.
To put the following proposition in context, we point out that, as we will see later,
the quantity fﬁ in an estimate of the form (3.27) corresponds to the quantity % in an

estimate of the form (3.3).
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Proposition 3.6. Suppose that for ty,... t, € R, we have

G1* S Chh. @) ] £ (7 (@) (3.27)

.....

for each set of lines G, where 0 < 3 and o < k.

Then, for any to,teo, t1r, ..., tw € R satisfying to # too;

ti#tm ti/#to, tz#tocn fO’f'?;:L...,k;

and satisfying the requirement that

t; — 1o

= ; ) = — 2
$ = Spyto (tistir) == (teo — o) (=t (e — o) (3.28)
1s independent of © fori=1,... k, we have
|G|2k 5 <Ct1 ----- tkDfo_,t(zo H Dti’7t0) Q(G>ﬁ+k_a
=k (3.29)
LN (G L (g (G)F T £ (R (G L (7, (G)).
i=1,..k
For t; # t5, the trivial estimate

|G] < Dy o £ (4, (G) LY (11, (G)) (3.30)

follows directly from (3.26). Thus, applying Proposition 3.6 with k = 2,a = 1,5 = 0,

and Cy, 4, = Dy, 4,, we obtain
Corollary 3.7. Let t1,t1, o, tor, tg, too € R satisfy

ty # ta; to # too, b, b, o, 1y Tog 7 t1, Lo
and the requirement that s is independent of i in (3.28). Then

|G|4 5 (Dt17t2Dthtoth1/7t0’ Dté,to) Q(G) sup Ed_l(ﬂt(G))7. (331)

t=too,t0,t1,t17,t2,to
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In Section 3.4, we will use a uniformization argument to obtain Theorem 3.1 from

Corollary 3.7. In Section 3.5, we will consider further iterations of Proposition 3.6.

Proof of Proposition 3.6. We will begin by defining the set
V ={(91,92) € G X G : m,(g1) = mi,(92)}-
For any w = (g1, g2) € V, let 7;(w) = g; when i = 1,2. Consider the function on V/,

v = 5T, (1) + oo (72) — 74 (72)-

Our purpose in defining v is to obtain the equivalence classes in subsets W of V' deter-

mined by the fibers of v:
W, =W Nnv () for vy € H.

Let G,y = 71(Vi, ). Then we may calculate an upper bound for |G,,| in terms of Q(G)

and L4 1(m,_(G)). First note that
Gl = Duace [ [ Xy aw) d dy (332
RdA—1 JRd-1
= Dyt / / XGig oo (T3 U)Xy 1o (T, V0 — 8Y + T) d dy.
Rd-1 JRd-1

Fix y and let , = 2>=%. Observe that

too—to "

/d XGrgioe (x,z+ vy — sy) de = / XGrgioe (x,2 + (too — t0)&y) do (3.33)
Rd—1

Ra-1

= / XGoa (-T - tO’fz,n T — ZfOfy + gy) dx
Rd-1

= L7 ({2 : (&,7) € Gx})
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where the second equation follows from the line property (3.25), and the third equation

follows from the translation invariance of £2~*. Combining (3.32) and (3.33), we have
|Gl < Do L7 (G))QUG). (3.34)

The remainder of our argument will consist of using (3.27) to obtain a lower bound
for |G,,| when vy is chosen favorably. For any ¢,t" # t, and subset W of V| we may

parametrize W by the subset

Wigtrr = {(mi,(91), 7:(91), 7 (92)) = (91, 92) € W}

of H3. Using our line-property (3.25), we note that, as was the case with |G/,
|W| = Dt07tDt07t/£3(d_1) (Wto,t,t/)

is independent of ¢, t'.
For any ¢,t' # to, W C V, we may consider the subset of W which is “popular” with

respect to the double projection (m(71), 7y (72))

W<7rt®t/> —

to, b,
/ / W]
Dy 1Dy v dx’ > . (3.35
{(l'vyyz) to,t~to,t /Rdl XWtO,t,t’(x ay,Z> r = Q[,d*l(ﬂt(G))Ed*l(m/(G)) < )

After estimating }W \ V[/<7rt®t’>|7 one observes that

1
|W T | > Sl (3.36)

V/ = ( <<V<7rt1 ®z’1>> <7rt2®t’2>) ) <ﬂtk®t§€>

V' Z |V]. (3.37)

Thus, abbreviating

we have
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Given any subset W of V,

|W| = Dto,totho,too/ / / XWtO,too,too (x,y,z) dx dy dz (338)
Rd-1 JRd-1 JRd—1

= Dy 400 Diotee / / / XWeg oo too (ZE, Y, v — sy + 33) dx dy dv/'
Rd-1 JRd-1 JRd—1

= Dto,totho,too / / / X(’)/I(WV/))tO,too (x,y) dx dy dv'.
Rd-1 JRdA-1 JRd-1

Substituting (3.38) with W =V’ and W = V into the left and right hand sides respec-
tively of (3.37), we observe that

Gl 2G| (3.39)

for some vy € v(V'), where we define G, = 71 ((V').,).

Applying our hypothesis (3.27) to the set of lines (), , we obtain

G| S Ca, G T £ (7, (Gy) (3.40)
i=1,....k
<Ct 77777 th(G)ﬁ H Edil(ﬂth:/o)):
i=1,....k

where the second inequality follows from the fact that G}, C G and the condition that
B> 0.
Suppose y € 1, (G,,). Then y = 7, (g1) where (g1, 92) € (V'),,. Letting 2z = m,(g2),

we have by definition of V'

v - /
Dy, 1, D dz. 3.41
i (@)L (0)) ~ Do Piots [y Xoeasy (009:2) 340
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We will now need to use our definition of s, rewriting

v =5 (T (1) = Tty (1)) + (T (12) = 70 (72)) + 5715 (72) (3.42)
too - tO too - tO
=S to (7, (1) = e (71)) + t — Lo (72 (V2) = 710 (72)) + 575 (72)
 te—to too — to to — tos  ti — oo
Ir— T (1) + P (72) + 7o (72) (ti’ _— t+s — )
_ too - tO too - tO
=S5 t— to T () + ty — to e, (72),

where 7, (7;) is independent of j by definition of V', and where the last equation follows
from (3.28). The point is that membership in V,, is determined by the double projection

(72, (71), 77 (72)). Hence

\/Rdl XVtO,ti?til (:E’ ’ Z) = /I%dl X(Vyo)to’ti»ti/ (‘I? Y, Z) dx (343)
N /]Rd1 X(GVO)tO,ti (I, y) dzx.

Combining (3.41) and (3.43), we obtain

LN (m, (Gy)) = /Rd_l Xre; (G1) (Y) dy (3.44)
L7 (GN LYYy, (G
S Do Diy o (G e, { ))/ / X(Gug)ig; (T5Y) dx dy
14 Rd-1 JRd-1 oo
LY, (G LY (e, (G
= |G| Dry (e, ( )|)V| (e, ( ))‘

Combining (3.39), (3.40), and (3.44), we have

VIS Cretrd UGG | T Dig 47 (1, (G)) L7 (m, (G)). (3.45)

i=1,...k

From the Cauchy-Schwarz inequality, we obtain a lower bound for |V in terms of
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|G-

G 2
(—’ ') <@ [ [ o) dy [ xey o) ds o
Dto,t Rd—-1 JRd-1 ’ Rd-1 ’
= £ (@) / / / o oa(,9,2) i dy d
Rdfl Rd—l Rdfl

a1 Vi
= £ () g
which simplifies to
GJ?
V> . 3.46
V1= @) (340
Combining (3.46), (3.45), and (3.34), we finally obtain (3.29). O

3.4 Uniformization

We now want to find six suitably “average” slices of £ to which we will apply Corollary
3.7, allowing us to prove (3.15) under the two-ends reduction. Our argument below is a

continuous version of the uniformization argument in [20]. Let E, F, X be as in (3.16),

and define

m(E.F) = [ [ e The o) o de
- / / / xr(& x)xe(x +t(€+eq)) dt do d§
RA-1 JRd-1 Jo
= [ ) [ xeler - d e
Rd Rd-1

where x, = proj(z) and t.ey = proj,, (z). By definition of F, MM(E, F) > ALV (F).

We will abbreviate v4 = proj,,. Let

So={t€[0,1]: L"YE N~ (1) < AL*D(F)}
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and for k > 0 let
S = {1 € [0,1) - (ACXD(F)) =510 < 29715 17 () < (AL ().
Recalling that F' C B(0,C) x R4 we note that
[, xel€proia(z) = proie (2)6) de 5 1

for every z. Hence, defining B, = EN~v;'(Sy), we have M(Ey, F) < AL* @V (F). Thus,

since K = ng 1 E}, an appropriate choice of implicit constants gives
M(Ey,, F) = eAL2AD(F) > N2 (F)
for some kg > 0. Let £’ = Ey,, S = S,, and
Fr={(§x) € F: Txp](§ %) 2 A}
Considering M(E', F'\ F'), we note that
IM(E', F') > A\LHD(F),

We now proceed to find a point (¢, teo, 1, t1/, ta, tor) € S with which we may apply
Corollary 3.7 to our advantage. Due to the factors of Dy, in (3.31), we would like to
keep |t; — t;| suitably large; this is facilitated by the two-ends reduction.

For every (§,x) € F', let
Sg,x = {t/ eSS x+ 75/(5 + ed) S E/}.

Then, by definition of F”,

pew =L (Sew) 2 A

~
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By (3.14) we have, for every t € R,
LYt € Sep: |t —t] < A1) S ANPE <A

where we assume, without loss of generality, that A is sufficiently small to obtain the

rightmost inequality. Thus,
L{t € Seat [t/ —t] 2 AY}) 2 e
and so letting
P(€,x) = {(to, tec) € (Sex)” : lto — too] = X},

we have L2(P(&, 7)) 2 1z -

For each (tg,tx) € P(§, ) let

Qroio (&, 7) = {(t1,t1) € (Sep)? : forall i#j€{0,00,1,1'}, |t; —t;] > X},

and note that
EQ(Qto,too & 7) 2 u?,x (3.47)
for every (t,tx) € P(§, x).
We recall the definition of s from (3.28),

(too —to)(ti — to)
(t;i — too)(tir — to)

St07too (ti, ti/) =

In order to satisfy the condition in Corollary 3.7 that s is independent of ¢, we consider

the set

Rt07too(f7'r) = {(t17t1’7t27t2’) € Qto,too(gax)Q : StOytoo(tl’tll) = Stg,teo (t27t2’>}'

Below we abbreviate s, ¢, by s, Q1. (§,7) by Q, Ryyr (€, ) by R, and pe , by p. Also

we use - % - to denote - > \9¢., and we similarly use < and =. We observe that s(t, -)
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is a diffeomorphism on an open set containing the support of xq,,), and so we may

change variables to obtain

L£YQ) = /R/RXQ(tl,tlf) dty dity (3.48)

(Ut 10 (t1,5") — 10)* (t1 — o)
_ ¢ tos 05to0 dt+ ds’
/R/RXQ( lauto,too( 178)) (t1—to)(too—to) 148

E//XQ (t1,utg 1. (t1,8")) dty ds'
R JR

where we define
(too — to)(t1 — to)
S(tl — too)

Ut (t1,5) = to +

and where the = follows from the fact that the Jacobian is & 1 on ). We apply Cauchy-

Schwarz and change variables again to see that
/ / XQ (tl?utO:too (tlv SI)) dty ds' (349)
R JR
3
< 6@ ([ [ [ 0ttt 0050 g 2t 12,6 s )
RJR JR

1
é (///XQ (tl’tll)XQ (t27ut0,too(t27S(tlatl/))) dtq dty dtZ) .
RJRJR

Abbreviating
wtoﬂfoo (tl? tll? t2> = uto,too (t27 S(tla tl’))

we have by construction

S(tla tl’) = S(tZ) Wy too (th tl/a tZ))

and hence

Xe(ti, tir, ta, Wi e (B, t, t2)) = Xo(t, t)xo(te, Wiyt (t1, trr, t2)).
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Thus, we combine (3.47), (3.48), and (3.49), to obtain
|R| = / XR(t17 t1’7 t27 wto,too (tla tl’) t2)) dtl dtl’ dt?
R3
z uh
We have control over all of the |t; — t;| relevant to Corollary 3.7, except for |t; — to].

However, since

/ Xr(t1, trs to, Wi o (T, trs t2) )Xo ([T —t2|) dty dty dts S rﬁl(projtl(R))El(projtl/(R)),
R?)

and L'(proj,, (R)) < p for each i, we have |R'| Z p* where

R/ = {(tl,tll,tg,tgl) € R: ’tl — t2| % MQ} (350)

Let
X = {(gax7t07t007t17t1’at2> : (éal‘) € F,7 (t07too) € P(é.?x)a and

(t1, trr, b, weg o (B, T, t2)) € Ry, (€, 2)

Integrating everything out, we see that

5
LQ(d_1)+5(X) % m(El, FI) <(£ H)lfF /*Lf,ﬂ?) Z ﬁQ(d—l) (F))\G
,x)EF!

For each k£ > 0 let

Xi = {(&, 2, b0, too, b1, 1, 82) : XONTH S 1y — to] < ATNP (),

Then, recalling that each p¢ . 2 A we have by definition of Ry ,
X =Jx,

k<2
— €



53

and hence for some X' := X}, , we have £2@=D+5(X") > LAd=D+5( X)), Let ji2 = \2~hoe,
Since each t; € S, and each |t; — to] & 1%, we see that the (to,too, t1, t1/, t2) reside in

a set of measure 5 £'(S)*i>. Thus we may choose a (to, teo, t1, t1/, t2) s0 that, letting

F'"={(& ) : (&2, t0, toos t1, trr, t2) € X'},
we have
LHEDF") 2 (LMS) a2 L (RN, (3.51)
We now define G by the condition Gx = F” and recall that

|G| = £24V(F"), and Q(G) = Q(F").

Let to = wyy 4 (1, t1r, t2). Since Sp 1 (t1,t17) = Sgoe. (t2, tr), we may apply Corollary

3.7 to obtain

Eg(d_l) (F//)4 S (Dt17t2Dt07too Dt1/7t07 Dt&,to) Q(F”) sup Ed_l(ﬂ't(G))’? (352)

t=too,t0,t1,t17,t2,to/

A

A-DO(F) sup L7 (m(G))".

t=too,t0,t1,t17,t2,tor

By definition of F”, 7, (G) C (E' N~ (t;)) for i € {0,00,1,1’,2,2'}. Thus, we may
combine (3.51) and (3.52) to obtain

£2(d71)(F)4)\24ﬂ2(d71)789<F)71 é £1<S>16 sup £d71<E/ N ,y(;l(t)y (3.53>

t=too,t0,t1,t7,t2,tr
S, Ed(E)7£2(d_1) (F)_76.
Since fi 2 A, we thus have
£2(d—1) (F)%—l-CE)\&?zd—FCEQ(F)—% 5 Ed(E)

Since d > 6, we have 4d + 3 > 14 + 2d + C'e and hence

(£2(d*1)(F))ﬁ+e AQ(F)wassaams < LB,
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3.5 Further iteration

By applying Proposition 3.6 once to (3.30), we obtained Corollary 3.7. One obtains the

corollary below from N — 1 iterative applications of Proposition 3.6. This results in an

_k_

ol but also requires a larger collection of slices which satisfy a more

improved value of

complicated set of conditions. Recall the definition

(too —to)(ti — to)
§(ti - tOO) ’

ut07too (t“ 5) = t() +
and note that sy ¢ (t;, ugy e (i, ) = S, where sy, ;. is as defined in (3.28).

Corollary 3.8. Let N > 3 and 0 = (to1,t0015 51+ LoN—1,LooN—15 SN—1, to.Ns too N ) €

R3N=1 Let Tyi1(0) =0, and for 1 <i < N let
F2(0'> = {to’i, too,l} U A,L(O') U F/L'+1<O-)

and
Ai(0) = {ugg 0 (t,56) st € Tigr )
Suppose that
toi & Ai(0) UTi41(0) U {too,i}
and
toci & Liv1(0)

for each 1 <i < N. Then for any set of lines G
|G|*N < (Sup D?f) Q(G)PY (sup Ed_l(m(G))kN) (3.54)
i t
where the right sup ranges over t € I'1(0), where the left sup ranges over t,t such that

t=toi, t € {tasi} UAi(0), 1 <i <N,
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and where
o =1, 51:0, ki = ,
and
Qip1 = 2ki, Bipr = Gi+ ki — i, and kipq = 4k —
for1 <1< N.

One may calculate the formulas

ki1 = 4k; — 2k,

Biv1 = 2ki 4
which give
ki (1 - 1%;1)_1 |
Qi1 — Biv ki

Since kf_l =4-2 (Zz:; ) _1, the Banach contraction principle tells us that lim;_, kf—_l =
2 4+ v/2. Thus

lim afﬁi =142 (3.55)
Similarly

13?02_ 14 g (3.56)

In the remainder of this section we use Corollary 3.8 to show that the estimate (3.11)

holds with py, qn, rn satisfying

k

pN — an — By PN QN
where € may be taken arbitrarily small. Thus, we obtain Theorem 3.2 from (3.55), (3.56),

and Claim 3.4. Due to the complicated nature of the set of slices I'; (¢), we are not able
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to obtain an appropriately small value of py. Hence, for the sake of exposition, we will
simplify the argument by passing up several opportunities to slightly improve py. For
example, we will not employ the two-ends reduction.

Let E', F', A\, S, and S¢, be as in Section 3.4. For (¢, x) € F' let

Xew = { 0 € (Seaw X Sea X [FONN CNTN) T X Sy X Se (3.57)

such that I',(¢) C S, and such that |f —#] > A\~
for all E: toﬂ', 1? € A1(0'> U Fi+1(0') U {too,i}> and for all g: too’l',tA € Fi+1<0),

WherelgiSN},

where Cy and C will be determined below. One should think of X, as the set of
candidates for ¢ in Corollary 3.8. Our aim is to find a lower bound for £3V~1(X, ).
This will be accomplished by providing the lower bound for a subset Yy of X¢, which

is appropriately compatible with the following estimate.

Claim 3.9. Let I C [0,1] with LY(I) < co. For (tg,tee,s) € I x I x R let

Typis ={t €1 :uy, (t,s) €1, and |i—t] > L) for i € {t,upq(t,s)}.t € {to, too}}.
(3.58)

Then letting

P(I) = {(to,too,s) € I x I x [-CLY )2, CLY (1) : |to — too| = L),

and LY (I, ,..) = LY}, (3.59)

we have

| ey ayz ey (3.60)
P(I)
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Proof. We argue as in Section 3.4. Let
P ={(to,ts) €I x 1: [ty —tos| 2 L1(1)}
and note that
L3(P) =z LYI)*. (3.61)
For each (tg,tx) € P, we let
Qtoioe = {(t1,t) €I X T2 |t; —t;| 2 LY(I) for all i # j € {0,00,1,1'}}.

and note that

L2(Qu ) 2 LY. (3.62)

Consider any fixed ty,to € P, and let QQ = Q4,+... Then, as in (3.48), we have

£2(Q) = / / Yolt, t) dty dty (3.63)

t —to)?(t; — t
//XQ tlyutotoo tl, )) (utOtoo( 17 ) 0) ( 1 OO)’ dtl dS/

(t1 —to)(teo — to)

//XQ b1, gt (t1,87)) dty ds'.

Note that in Q each |¢'| < £'(I)~2. Thus, letting

gto,too = {S/ . /XQ (tl,uto,tw(tl,sl)) dtl < ﬁl(I)G}
R

we have

/ / Y@ (bt (b, 8)) diy ds' << LX< L2Q)LYIE. (3.64)
Sty,too

Next, we note that if s ¢ Sy, ;. then (to,ts0,s) € P(I). Thus,

/ LNI)dx > / / ( / XQuy i (11, Ut 10 (t1,87)) dtl) ds' dty dt s
P(I) P JR\Siy 100 \JR ’

2 LI,

where the second inequality follows from (3.61), (3.62), (3.63), and (3.64). O
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Taking I = Se, in Claim 3.9, we let Y] = P(S;,) and for each (tp,tx,5) =y € Y}

let I, = (S¢.),- Recalling that L1(Se ) Z A, we have by definition of P(S; ;)

LYI,) 2 N\ fory €Y, (3.65)
and we see from (3.60) that
LY(1,) dy = ). (3.66)
Y

For j =2,..., N — 1, we define Y} and I, recursively, letting
Yy ={(y,y") 1y € Yjr and y" € P(Iy)} C RY

and

—

](y’,y”) == (Iy’),y// fOI' (y/7y//) S }G

From (3.65), the definition of P(I), and induction, we see that
LYIL,) 2\ for y ey, (3.67)

From (3.60), (3.66), (3.67), and induction, we have

/ £Y(1,) dy = / / LH(Ly) ) dy" dy (3.68)
Y; Yj—1 JP(L,)

2 [ w@anray

J

Z)\5.6JI/Y El([y/) dy’

j—1

> )\5-61'—1)\61—1 _ )\61_
Finally, we let

Yy = {<y7t7t,) NS YN—1§tat/ € ]y; and ’t - t,| 2 ﬁl(fy>}'

~Y
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From (3.67) and (3.68), we have
£3N—1(YN) > )26V

We will now verify that Yx C X¢,, where in the definition (3.57) of X, we have

Cny=2-6""2and Oy = 6V"L. Let
on = (to1, o1, S1, - - to.N—15 too N1, SN—1, Lo.Ns tooN) € Y
and for j=1,...,N —1 let
0 = (to1:too,1, 51, - 04 Loy Si)s

where we note that o; € Y;. Additionally, define I,, = S¢,. By the definition of Y;, we
have each

(to,is tooyir i) € P(Lgy_,)- (3.69)

Since, by (3.67), each £1(I,, )72 < A"~ we thus have, by (3.59),
oN € (Sew X Seo X [CA™N CATNYN T S o X S

Next, we note that I'y(on) = {ton, teon} C L5y, and that, since

—_——

‘[0'7,'—1 - (‘[Ui—Q)

t0,i—1stco,i—1,8i—1’

it follows that
Lilon) C 1y, = Aii(on) C 1y,
and thus I';_1(on) C I,,_,.
So by induction I';(on) C I, , for 1 <i < N, and in particular I'; (o) C I, = S¢ -

Again using (3.69) and (3.59), we obtain

|t07i - t007i| Z ‘Cl<]ffi—1) 2 /\ij

~Y
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—_——

Also, since I'y11(on) C I, = (1,,_,) , we see that

t0,istoo,isSi

’g— ﬂ Z El(Iaiil) Z )\CﬁV fOI' tNE {tO,iatoo,i}y l? € Ai(O'N) U Fi+1(UN)-

Thus oy € X¢, and Yy C X¢,. In particular

6N—1

£3N71(X£’I) Z )\2- )

Let

X ={(x,0):(x)e Flando € X¢,}

and note that

£2(d71)+3N71(X) > )\2-6N—1£2(d71)<F/>.

Since the o’s reside in a set of measure < L£1(S)?NA~(V"DN we see that, letting C7 =

2.6V 4+ (N —1)Cy, we may find a fixed o so that
£2(d71) (F//) 2 )\C%‘CI(S)fQNﬁQ(dfl)(F/) (370)

where
F"'={(&z): (& z,0) € X},

Since M(E, F') 2 A\L2@=D(F) and T[xg] < 1, we have
L2AD(RNY > AL DR, (3.71)

We now apply Corollary 3.8 with the set of lines G defined by Gx = F”. We then

have

|G| — £2(d_1)(FN)
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and
Q(G) =Q(F") <QF).

Also, since I'y(0) € S, for every (£,2) € F”, we have m(G) C EN~;'(S) for every

t € I'1(0). Furthermore, by definition of X ,, we have

sup Di; S A=)
it

where the sup ranges over

t tO,i; Z?G {too,z} U AZ‘(O'), 1<e<N.

Thus, from (3.54) we obtain

tesS

o () oy (sp e Bt ). @

Noting that z—’; < 2 (and certainly < 2V) and

tesS

LY(S) (Sup LTHE)N vdl(t)> SALACV(F)Ll(B),

we obtain from (3.70), (3.71), and (3.72)

1

£2(d—1)(F)aN-l—kNE)\CNaN-‘,-kNEQ(F)—ﬁN < Ed(E)kN

where CY =1+ (d — 1)Cy + CY.

Finally, this gives
1 1

)\£2(d71)(F)$Q(F)<W_W) < LYE)w~

where

"
pr = RO TINE 5 GN=2(6(d 41) +2(N 1)
N

C/// k, k
ay + kye

CK[IOZN—F]{?NE ( k’N
rnN = >
ay — By + kne ay — OBy

an

oy +e (3.73)

- C’e) DN
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Thus, from (3.55), we see that by taking N large and e small, we have ;% arbitrarily close

to 14+ v/2 (although this comes with the price of a very large p).

3.6 Nikodym mixed-norms

We now follow a method of Tao from [40] to show that Corollary 3.3 follows from
Theorem 3.1. For z € R? write 2. = projy(z) and t.eq = proj,,(z) where proj denotes

orthogonal projection. For nonnegative integers j let
S;={zeR¥: 270D < ¢ <9277}

We first prove Corollary 3.3 in the special case when f is supported on Sy. In fact, to
prove this case it suffices, since T is local and p < ¢ < r, to consider the case when f is
supported on SoNE) where @ is the cube centered at %ed with side length 1. Furthermore,
assume that f is positive.

We then consider the projective transformation

olz) = =,

The idea is that we have T[f](§,z) = T[f o ¢](z, ). To line everything up, we will in

fact estimate T[f o ¢ o dy| where dy(y) = 2y. Then
1
T[f o ¢pody)(& ) _ﬁ fopody(x+t(&+eq)) di
1
:/; f <£+2%(2$+ed)) dt
1
~ [ fE+1(12z +ey)) dt

= T[f](22,8),
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where the & follows from the fact that the Jacobian o ~ 1 on [3, 1] and where the first

2

and last equations follow from the fact that f is supported on Sy. Thus by Theorem 3.1

(@dl(é@m|[1@xﬂcx) m)é

AN

N

Lo (L, e &)qﬁﬁé
o U frreoas 39 )" )

1

Lo (L UO¢O@NMOV%)Z¢Qq

|.f o ¢ oda prmae.

Q=

where we use the fact that f is supported on () for the first equation. Since f is supported

on Sy, we have

Lifting our su

However each s,

Thus, for each j

If o ¢ o dallpomay S [1fl|oa-

pport assumptions on f, we note that

T Mo < D NT s, Alloes) x

J=0

f ody—; is supported on Sy, and

Tlxs, f1(&,2) = 27T [xs, f o dy-j)(€, 2 ).

ITxs; 1l paeryn = 2795 Tlxs, £ o dys]l|aemyn
. d—
< 279D g f o dass | 1oy

L i(lad=1_d
<o+ p)HfHLP(Rd)'
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Hence, provided (3.8) holds with strict inequality, which is indeed the case under the

assumptions of Corollary 3.3, we have

> T, Mlzawnw S 1F lonzay-
=0
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Chapter 4

Finite fields

When estimating the size of Kakeya sets in R?, we are interested in lower bounds for
the Hausdorff or Minkowski dimension of the union of a direction-separated collection
of lines. Due to the nature of the quantities in question, it is often desirable to replace
the collection of lines by a d-separated collection of d-neighborhoods of lines, in effect
discretizing our Kakeya set to scale 6. Unfortunately this discretization process obscures
some of the structure which should be present in E. For example, while two distinct
lines intersect in at most 1 point, the discretization of two ¢ separated lines can intersect
in many discretized points. Similar “small-angle” considerations apply to (d, k) sets in
general. The difficulty of overcoming this and related issues can tend to hide the true
nature of the problem, and for this reason it is instructive to replace Euclidean space by
vector spaces over finite fields.

In the sense that it retains access to linear algebra, a finite field F' is an ideal model
for the discretization of the unit interval in R to scale ﬁ In this setting, a (d, k) set
is defined to be a subset of F'¢ containing a translate of every k-dimensional plane in
F?. For a given field F, there is not a suitable analogue of Hausdorff or Minkowski

dimension. Instead, we are interested in uniform estimates over large families of F'. We

let ffdim(d, k, p) be the supremum of the set of values 7 such that there exist Cy ., > 0
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with

|E| > Cd,k,pﬂ7|F|77 (4-1)

for all F with characteristic at least p and all (d, k) sets E in F¢. The statement
that ffdim(d, k,p) > (3 is then analogous to the statement that (d, k) sets in R? have
Minkowski dimension at least 3. Ideally we would like to prove such statements with
p = 2, but the main goal is to improve 3 regardless of p.

The primary drawback of working in the setting of finite fields is that it is difficult

to model Euclidean objects with size between and 1, such as a cube of side-length

1
|F]
w where ﬁ < w < 1. Thus, for instance, it does not seem to be possible to use
induction on scales. This difficulty can be overcome in part by restricting ourselves to
the fields Z,, where the notion of order in R is locally retained. Indeed, this would seem
to be a natural restriction since any finite field is a field-extension of some Z,, and in
the Euclidean setting we generally restrict ourselves to considering the Kakeya problem
over R rather than its field-extension C. However, even with this sort of restriction, the

model of the w-cube would not completely retain the structure of F'¢. This reflects the

lack of a dilation symmetry in discrete settings.

4.1 A recursive estimate for (d, k) sets

In Chapters 2 and 3, we derive dimension estimates for (d, k) sets in R? as a corollary
to certain maximal operator bounds for k-planes. These bounds are obtained, through
an iterative process, from maximal operator bounds and mixed-norm estimates for lines.
It is likely that similar operator estimates hold in the setting of finite fields, but in the

interest of keeping this chapter non-technical we prove weaker estimates of the form (4.3)
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which are still strong enough to obtain the desired dimension estimates. In any case,
the iterative process in Chapter 2 does not generally provide “sharp p,q” type bounds.
For known sharp-type k-plane maximal operator bounds in F'¢, see [9].

The proposition below is a recursive dimension estimate, analogous to the recursive

maximal operator /mixed-norm estimate from Chapter 2.

Proposition 4.1. Let F' be a finite field, and 1 < k < d — 1. Suppose that for every
(d, k) set E,

[ElZ |F]" (4.2)

and suppose that for every set L of lines in F, no more than M of which are parallel

to each direction,

Ui 2 M= |L)P|Fp. (4.3)
leL

Then for every (d+ 1,k + 1) set E,
|E| > |F|n(ﬂ—a)+dﬂ+v_ (4.4)

The X-ray estimates which we will prove in Propositions 4.5 and 4.8 have the value
~v = 1. In this case, by taking L to be the collection of all lines, one may check that the
sharp exponent of M, which we obtain, is a = 23 — 1. With these exponents, we may

rewrite (4.4) in the more pleasing form

|E| > || A8+ 18,

Combining Propositions 4.1, 4.5, and 4.7, we obtain

Theorem 4.2.

fidim(d, k, 4) > max <d - @)k (d—k), d— @)H %) |
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Previously, the best known dimension estimate was d — d;ﬁl, from [9]. The left

hand side of the max is obtained by using Proposition 4.5 for both dimension and
X-ray estimates. The right hand side of the max is superior when d — (k — 1) < 8
and is obtained by instead starting with the dimension estimate from Proposition 4.7.
Further improvement is possible when d — (k — 1) < 6 by using the X-ray estimate from
Proposition 4.8. By using more advanced arithmetic-combinatorial X-ray estimates such
as the finite field analog of the Theorem 3.2, it is likely that % could be replaced in all
dimensions by numbers arbitrarily close to 1 4 v/2 (which is still inferior to the value g
from Proposition 4.8) by taking p sufficiently large. Also, note that we do not use an
analogue of the L? method from Chapter 2, since the corresponding finite field estimates
do not seem to be known at present. Finally, readers interested in field-extensions of Zs

and Zg should replace % with 2.

Proof of Proposition 4.1. Let E C F&*! be a (d+ 1,k + 1) set. Let ey,...,eq11 be the
standard basis for F** and H denote the hyperplane span(es, ..., e4). For each £ € H
let E¢ be the set of points € H so that the line I(x, x + €411 + ) determined by x and
T+ eqy1 + £ is contained in E.

We want to observe that for each &, E¢ is a (d, k) set. Let P be a k-dimensional
subspace of F¢ = H. Then, since F is a (d + 1,k + 1) set, there exists an zq € F™!
so that xy + span(§ + egy1, P) is contained in E. Possibly subtracting a multiple of
(€ + €441), we may assume that zop € H. Then the k-plane zy + P is contained in E.
Since P was arbitrary, we see that E; is a (d, k) set.

From the hypothesized bound (4.2), we thus have

|Eel 2 |F]"
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for every £. Choose each Eg C E¢ so that
|Eel ~ |F|". (4.5)
Define the collection of lines in F4+!
L={l(z,x+es+6&):2€E,&c H.
Since |H| = F?, we have |L| ~ |F|7. By definition of E,

UZCE.

The classes of parallel lines in L are the sets L = {l(z,x + €441 +§) 1 v € E}}, so from

(4.5) we see that no more than ~ |F|" lines in L are parallel. It follows from (4.3) that

Uiz

leL

B
|El > (L= (1Fm )P

’ F|” a)+dB+y

4.2 The bush and Cordoba arguments

We now proceed to the task of proving estimates suitable for use with Proposition 4.1.
In this section, we give two bounds which are, for the most part, weaker than those given
in later sections, but which serve to illustrate the technical simplifications afforded by
the setting of finite-fields.

First, we prove an estimate which would be implied by the analogue of Drury and
Christ’s L2 — LAY(L4Y) X-ray transform bound. We use Bourgain’s bush argument;

this is one of a multitude of proofs of (4.6), also see [29].
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Proposition 4.3. Let F' be a finite field, and let d > 2. For every collection L of lines
in F?

i 2 ILIz|F). (4.6)

leL

Proof. Let £ = J,c, ! and pp = sup,cp [{l € L : v € I}|. We observe two lower bounds

for |E|; the first bound is favorable for small ;1 and the second bound is favorable for
large .

Let I = {(z,l) :x €l,l € L}. Then

E| > = Z|{ZEL rel}| = szwz szwz (4.7)

J:EE mEE leL lEL zel

— 2|L)lF].
1

On the other hand, let ¢ satisfy |{l € L : xy € [}| = u. We form the “bush”

B= |J &

leL:xp€EL

Two distinct lines intersect in at most one point, and thus the lines in B are disjoint

away from zy. This implies that
E| > |B| > u(|F| - 1) 2 ulF|. (4.8)
We finish by taking the geometric mean of (4.7) and (4.8). O

Next, we have an estimate in the spirit of Cordoba’s bound [11]. Our bound implies
that ffdim(d,d — 1,2) = d for d > 2.
Proposition 4.4. Let F be a finite field, and let 1 < k < d. For every collection L of

k-planes in F® such that |L| < |F|

2 |LIIFI"

Sk

leL
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Proof. Let E = J,c, 1, and I = {(z,l) :x € [,l € L}. For each x € E let
plx)=HleL:xzel}.

Then for every [ € L

You@) =) Y xal@ ) =FF Y Y xalal)

z€l z€l el zel VALEL

=P+ >0 alal).

VAIEL €l
For any I # I, we have |I' N 1| < |F|*~!. By hypothesis |L \ {l}| < |F|, and thus

Y > ol l) < |FIFM!

VAIEL z€l
giving

S plw) < 2

z€l

For each [, we thus have [{z € [ : pu(z) > 4}| < @ and hence

foetiu <ay = 2,

Letting I = {(x,l) : x € I,l € L,u(x) < 4}, we thus have |I'| > ]L]@ Thus, as in
(4.7), we have

1
5] > S|

4.3 The % X-ray estimate.

The following proposition would follow from an L7 — L#(L#) mixed-norm esti-

mate for the X-ray transform in F¢.
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Proposition 4.5. Let F' be a finite field with characteristic strictly greater than 3, and
let d > 2. For every collection L of lines in F¢ so that at most M lines in L are parallel
to each direction

> M~7|L|7|F). (4.9)

!

leL

To obtain a restricted weak-type version of the corresponding X-ray transform bound,
one would additionally need to consider unions of collections of A-density subsets of lines,
where A < 1.

By considering the set of all lines, where |L| = |F|[*¢~) and M = |F|?"!, one sees
that the exponent —2 for M is sharp for the given exponents of |L| and |F].

Before proving Proposition 4.5, we state the ubiquitous “combinatorial Cauchy-

Schwarz” inequality.

Lemma 4.6. Suppose A and B are finite sets, and I C A x B. Then

H@wmwmwmmz%.

Proof. We note that

’{(a> b, bI) : (a? b), (a? bl) € [}‘ = Z <ZXI(“7 b)) )

a€A \beB
and

1= 35" vulab).

acA beB

Applying Cauchy-Schwarz,

ZZXI(CL,b) < Z (Z XI(a,b)) |Alz.

a€A beB ac€A \beB
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Alternatively, if one is willing to lose a factor of 4 (which is permissible for every
application we consider), Lemma 4.6 can be proven by observing that for “the average
|

a” there are ;3 points b € B such that (a,b) € 1.

Second Proof. Let I, be the set of “popular” incidences

I, = {(a,b) el:|{(a,t)el:V eB}> %}

By design, |1\ I,| < %' and so |1, > % Letting

Vp = {(avba bl) : (aa b)7 (aa bl) S Ip}7

we clearly have

|11
4l Al

[ / /
< Bl < VI < I{la.0.8) s (0.0), (0.8) € 1)

]

Proof of Proposition 4.5. We follow an argument in [29], but we do not assume that our
collection of lines is direction-separated. Let E denote Ujcrl. Consider the set of double

point line incidences
I'={(z,y,0) s 2,y € ;1 € Lyw # y},
the set of “double pointed angles”
V" ={((x1,51, 1), (22,52, 1)) € 1% : 21 = x5},
and the set of quadrilaterals

Q= {(<<1’1,1> Y11, 51,1)7 (1’1,2> Y1,2, 11,2)) ) ((96‘2,1; Y2.1, 12,1)7 (96‘2,2; Y2,2, 12,2))) ceV":

Y11 = Y2,1,Y1,2 = yz,?}- (4'10)
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Above, we allow for degenerate configurations such as angles v with [; = l3. Due to
“correct parity” this does not seem to affect the argument, however if one desired these
degeneracies could be easily eliminated.

We obtain (4.9) by giving upper and lower bounds for the number of quadrilaterals,

|Q|. Since |F| > 2 and each line contains |F'| points

|I'| =~ |F|?|L)|. (4.11)
By Lemma 4.6,
|V//| > ‘[,‘2 (4 12)
~ Bl '

Finally, another application of Lemma 4.6 gives

’V”|2

>

(4.13)

We now proceed to the upper bound for |Q|. For x # y € F?, let [(x,y) denote the
line determined by z and y. It will be convenient to use the definition, equivalent to

(4.10),
Q= {(xo,xl,:v2,x3) € B a; # wipq, W2y, 2041) € L, fori € {0, 1,2,3}}

where above we adopt the convention that x4 := zy. Our upper bound follows the
heuristic “a quadrilateral is determined, up to a factor of M|F|, by three points.” This

is analogous to the fact that a line is determined by two points. Define the projections

from Q to F¢
To+ T
mo(q) = 02 :,
1+ 219
mlg) = 22,

mo(q) = 2wy — x3.
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Noting that each m; maps into the line [(x;, z;11) and hence into E, we obtain the bounds
(@) < E (4.14)

for : = 0,1, 2. Since

To — T3 — 27T0 —37'('1 ‘|—7T2,

we see that the direction of the line [(xg, z3) is determined by (g, 71, m2). By assumption
there are at most M lines from L in a given direction, and for each such line there are
at most | F'| possible values of x.

However, once xy, [(xg, x3), and 7o, 71, mo are known we can fully reconstruct g. Thus,
there are at most M |F| quadrilaterals in () which share values of 7y, 7y, 2 and so from

(4.14) we obtain the upper bound
Q| < M|F||EJ.
Combining this with (4.11), (4.12), and (4.13), we obtain (4.9). O

From the case M = 1 of Proposition 4.5, we see, as in [29], that ffdim(d, 1,4) > @.

4.4 Wolff’s estimate for (d, 1) sets.

For d < 8, the dimension estimate for Kakeya sets implied by Proposition 4.5 is su-
perceded by Wolff’s estimate. Although Wolff’s original “hairbrush” argument still
applies in the setting of finite fields (see [45]), we instead follow the triangle-counting

argument of Katz from [29].
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Proposition 4.7. Let F' be a finite field, and let L be a collection of direction separated

lines in F? so that |L| 2 |F|. Then

> |L|Z|F]z. (4.15)

U

leL

Proof. Let E denote Ucrl. We consider the set of point line incidences
I'={(z,l):xel;le L},
the set of non-degenerate angles
V ={((z1, 1), (x2,15)) € I* : 1 = 20,11 # Iy},
the set of “single pointed angles”
Vi={(y, (z1,hh), (v2,0)) € EXV 1y € i,y # 71},

and the set of non-degenerate triangles
T ={((y1, (w10, 111), (12, 11.2)) (W2, (22,0, 121), (22,2, 1a2))) € V2
Y1 = Y2, l12 =1la2, 111 # 12,1}.

We obtain (4.15) by giving lower and upper bounds for |T'|. Starting with the lower

bound, we note that since each line contains |F'| points
[} = L]} F].

By Lemma 4.6,

V] > = (4.16)
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where V is the set of possibly degenerate angles. Since the set of degenerate angles,
where [; = [, is in correspondence with I, we see that the lower bound

|11

VIiz
E

(4.17)

would follow if |[V'| > I. We guarantee this condition by assuming that |E| < |I|, which
is without loss of generality since |L| 2 |F.
Since |F| > 2,

VI ZIEIV]

Finally, applying Lemma 4.6 again, we obtain

V'

Tz :
|EIIL]

(4.18)

To guarantee (4.18), we must assume without loss of generality that |E| < |L|z|F|z,
implying % > 1 and thus that the number of triangles is much greater than the
number of degenerate triangles, where 1,1 = l5 ;.

To obtain the upper bound for |T'|, we note that for a fixed angle v the number of
triangles ((y1,v), (y2,v’)) is bounded above by the number of lines l5; in L co-planar
to v. Since there are |F| directions co-planar to each v and each line in L points in a

different direction, we obtain

T < [VI[F]. (4.19)

Combining this upper bound with (4.18) yields (4.15). It is worth noting that the upper
bound (4.19) required nondegeneracy only of the angle collection V' and not the triangle
collection T'. In the next section, we will give a different upper bound which will require

the nondegeneracy of T m

From Proposition 4.7, we see that ffdim(d, 1,2) > dif.



78

4.5 An improved X-ray estimate in dimensions 3-6.

In Proposition 4.7, we only considered the case of a direction separated collection of
lines. Following the proof and allowing for at most M parallel lines, one obtains the
bound

2 M7EILIE P,

U

leL

However, since at most M lines are parallel, we could have applied Proposition 4.7 to
a direction separated subcollection L' C L of lines with |L/| > |£M‘ to obtain the same
result. In fact, after considering the example where L is the collection of all lines, we
conjecture that the sharp exponent of M should be —ﬁ .

In Euclidean space, this sharp estimate was shown to hold by Wolff when d = 3.
Wolft’s argument was generalized to d > 4 by Laba and Tao to obtain an interpolant of
the conjectured sharp estimate. The argument used by Wolff, Laba, and Tao, involves
objects (slabs) of intermediate scale, and thus does not seem to immediately transfer to
the setting of finite fields (except possibly Z,).

By using an “arithmetic” upper bound for triangles, we obtain an improvement to

Proposition 4.5 when d < 6.

Proposition 4.8. Let F' be a finite field with characteristic strictly greater than 2.
Suppose d < 6 and let L be a collection of lines in F¢ so that at most M lines in L are

parallel to each direction. Then

> M~5|L|3|F). (4.20)

!

leL

As in Proposition 4.5, the exponent of M is sharp. In terms of dimension estimates

for Kakeya sets, the bound (4.20) matches Wolff’s estimate when d = 6, and is worse
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when d < 6. The mixed norm estimate corresponding to (4.20) would be an L5~ —

L5 (LMTH) bound, which in Euclidean space is not implied by Laba and Tao’s bound.
Proof of Proposition 4.8. Recall from the proof of Proposition 4.7 the definitions of FE,
I, V, V' T, and the lower bound

V2 |LE|F
EIREE

7| Z (4.21)

To ensure the non-degeneracy of angles;, we made the assumption |E| < |I|, which we
may repeat here (in fact without the additional hypothesis necessary for Proposition

4.7). To ensure the non-degeneracy of triangles, we assumed
|E| < |L|2|F|2. (4.22)
To have (4.20) implied by the negation of (4.22), we need
M7S|LIS|F| S |LJ2| P2

Since |L| < M|F|47!, this is guaranteed when d < 6.

We now mimic the upper bound for quadrilaterals from Proposition 4.5. Rewrite

T = {(1’0,%‘1,372) €EE # Tj, Uwi, wip1) € L U(ws, i) # l(xjaxj+1>

fori#j€{0,1,2}} (4.23)

where above we adopt the convention that x3 := x(. Define the projections from 7" — F

7T0(75) = xo—;xl
and
o) = BT
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Then xy — x9 = 2(mp — 1), and thus the direction of [(xg, x2) is determined by (g, 7).

As in Proposition 4.5, we conclude that
T| < M|F||E”

which, combined with (4.21), yields (4.20).
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