ESTIMATES FOR THE X-RAY TRANSFORM RESTRICTED
TO 2-MANIFOLDS

M. BURAK ERDOGAN AND RICHARD OBERLIN

ABSTRACT. We prove almost sharp mixed-norm estimates for the X-ray
transform restricted to lines whose directions lie on certain well-curved
two dimensional manifolds.

1. INTRODUCTION

The full X-ray transform, also known as the 1-plane transform, Xy, is an

operator from the functions on R? to the functions on Gy, the space of all lines
in R?. It is defined as

X f(1) :/zf’ l € Gq.

It is well-known [2, 20, 14] that the optimal conjectured mixed-norm estimates
for X, imply the Kakeya conjecture, which states that every compact subset
of R? containing a unit line segment in every direction must have Hausdorff
dimension d.

Note that Gg is a 2d —2-dimensional manifold, thus X ¢, is over-determined
for d > 3, and it is of interest to consider its restrictions to lower dimensional
subspaces of G;. We consider subspaces defined by restricting the set of di-
rections to a lower dimensional submanifold of S4~!. One particular example
is the restriction of Xy, to the space of light rays (lines in R? making a 45
degree angle with the plane x4 = 0). In [21], Wolff obtained mixed-norm es-
timates for this operator in all dimensions (almost sharp in R? and R*). Also
see [17] for a simplified proof of Wolff’s result. Almost sharp mixed-norm es-
timates are also known in the cases when the set of directions is given by a
curve, see [9, 10].

In this paper, we consider the X-ray transform restricted to directions lying
on a 2-surface in R%~1:

z2—0(z) =(01(2),...,04-1(2)).
Specifically, let f be a function on R%, z € R?, and y € R?~!. We define

1
0 zZ = zZ S S
(1) (2, y) /Ofm y.8)) d

where

V(z,y,5) =y + s(0(z) + €a).
Here eq,...,eq is an orthonormal basis for R? and we identify R4 with
span(ey,...,e4_1).

The first author is partially supported by NSF grant DMS-0600101.
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Letting B C R? be a fixed ball, we have the Kakeya-order mixed-norm on
the set of lines

s = ([ ([ G or ) o)’

and are interested in estimates

(1) 1T zaczry S 1Fllore)-

Let s; be the “minimum degree” of a collection of j distinct monomials in
two variables: s1,s0 = 1;83,...,85 = 2;86,...,59 = 3;510,.-.,514 = 4;... Let
Sp = Z?’:l s;j. Then, for any smooth 2-surface in R4~!, (1) may only hold if
the following inequalities are satisfied

d—1_d

(2) 1+ 277
T p

2 Sq _

() 2ty b
q r p

(4)

The first necessary condition above follows by applying T to the characteristic
function of a d-ball and taking & to zero. Similarly, the second one follows by
applying 79 to the characteristic function of a parallelepiped with dimensions
1 x 6% x 02 x -+ x §%-1 adapted to the cone of 6 via an order sy_; Taylor
expansion for 6. Finally, the third one can be obtained by applying 77 to the
characteristic function of a disjoint union of ~ §~2 parallelepipeds as above.
Also note that (4) follows from (3) if we restrict ourself to the natural case
p < q as it was observed in [10].

We call a 2-surface “well-curved”, if the corresponding restricted X-ray
transform satisfies (1) for all (p, ¢, 7) in the interior of the region determined
by (2), (3), (4). We expect the following to be examples of well-curved 2-
surfaces in R4~1

u, v, u?, uv, v?, u(u? + v?), v(u? + v?))

© 00 = O Ut |

(
(
(
(u, v, u?, uwv, v2, ud + v3)
(
(

u, v, u?, uv, v?, ud + v3, uv, uv?)
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Note that the inequality (1) for critical exponents (p,q,7) =
(pCI" (d)7 qu(d)7 rcr(d)) SpeCiﬁed below

2(d— 1)
r — {er — 1 —a
Pc qc + Syt
1+ 726{
’]“ =
cr Sd—l —9

implies (1) for all possible values of (p, g, ) permitted by (2), (3), and (4) by
interpolation with trivial estimates. It is important to note that

Der < Ger < Tepe

To study these operators, we use the iterated T*T method from [5], also
see [6, 18, 7, 8, 13, 15] for some related work. In [9] and [10], this method was
extended to the mixed norm setting. Using a variation of the method from
[9], we will prove (1) with (p,q,r) arbitrarily close to (per(d), ger(d), Ter(d))
for some surfaces 6 (including the well-curved example surfaces above) when
d = 4,5,7,8,9. The case d = 4 was already known to hold, as shown by
Wolff [21]. When d = 6, the method in [9] breaks down since the Jacobian is
identically zero; However, by using the inflation argument from [6, 7], we are
still able to obtain the almost sharp LP — L4 estimates.

The main difference between the method here and the method in [9] is the
“localization” argument. In [9], the set of directions is one-dimensional and
the mixed-norm estimates are obtained by reduction to the case where the
directions are localized to and well distributed within a small interval. Higher
dimensional localizations were used, within the context of LP — L9 estimates,
in [7]. There, the localization was performed with respect to parallelepipeds
whose axes had varying direction and varying length. Here, in order to obtain
mixed-norm estimates, it seems to be necessary to fix (according to the surface
0) the directions of the axes (see Section 2). This method also gives sharp
estimates for certain surfaces 6 of dimension greater than 2 which are not
“well-curved”. However, it appears that a general result involving the mixed
norm estimates is currently out of reach due to the complicated nature of the
Jacobians.

In Appendix A, we present an extension of the method in [5] to the multi-
linear setting.

The second author would like to thank D. Oberlin for helpful conversations,
including the suggestion of some of the model surfaces under consideration
here.

2. BILINEAR REDUCTION

Since the operator T is local and translation-invariant in a suitable sense,
and p < ¢ < 7, we can assume that f is supported in B(0,1) C R%. Also,
since we are not considering endpoints, it suffices to establish the restricted
weak-type inequality

1
(5) e Tixel) S 1EP IxFll e o)

where ¢’ and 7’ are dual to the exponents ¢ and 7, and E C B(0,1) C R,
F C BxR%! and B is a fixed ball in R?. Note that (5) is equivalent to (for
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1 <p<oo)
o T lcr) 2 81 S 87 Il
Therefore, in (5), we can assume that for some 0 < 3 < 1, and for each z € F,

(6) B < T*[xr] < 26.

One may calculate that for z € R? and functions g on R? x R?~1

T5)@) = [ o (w.2) dz
where
v (@, 2) = (2, projga-1(x) — (z,€4)0(2)).
Note that T*[g](z) is an averaging of g over the set of lines passing thru z.
2.1. Localization. The following lemma is a variant of certain lemmas found,
for example, in [21], [18], and [9].

For Ry, Ry > 0, y € R?, and linearly independent wy, wy € R?, we consider
the parallelogram

Py ws (Y, R1, R2) = {y + s1w1 + sqwa : (s1,s2) € [~R1, R1] x [—R2, Ra]}.

Lemma 2.1. Let 0 < € < 1, and let B C R? be a fized ball. Then, for every
G C B with |G| > 0, there exist Ry, Ry with |G|'T¢ < Ry, Ry <1 and y € R?
such that

(7) GO Py (y, R, Ro)| 2 |G
and such that for every y' and R} Ry < RiRs

R/ R\ 2
RiR;) |G Py, (Y, B, Ro)-

The implicit constants above may depend on B, €, w1, wo.

Proof. Choose Ry, Re <1 and § so that B C Py, u, (7, R1, R2), and let ¢ =
ﬁ. Then

®) Wﬂmwmh%ﬁﬂ<<

A
GN Pyw (U, Ri,R2)| > | == G|.
60 Povs. T )| = (31522 16

Let Ri, Rs be chosen with R R minimal so that there exists a y with

Rle)E'
GNPy, w(y, R, R)| > | == G|.
60 Porae B0 ) = (22 ) 6
Clearly
1
(9) RiRy 2 |G7=7 = |G|'*e
By the minimality of Ry Ro, and the fact that G C B, we also have Ry, Ry <1
and so Ry, Ry 2 |G|'¢. Again from (9),

1N\ €
GNP Rkl > [ 1C) 1q > e
‘ N w17w2<y7 1, 2)’ ~ E EQ ‘ ’ ~ | ‘ .
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The minimality of Ry, Ry then guarantees that for every ¢’ and R| R, < Ry Ra,
we have

R/R/ €
G N Py, (', R, R << ) G
‘ w1, 2(y 2)‘ R1R2 ’ ’

R R! €
= <RiRz> |G 0 Py (y, R, Ra)

R'R,\ 2
< <RiR§> ’Gmpw17w2(valaR2)"
O

2.2. Decomposition. We now decompose E with respect to the parallelo-
grams obtained from Lemma 2.1. Fix w1, wy depending on d (and in particular
depending on the surface specified for d).

For each x € F, let

Gy ={z:7"(z,2) € F}.
We have G, contained in the fixed ball B and |G| = T*[xr](z) =~ 3. Applying
Lemma 2.1 with G = G, and € > 0 (which will be determined later), we obtain
Ry 2, Ro, and y, satisfying (7) and (8). Note that for each R;
ﬁ1+€ < Rlx <

and so, by absorbing a possible factor of ~ |10g(3)\2, it suffices to show that

~ 1
(10) (T [xrl xe) S BIE 7 Ixpll o 1y

where R; S R; ; < R; on E'.
Cover R? by parallelograms Py, w, (yj, R1, R2) which have measure-zero
overlap. For each j, let

Fj =FnN (Pwhwz (yj, 2R, 2R2) X Rdil)

and
Ej = {x € E Yg € Pw17w2(yj,R1,R2)}.
Then
(11) (T*[xFl, xEr) < Z <B Z( “IXE ] XxE;)

J

where the second mequahty follows from (7) and the fact that
Pw1,w2 (yI,Rl,RQ) C Pwl,wz (yj,2R1,2R2) if Yg € Pwl,wg (yj,Rl,Rg). In Sec-
tions 3 and 4, we prove the estimate

~ 1
(12) <T*[XFJ‘]7XE]'> 552€|Ej|p||XFj”Lq’(LT/)'
It thus follows from Holder’s inequality that

~ 1
1) STl xe) S8 S IEF I e oy
J

gff%(DEﬂ)’l’(ZHXF L

=
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We have p’ > ¢/ and so

1 1
7 7

1) (SIEN (Slnllw)” < (SIE) (Sl )’
J J J

J
1
S |E/|pHXF||Lq’(Lr/)
where the last inequality follows from the finite overlap of the
Py, we (Y5, 2R1,2R2). Combining (11), (13), and (14), we obtain (10).
3. MAIN ESTIMATE

We now prove

- 1
(T*Ixr], xB) < B*|E|? IxPll Lo (1)

for (p,q,r) close to (per(d), ger(d), 7er(d)) (where € > 0 depends on 7¢(d) — 1),
under the assumptions:
I) For some y € R? and B¢ < Ry, Ry <1

(15) F C Py, (y,2R1,2Ry) x RI7L,
IT) For each z € E,
(16) B S T [xrl(2) S 6.

I1I) For each z € E, 3y € R?, and R|R) < Ry R,

17 T* < 1 1y éT*
(17) XFm(Pwl,wQ(y’,R’l,Rg)deﬂ)} () < R R, [xF] (2).

By Section 2, this suffices to prove (1).

Absorbing a possible factor of &~ |log(f)|, we assume without loss of gen-
erality that T*[xr] ~ ' on E where 3¢ < 3’ < 6.

The quantities
(T*[xr], xE)

TR
and
5= (T*[xr]; xE)
|E|

will appear throughout this section. Of course 8 ~ .

3.1. Iterated maps and parameter-space towers. Let n be the integer
satisfying d + 1 < 3n < d + 3. Fix a line (zp,yp) to be specified below, and
define the maps

@1 (t1) = v(20, Yo, t1)
and
7 (t1,21) = v (P1(t1), 21).
For i = 2,...,n define the iterated maps
Di(t1, 21,y tic1,zim1, ti) = Y(Pr_ (b1, 21, o b1, 2im1), t)
and
D (t1, 21, tiy2i) =YV (Pit1, 21, - -y tio1, Zie1, ti), 24)-
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For any Q C (Rl X R2)n and 1 <i<mn, let
Q: = {(tl,zl,.. . ,ti,zi) : (tl,Zl,...,tn,Zn> € Q},
Q; = {<t1,21, L. ,ti_l,zi_l,ti) : (tl,Zl,. .. ,tn,zn) c Q}

Definition 3.1. Let @, > 0, and Q C (Rl X RQ)H. We say that € is an

(@, B) tower if there exists a (29,y0) € F so that the following conditions hold.

(18) Q] > 27%"a.

Forl<i<n

(19) s 1 (w*,s) € Q| > 271"a for every w* € Q4.
For1<i:<n

(20) ®,(w) € E for every w €

(21) |22 (w,2) € Q| > 2713 for every w €
(22) O (w*) € F for every w* € Q.

The following is essentially Lemma 1 of [5].
Lemma 3.2. There exists an («, 3) tower.

3.2. Change of variables. Let Q be an (o/, ) tower where o/ 2 « and
Bz B

Fixt; € Q1. If 3n =d + 3 let

IT= {(Zlat2a227' . 'atnflaznflatn) : (tlvzlv s ,tnvzn) € Q}a
if 3n =d+ 2 let
II = {(zl,tQ,ZQ,. .. ,tn,Zn) : (tl,zl, e ,tn,Zn) € Q},
and if 3n = d + 1 let
II=9Q.

Set ® = ®,,(t1,-) if 3n=d+ 3, & = P} (t1,-) if In =d + 2, and & = P} if
n=d+1.

Then

d:II - F

if 3n =d+ 3 and
o1l — F

if3n=d+2,d+ 1.
From Bezout’s theorem, these mappings are generically finite-to-one. Thus,

(23) B> / J(w) dw

1T
if 3n = d 4+ 3 where J = |det(0®/duy, vy, ..., t,)|, and
(24) 7> / J(w) dw

11

if 3n=d+1,d+ 2 where
J = |det(0®/0u,v1, ..., tn, Up,vp)| if 3n =d+2
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and
J = |det(0D/0t1,u1,v1,. .. tn, Upn,vy)| if 3n =d+ 1.
Above, we write z; = (u;, v;).
In Section 4, we show that {2 may be chosen so that
(25) || 2 a*4p Ry Ry
on €2 where k4 and g are given by
Sa—1
2
Since Q is an (o/, 3') tower with o/ = «, and 3’ 2 (3, we have
| > o™ 1p"=1 if3n =d + 3,
I > an~137, it3n=d+2,
I =2 a™p", it3n=d+1.
It thus follows from (23), (24), (25), and the definitions of o and [ that

kg=2(n—-1), Ilg=

Sd—1 Sd—1
(26) RiRy(xr, Tlxg)) "z "' S|EI"7 |F|%
From (15) and Holder’s inequality, it follows that
Fl N3
(27) (— )" S Ixrllpr ey

(RiRy)' ™7
Thus, combining (26) and (27), we obtain

1
s Tlxel) S B[P IXF | patr oty
This implies that

1
(xr, Tlxel) S BB IxFl o )

where (p,q,r) are given by an arbitrarily small interpolation of (per, Ger, Ter)
with (1,1,1).

4. LOWER BOUNDS FOR THE JACOBIANS

Let Q0 be the (a,3) tower guaranteed by Lemma 3.2. For any fixed
b, .ot
{t: min [t - 4] <} <a.
=150

Thus, by induction, one may find an (o/, 3) tower Q! C Q°, with o/ > «a so
that [t; —tj| 2 « for (t1,21,...,tn,2,) € QA and 1 <i < j < n.

Additional refinements of Q' needed to bound the Jacobian will have to
be tailored to the individual 2-surface in question. However, we will use the
following lemma repeatedly.

Lemma 4.1. Let 0 < C < 1, @ > 0, and let Q be an (a,C[) tower. Let
1 <i<n, and let { Py, w, (Yuw, R}, RS) Yweq, be a family of parallelograms with

R\R), < RiRy(C)<. Then
O ={(w,zi,- s tny2n) € Q2 & Py wy (Y, B, RS)}

is an (@, 3CPB) tower.
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Proof. It suffices to check that for each w € Q,
[t & Pas (o Bl BE) 2 (0,200t ) € 9} 2279025
which follows from
(8) {2 € Py (o RE, BS) (0,21, s 20) € Q) <2720,

To see (28), note that, from (22), we have
{2i € Puy s (Yuos R, RS) = (W, 24y -« oy tny2n) € Q} C {250 7" (®i(w), 2) € F}.
But, from (20), we have ®;(w) € E and so from (17)
RiR,\®
i (P D eEFY S ([ S552 !
27 (@) ) € FH S (22)
Since ' < 3, we thus have (28) from our choice of R} R). O

4.1. The case 3n = d+ 1. One may calculate that for w = (¢1,21,...,tn, 2n)
and z; = (uj, v;)

B(w) = (zn yo+ > ti0(zim1) — H(zi))>.
=1

Thus,
J = |det(0P/0t1,u1,v1,. .., tn, Un, Un)|
= Jt ' Jz
where
n—1
(29) Jo = [J(tix1 —t:)?, and

i=1

(30) J, =|det(0y(21),0u(21), ..., 0u(2n-1),0,(2n-1),
0(z0) —0(21),...,0(zn—1) — 0(zn))|.

Above, we denote 0, = g—z and 6, = %.

On Q!, we have J; > o= Thus, it remains to find an (o/,3') tower
Q c Q with J, > Ry Ryf% on Q and 3’ > 8.

~

4.1.1. d=5. We now work under the assumption that d = 5 and that 6 is of
the form
0(u,v) = (u,v,0(u,v)).
We may then simplify (30) to
J. = | det(0(20) — 0(21) — (uo — u1)fu(z1) — (vo — v1)0y(21),
0(22) — 0(21) — (u2 — u1)fu(z1) — (v2 — v1)By(21))].
Assuming that the entries in § are polynomials of degree 2 or less, this sim-

plifies to

J, =

—op —929 —op —929
usl U560 — us0 50
det ( ()2uu + 02'01; + Uy, 22uu + 221;1;

+ u2v29w> ‘
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where
Zo) =21 — 20, B2 = 29 — 21.

After some algebra, we obtain
_ 0 1 u9
(%) (2]

(31) Jz =

where

1 1 1
A= det(Buu, Bun), B = 5 detBuu, o) C = 5 det(Bu, Bun):

We need the following lemma to further refine the parameter space tower.

Lemma 4.2. Let A, B,C € R satisfy B> —4AC # 0, let wy, wo be chosen, as
specified below, according to A, B,C, let 0 <1 < j <n and let Q be an o/,
tower with ' = . Then, there is an (a/, ") tower Q' C Q with 8" 2 ' so
that

Qij| 2 RiRo

on QU where
Qiﬂ'(th ey Zn) = A(uj — ui)Q + B(Uj — ui)(vj — Ui) + C(Uj — 1),‘)2.

Proof. Let z = zj — z;. Assume first that B*> — 4AC > 0.
If A # 0, we have

Qi; = A(u — Div)(u— D_v)

where
—B++VB?2 - 4AC —B —+/B?2 - 4AC
Dy = o1 ,and D_ = o1 .

Then taking w; = (D4,1) and we = (D_,1) we may apply Lemma 4.1 twice
to find Q" with |u — Dyv| 2 Re and |u — D_v| = Ry on V.
If A=0, we have B # 0 and

Qi,j = U(BU + CU)
Then taking wy = (1,0),ws = (—C, B), we may apply Lemma 4.1 twice to
find Q" with |v| = Ry and |Bu + Cv| 2 Ry on .
If B2 —4AC <0
Qi sl = l0]?

u

2 B? —4AC
A(E) 5B o]z | |
v v

4A

Similarly |Q; ;| 2 |u|?, and thus |Q; ;| = |2|. Then taking any w1, ws we may
apply Lemma 4.1 twice to find €’ with |z| > max(R1, R2)? on . O

We now assume the non-degeneracy condition (which is equivalent to the
condition from [4], as was pointed out to the second author by D. Oberlin)
B? —4AC # 0. From Lemma 4.2, we may find an (o/, ") tower Q% C Q! with
B Z (3 so that

Q(Zo) 2 R1Ry

)

for (20,21) € Q% where

Q(Zo) =

(U, Vo) <

ol
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Choose i # j € {1,2} so that R; > R;. Refining further, find Q3 C Q2 so that
|Zo| = |Z2| = R; on Q3.

Let 5
_ 0 -1 A 2 UuQ
— 2
()8 e )(w)
Then, since |Zo| ~ |z1| ~ R; and
|det(§0,21)\ = Q(fo) 2 R1Rs,
we have |sin(p)| 2 > . where p is the angle between Zy and z;.

Let pg2 be the angle between Z; and Zy and let p;2 be the angle between
Z9 and Z1. Then

J. = |70l [z1][22]| sin(po2) || sin(p12))|
~ Ri|sin(po2)||sin(p12)].
For each Zg, choose Dz, so that min(| sin(p02)| |sin(p12)|) < Dz, for exactly
half of the Z3. Note that D3, If D5, 2 > then, for the other half of the

Z9, we have

ZONR2
2

R
| sin(po2)|| sin(p12)| 2 R2

and so J, 2 (RlRQ) > R1Ry(8 for half of the Zo.
Since |sin(p)| = > , we have |sm(p12)| =L if | sm(pgz)\ << * and we have

| sin(poz)| = —j if |sm(p12)| << . Thus, if Dz0 < R , We have

R; R;
sin(pon)sintpue)| 2 2D 2 3 g
and thus
Jz Z ﬂRlRQ

for half of the Z».
In either case, we may find an (o/, 3") tower Q* C Q3 with 8” > /3 so that
J. > BR1Ry on Q4.
4.1.2. d=8. In this case, we assume that 6 is of the form
O(u,v) = (u, v, u?, uv, v, u(u® + v?), v(u* + v?)).
We simplify’ the Jacobian (30) to
J, = ‘ det(fg,zg) det(El,Zg)\Egﬂ
x | det(Z3, 21 +22) |22+ Z3|* + det(Z2, Z3) |21 + Z2 + 23>+ det (21, 22+ 73) 257,
where Z; := z;_1 — zj for j = 1,2, 3. Let p;; be the clockwise angle Z; to Z;.
After some algebra, we can rewrite
J. = 7122 |23 [| sin(p23) sin(p12),
|Z1 4+ 22 + Z3|* — |72 + Z3*
Z1]

|22 + 23] — |z3]?
|2

X | sin(p12)|Z3|+sin(p2s) +sin(p31)

LWe used Maple to simplify the Jacobians
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Using that for any 7, 5, k, pij+pjr = pik, (Zi, 2j) = |2il|2;| cos(pij), and trigono-
metric identities we write
J. = 71122/ |73 [°| sin(p2s) sin(pra) ||[21] sin(p2s) +[Z2| sin(pas+p21)+|Zs] sin(pa1)|.

To obtain the required lower bound for J,, it suffices to use a localiza-
tion to squares. Namely, in Lemma 2.1 and Lemma 4.1, we let wy, ws be the
coordinate axis directions and require that Ry = Ry = R. Note that using
Lemma 4.1 as in Lemma 4.2, we can guarantee that we have an (o/, 3’) tower
02 c Q! with 4 > 3 so that

[zl 2 R, and |sin(py)| 2 5/R*
on Q2. This implies that
J: 2 R°B?| |21 sin(p23) + |Z2| sin(pas + pa1) + 23| sin(pa1) |-

To estimate the remaining term we have to refine Q2 once more. Note that
for each fixed Z1,Z2 and a fixed argument for z3, we have

|[Z1] sin(p23) + |22 sin(pas + pa1) + [Z3] sin(p21)| 2 (B/R)|sin(p2)| 2 5°/R®

for each value of |Z3] except for |Z3| in an interval of length < (3/R). Therefore
by removing a set of measure < (3 for Z3, we can find an (o, 3”) tower Q C Q?
with 8” = 8 on which

J. Z R*3' = RiRyf3".

4.2. The case 3n = d + 2. One may calculate that for w = (21,...,tn, 2)
and z; = (uj, v;)

(w) = (20 w0+ iti(a(zi_1> —0(24)))

i=1
Thus,
J = |det(0P/0uy, v1, ... ty, Up, )| = Jp - J,
where
n—1
Jo = [[(tis1 — )%, and
i=1

(32) J, = |det(0u(z1),00(21),...,0u(2n-1),00(2n-1),
0(z1) — 0(2z2),...,0(zn-1) — 0(zn))|.
On Q', we have J; > o2V Thus, it remains to find an (o/, ') tower

Q c Q' with J, > Ry Ry on II and 3’ > 3.

4.2.1. d=7. In this case, we assume that 6 is of the form
0(u,v) = (u,v,u?, uv,v?, P(u,v)),
where P(u,v) = au® + bu?v + cuv? + dv®. We simplify the Jacobian (32) to
SN R
J, = ‘det(zlaz2)‘ |P(21)|7

where Z; := zj11 — zj. At this point we assume that |P(z1)| > |L(z1)||z1]%,
where L(Z1) = (Z1, (a, b)) for some vector (a,b). For example, with 6(u,v) =
(u, v, u?, uv, v?, u3 + v®) we may take (a,b) = (1,1).



ESTIMATES FOR THE X-RAY TRANSFORM 13

We apply Lemma 3.2 and Lemma 4.1 with w; = (a,b) and wy L w;, and
refine further as in the previous cases to obtain a (o', 3") tower € such that

B > 3, and
Z1] 2 max(R1, Ra),
|det(z1,%2)] 2 5,
|L(Z1)| 2 min(Ry, Ra).
This implies that
J. 2 3?R1Rymax(Ry, Ry) > 3°/*R1Ro.

4.3. The case 3n = d + 3. One may calculate that for w =
(z1,t2, ..., 2n—1,tn) and z; = (u;, v;)

n—1
(w) =yo+ > _ti(0(zi-1) — 0(z:)) + tn(0(2n-1) + €q)-
=1

Thus,
J = \det(@@/@ul,vl, - ,un_l,vn_l,tn)| =J;-J,

where
n—1

Jp = H(tiJrl — ;)% and
=1

(33) Jz = |det(9u(21), 91,(2’1), PN 79u(zn_1), HU(zn_l),
0(z1) — 0(z2),...,0(zn—2) —0(2n-1))|.

On Q!, we have J; > o=, Thus, it remains to find an (o/,3") tower
Q c Q' with J. > Ry Ry on II and 3’ > 8.

4.3.1. d=9. In this case, we assume that 6 is of the form

2 2

O(u,v) = (u,v,u? ww, v, ud + 03, u?v, uv?),

We simplify the Jacobian (33) to
J. = | det(z1, )| [usmon: + v3vm1),

where Z1 := 20 — 21, Zo 1= 23 — 21, and Z3 := 23 — z2. We apply Lemma 3.2
and Lemma 4.1 with w; = (0,1) and wg = (1,—1), and refine further as in
previous cases to obtain a (o/, ') tower Q2 such that 8’ > 3, and

(34) |Zj| ~ max(Ry, Ra),
(35) ;| ~ R,

(36) |1 +71/u1| > c1R1/Ra,

(37) |p12| 2 8/ max(Ry, Ry)?,

where p;; € [-7/2,7/2] is the angle between Z; and Z;.
Case 1: Ry > Rj. By (34) and (35), we have [v;| > 2[5;|, which implies that

[Ustiaty + T30201| 2 [U3T271| = R}.
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Also, by (34) and (37), we have |det(Z1, z2)| 2 . Therefore,
J. 2 B'R} 2 B R Ry.

Case 2: Ry > Ry, and 3/R3 < |p12| < c2aR1/Rs. Here ¢y < ¢ is a fixed small
constant.

Note that since |z;| ~ Ry for each j, |p12| < caR1/Ra, and Za = Z1 + Z3, by
choosing ¢y sufficiently small, we have |p13] < c3R1/Ra, where ¢3 < c;.

We have two subcases 1+ 71/u; < —c1R1/Re and 1 4+ v1 /w1 > ¢1R1/Ro.
In the former case, since |p13|, |p12| < ¢1R1/R2, we have

Ej/ﬂj < -1-— C4R1/R2,

for each j. Therefore,
(38)  J()Z AR+ 2 = ptRY(- L2 )
> B'RY((1 + caRi/Ro)® — 1) 2 B*R3R1/R2 2 37 Ri R,

In the latter case, we can additionally assume that v;/%; < 1/4 (Otherwise
vj/u; 2 1 for each j by the arguments above. This case can be handled as in
case 1). As above, we now have (if co is sufficiently small)

1/2>7;/u; > =1+ caRi/Rs
for each j. As in (38), we have

DD gy - | D25

J(2) 2 BRI+

U1 U2 U3 Ui U2 U3
> BRI(1— \%\) > B*R3R1 /Ry > °/*Ry Ro.
1

Case 3: R2 2 Ry, and |p12| 2 Ri/R2. First note that
(39) ’ det(?l,ég)’ Z R%R]_/RQ = RiRs.

Now we estimate the remaining term in J(z). With the previous notation
Z1:= 29— 21, 29 := 23 — 21, and Z3 := z3 — 29, we have

[ustoty + U3U201| = |ug — ulHu% — ug(ug + uy) + g(z1, 22, v3)|
~ Ro|uj — us(uz + uy) + g(21, 22, v3)| =: Re|J(2)|.
By refining Q2 once again, we have
(40) |2us — (ug 4+ u1)| 2 Ro.
Note that .J is a quadratic polynomial in ug satisfying (by (40))
| Jus| 2 Ro.

Therefore, for each fixed z1, 29, and v3, by removing an interval of length
~ /Ry for ug, we have

|J| 2 RoBB/Ry = .

Combining the above estimates, we obtain

J(2) 2 (R1R2)*Raf = 3°? Ry R,.
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4.3.2. d=6. In this case the Jacobian turn out to be identically zero. To obtain
LP — L9 estimates we utilize the inflation argument from [6, 7]. We only give
a sketch of the argument. First, we replace the parameter space tower II (after
the change of variables) with the following “parameter space tree”:

IT = {(z1, t12, 212, t13, 213, t22, 222, t23, 293) :

(t1, 21, t12, 212, t13, 213), (L1, 21, t22, 222, to3, 223) € Q}
which is a subset of R of measure > a*3°. We also define the inflated map
@:1I— FxFcR"as

o(z1,t12, - .., 223) = (P3(t1, 21, t12, 212, L13, 213), P3(t1, 21, taz, 222, t23, 223)).

For the definition of @3, see Section 3.1. As before we need to find a lower
bound for the Jacobian of ¢ which is valid on a subset of II of comparable
measure. One can write the Jacobian J as J; - J, where

Jy = (t12 — t1)(ta2 — t1)(t13 — t12)2(t23 - t22)2,

J, = det(z1 — 229,21 — z12) det(z1 — 212, 213 — 212)? det(21 — 229, 223 — 202)%.

We can obtain the following lower bounds for J; and .J, on a subset of 7 of
measure > o3 by considerations as above:

|Jt’ 2 O‘6’

PAPC
This implies that

|F| = V/IF % F] 2 v/alFab = o4,
Using the definition of « and /3, we obtain all LP — L4 estimates for (1/p,1/q)

in the interior of the convex hull of the points (1/2,2/5),(0,1),(1,0),(1,1),
which is essentially optimal.

Appendices

A. MULTI-LINEAR ESTIMATES

In this appendix, we present an extension of the method in [5] to the multi-
linear setting. We only discuss various model cases.

A.1l. Restricted directions. Let 6 be the moment curve 6(u) =
(u,u?,... ,udil). Suppose I; and Iz are disjoint compact intervals, and g;
is a function on I; X RI-1 5 =1,2.

We can consider the (adjoint) bilinear X-ray estimate

1T g1l T"(galll_y < llgnllpollgall e

From the J-ball counterexample, we have the usual necessary condition

d—1 d
q S7/

(41)
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Given a set of points F C B(0,1) C R? and sets of lines F}; C I; x R~ and
Fy C I, x R consider the quantity

(R P Bl = [ T )@ T ) @0)xe(o) do.
Our aim is to obtain restricted weak type inequalities,
(F1, Fa, E)r S| B|'2V R [V Fyf V1

After pigeonholing and losing a log?, we can assume that T*[xp,] ~ §; on E
and T*[xpm,] & (2 on E (this slightly changes (p/,q’) that we obtain at the
end). Define

(P, P, E)p _ Jpaxm (2)T(xE)(2) d.

TR T A
and
o 1= <F17F27E>T ~ fRd XFQ(‘T)T(XE)<1.) dr.
ﬁl’FQ‘ ‘FQ’
Note that (P, Fy, By
BBz ~ ) ,

and, on average, T'x g =~ o on F;. We restrict ourself to the case when d = 2D
is even. Define

¢1(u1) = (w1, zo — tof(u1)),
(Z)Q(ul,tl) =x0 — t00(u1) + t1(9(ul) + ed),

D-1
¢a-1(u1,ty, .. tp1,up) = (up,zo — tof(ur) + Y t;[0(u;) — O(uj41)]),
=1
D-1
Ga(ut,t1,. .., up,tp) =z — tof(ur) + Y £;[0(u;) — O(uwj41)] + tp(8(up) + ea).
=1

We can set up a parameter space tower € with |Q] =
(Bron )P~ LP/2)(Byan)LP/2) 50 that

¢; — Fi, if j =1 (mod 4),
¢j - FQ, lf] =3 (mod 4),
¢; — E, if j is even.

Then the Jacobian of ¢4, [9], is

D
T =ca[Jlti—tial TT s — sl

j=1 1<j<k<D
Let p(j) := 1 if j is odd, and p(j) := 2 if j is even. By the transversality
luj—ug| 2 1if p(j) # p(k). By refining 2, we can assume that |u; —ug| 2 By
if p(j) = p(k), and |t; — tj—1| 2 ayp(z). Thus
D—|D/2| |D/2
|B] 2 10 oy "7 agPr 11 Bow-
1<j<k<D, p(j)=p(k)
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We can symmetrize this by switching the roles of a1, 81 and a2, 2 and obtain

‘E| Z (alaQ)D(ﬂlﬂﬂD/z H (51[32)2.

1<j<k<D, p(j)=p(k)
This gives us
1E| 2 (a102)P(6182)PP~Y/2if D is even,
] 2 (a102)P(8182) P ~PHD/2 | if D is odd.

Plugging in the notation, we have
D2—3D+2 2
<F1,F2,E>T§ ’E‘ D2+D (|F1|F2|)D+1, if D is even,

D2_3D+3 2D
<F1,F2,E>T S ’E‘ D24D+1 (|F1|F2|)D2+D+1, if D is odd.

‘e ! _ D+1 D+1 D24+D+41 1 _
This corresponds to p’ = T—l, q = foreven D, and p/ = === ,¢' =

D4D+1 for odd D.

A.2. Unrestricted directions. For z € R%"! we have the unrestricted X-
ray transform 7 = T? where 6(z) = z. Perhaps the estimates of most interest
are the d-linear estimates

d
H H T* gj % H |gj||Lq"

where, say, each g; is supported on B(¢;, W)’ and where §; = ¢; for j =
1,...,d—1and & = 0, see [1]. We give a sketch of the method when d = 3
for the weaker inequality

)p '/d

d
(42) \{x:T*[XFj]z,aj,j:L...,d}\g(H
which follows from
d d
B E e § (TR
j=1 j=1

where B = {x : T*[xp,] = 35,5 = 1,...,d}.
Consider the inflated map
(21,11, 21,1, t2,1, 22,1)
= ((z1,1, 20 + (t1,1 — to)z1 —t1121,1)s (22,1, o + (2,1 — to)21 — t2,122,1))
which has Jacobian
|| = [(t1,1 — to)(t21 —to) det(z1,1 — 21, 221 — 21)|-

We can construct a “Parameter space tree” Q = {(21,t1,1,21,1,t2,1,221)}
of meafure a3B1P205 so that 21 € B({l,lé—o), 211 € B(f’g,l—(l)o), and z3 €
B(S?,, 1700), and

gf)(Q) C Fy x F3.
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Above,

ST xr )T XR)T [XR)xE
(23| F1
By our “trilinear” hypotheses on 21,z 1, and 223, we have |det(z1; —
21,221 — 21)| 2 1 on 2. Thus

|Fo||F5] 2 B1320304.

Combined with the permuted estimates, we have

(|1F1|| B2 || F3))? 2 (B16235)° (a1 anas)™.

This gives (42) for d = 3 with p = %, q = 7. These exponents are weaker than
those implied by [19], but nonetheless illustrate that the method of [9] may
yield estimates with unrestricted directions beyond those of [12] and [3].

o] = , etc..

A.3. The Loomis-Whitney inequality. For j = 1,...,d, let 7; : R? —
R%1 be the map wj(z1,...,2q) = (T1,...,Tj—1,Tj41,...T4). The Loomis-
Whitney inequality [16] states that

d d
/ T 7(m5(@)) do < T If5ll s
R4 55 j=1

for functions fi, ..., fg on R4~1,

Below, we give (except for a constant factor) a “multilinear T*T” proof for
the case f; = xg;-

Suppose F1, ..., Eq C R¥! with each |FE;| < co and let

Erv.o B = | e, m(a) do

Define
(E1,y...,Ey)

“ = Bl

and given y € R%! and a function g on R? let

T'g)(y) :/Rg(y‘FtEi) dt.

so that

[ st o= [ gir [ TLam0)] ) do
RE ™ Rd—1 o
J JF
Fori=1,...,dlet
i “i
Ei= {y €L :T [HXE;(WJ-(.)) HXEj(Wj('))} > g}
J<i j>1
and, by induction on ¢, note that
(E1,...,Eq)

< i?"'aE'L{ﬂEi+1a"'7Ed>Z 91
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We may then find a parameter space tower Q = {tg,...,t;} C R? and
d(d+1)

y € El; so that [Q > 272 H;‘l:1 a; and so that

d
ﬂ'i(y + thej) e kE;
j=1

for every i and (t1,...,tq) € Q.
Thus

d
_d(d+1)
(Br,....E) =27 2 []o,
j=1
or in other words

d

(d+1) 1

<E1,...,Ed> < 27dd2+1 H ’Ej‘dil_
Jj=1
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