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Spherical cap discrepancy

For 2 € §, t € [~1,1] define spherical caps:
Ola,t) ={y €8": (z,y) > t}.

For a finite set Z = {21, 22, ..., 25 } C S? define

Dcap(Z) = sup M

—o(C(z,1))].
z€Se te[—1,1] N U( (:v ))

Theorem (Beck, '84)

There exists constants cq, Cyq > 0 such that

cgN~37 3 < o Deay(Z) < CyN~272a,/log N.
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Spherical caps: L? discrepancy

Define the spherical cap L? discrepancy

ca;za,L2 /Sd /

Theorem (Beck, '84)

N

2
#(Zn C #(ZnC,1) o(C(x,1))| dtdo(x)

There exists constants cq, Cq > 0 such that

1

_1_ 1 . _1_ 1
cgN~" 272 S#lzn:fNDcap,LQ(Z)SCdN 2 =
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Discrepancy and energy: Stolarsky Principle

Theorem (Stolarsky invariance principle)

For any finite set Z = {21, ...,zn} C S¢

N
1 2
N2 Z l2zi—25l + Cd[DLz,mp(Z)} = const
i,j=1
— / / e — yll do(e)do ().

S¢ sd
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Discrepancy and energy: Stolarsky Principle

Theorem (Stolarsky invariance principle)

For any finite set Z = {z1,...,zn} C S¢

2
Cd [DLZ,cap(Z):| =
1 N
= lz = ylldo(2)do(y) — =3 > Nz =zl
S §d W=l
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Discrepancy and energy: Stolarsky Principle

Theorem (Stolarsky invariance principle)

For any finite set Z = {z1,...,zn} C S¢

2
Cd [DLZ,cap(Z):| =
1 N
= lz = ylldo(2)do(y) — =3 > Nz =zl
S §d W=l

m Stolarsky ’73, Brauchart, Dick '12, DB, Dai, Matzke ’18
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Discrepancy and energy: Stolarsky Principle

Theorem (Stolarsky invariance principle)

For any finite set Z = {z1,...,zn} C S¢

2
Cd [DLZ,cap(Z):| =
1 N
= lz = ylldo(2)do(y) — =3 > Nz =zl
S §d W=l

m Stolarsky ’73, Brauchart, Dick '12, DB, Dai, Matzke ’18

lw 1
mCy=c;' = /]p z|do(z) le\/m.
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Discrepancy and energy: Stolarsky Principle

Theorem (Stolarsky invariance principle)
ZN} C S

For any finite set Z = {z1, ...,

ca[Discap(2)] =

1,j=1

1 N
— [ [z - sl do@yot) — 55 3 llsi= 5.

S sd

| Stolarsky ’73 Brauchart, Dick '12, DB, Dai, Matzke

1wd1 1
mCy=c;' = ]p z|do(z) N\/ﬂ’

m Easy corollames.
®m iid. random points: ED?, eapZ) S N1
m jittered sampling: ED?, caplZ) S N-1-%

Stolarsky principle
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Discrete energy

Let Z = {z1,...,2x} C S? and let F: [-1,1] — R.
Discrete energy:

N
1
Ep(Z) = N2 > F(zi- )
ij=1

= Fz-y) =~z -yl
sum of distances (Fejes-Téth Problem): on S? minimizers
known for N =2,3,4,5,6 and N = 12.
Questions:
m What are the minimizing configurations?
m Almost minimizers?

m Lower bounds?
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Energy integral

Let u be a Borel probability measure on S¢.

Energy integral
Z//F(x-y) dp(z)dp(y).

Sd sd

ie. Ep(Z _IF( 254)

Questions:
m What are the minimizers?
m Is o0 a minimizer?

m [s it unique?
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Other versions, extensions, generaliza

( L? discrepancy )2 = distance integral — sum of distances,

( L? discrepancy )2 = discrete energy — energy integral.

( L? discrepancy of u )2 = energy of u — optimal energy
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Original generalized version (Stolarsky)

For z, y € S? define the distance p(z,y) as

max{z-z,y-z}

pa)= [ [ otdrds).

S¢ min{z-z,y-z}

Then for any set Z = {21, ..., 2x} C S? we have

N
1
N2 2 i)+ 208 () = [ [ olv) doe) doo)
,j=1 sd sd
where Dp2 .o (Z) is the g-weighted L? spherical cap

discrepancy of Z:

2
do(z)dt.

D%Q,cap g / ‘N Z ]-C’ (z,t) zl)—U(C(p, t))
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Original generalized version (Stolarsky)

mg(t) =1
the standard spherical cap L?-discrepancy, i.e.

DLQ,cap, 1= DL2,Capa
p(z,y) = 2C4||z — y|| is a multiple of the Euclidean
distance.

m The metric
D) = [ |ie.2) = d(p,2)ldo ),

where d(-,-) is the geodesic distance, also has this form
with g(t) = (1 — t2)~1/2,
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Further generalization: Brauchart

Case n = 2:
Let

max{z-z,y-2} max{z-z,y-2}

p(z,y) = / / / ot ¥) dt dt’ do(z).

S min{x-z,y-2} min{z-z,y-z}

Then
11
]\;Zp(zi,zj)%—Z//g(t, tYD(Z;t, t')dtdt' = //p(x,y)dado,
0] —1-1 §d sd
where

D(Z;t,t') = /D(Z,C(z,t))D(Z, C(z,t"))do(2).

Sd

Dmitriy Bilyk Stolarsky principle



Application: even powers of Euclidean distances

Taking g(u) = m(2m — 1)u?m=1)

11

1

WZH%—%HM + cd,m//g (|t —=¥'|)D(Z;t,t") dt dt’
bJ 215

://Hx_ynz’”do(w)dv(y)

S< s
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Euclidean distance energy integrals

Let u be a Borel probability measure on the sphere S¢. For
A > 0 define the energy integral

= [ [ e = yPdua)anty
Sd sd
Maximizers (Bjorck ’56):
m 0 < A < 2: unique maximizer is surface measure,
m )\ = 2: any measure with center of mass at 0,

m )\ > 2: mass % at two opposite poles.

Dmitriy Bilyk Stolarsky principle



“Higher smoothness” (Brauchart and Dick, 2013)

1
ﬂ(x,y)z//(az-z—t)i—l y-z—1)7" do(z)dt

—1 Sd
Notice Ki(z,y) =1 — Cyl|lz — ||

1 N )
D2, ,(2) = / / ’%Z(zj-z 181 / (z-2—t)f"\do ()| dedt
—1sd Jj=1 Sd
1
— 3z L Kalez) = [ [ Kolwu)do@oy).
i, Sd sd
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Application: odd powers of Euclidean distances

Notice Ki(z,y) =1 — Cyl|lz — y|
m If 3 = M is a positive integer

Ky(z,y) = Qu-1(z,y) + (—D)Meqmllz —y|*M 1,

where (Qas_1 is a polynomial of degree M — 1.
For any Z = {z,...,2y} C $¢

-1/
DL27ﬁ(Z) > Cﬁ7dN_%_6 dl 2.

For any spherical ¢-design Z:

B—1/2

_1_
2 d

Di25(Z) < Cga(t?)
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L' invariance principle (Skriganov)

Let M be a distance-invariant metric space of diameter 7 with
a fixed probability measure pu.
Consider the “symmetric difference” metric

A xr = TFAa; r)ar
0= (n,z,y) /OGT( ;y)n(r)dr,

where 05 (e.y) % u( BT@)ABA@/))

Once can also write
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L' invariance principle (Skriganov)

L?-discrepancy of an N-point set Z C M:

T

D2)= [ [ (5 #20Bu2) ~ n(B o) du(a) w0 dr

0 M

L, invariance principle

— ¥ QA(T,,;I;’y)://QA n, @, y)dp(z)dp(y)

T,Y,€Z
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L? invariance principle (Skriganov)

Let @) be a connected compact two-point homogeneous space,
i.e. S¢, RP™, CP", HP", or OP?, with geodesic distance 6,
normalized so that diam(Q) = 7. Define the chordal distance:

7(z,y) = sin b, y)
2
For Q =S4, 7(z,y) = %H:E — 9. For Q = FP",

() = jiunm ()| s
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L? invariance principle (Skriganov)

m Let nf(r) = sinr. Then

m(z,y) = 7(Q)0% (0", z,y).

m Therefore, for any N-point set Z C Q:

HQ DD + 55 Y () // (@, 9)du(z)du(y)

z,y, EZ

= If Q =S, then D,:(Z) = Dy2 qp(2).
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Positive definite functions on the sphere

Lemma

For a function F € C[—1,1] the following are equivalent:

i F is positive definite on SC.

ii Gegenbauer coefficients of F' are non-negative, i.e.
F(n,(d—1)/2) >0 for all n > 0.

iii For any signed measure p € B the energy integral is
non-negative: Ir(p) > 0.

iv There exists a function f € L? [—1, 1] such that

W(d-1)/2

Fo-y) = [ fle-2)f(z-y)do(z), ayes”

v Ip(p) > Ip(o) > 0 for any Borel probability measure p.
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Generalized Stolarsky principle

Define the L? discrepancy of a Borel probability measure u
w.r.t. the function f: [-1,1] — R as

/‘/fxydu /fxyda

In particular, if p = & Y 6.,

da(x).

N

Dhf(2) = [ (;fo 2= [ e iow) dote)
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Generalized Stolarsky principle

Define the L? discrepancy of a Borel probability measure u
w.r.t. the function f: [-1,1] — R as

D375 (1) =/‘/f(:v-y)d(u—a)(y) 2 do(z).
sd sd
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Generalized Stolarsky principle

Define the L? discrepancy of a Borel probability measure u
w.r.t. the function f: [-1,1] — R as

D3 ) = [ \ JEC LRIt ol

Sd s

Theorem (DB, R. Matzke, F. Dai, ’18)

Generalized Stolarsky principle:
Let F be positive definite and f as in (iv), then

Ir(p) = Ir(o) = Dz 4(1).
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Generalized Stolarsky principle

Define the L? discrepancy of a Borel probability measure u
w.r.t. the function f: [-1,1] — R as

D3 ) = [ \ JEC LRIt ol

Sd s

Theorem (DB, R. Matzke, F. Dai, ’18)

Generalized Stolarsky principle:
Let F be positive definite and f as in (iv), then

Ir(p) = Ir(o) = Dz 4(1).
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Discrepancy /energy bounds

Theorem (DB, F. Dai, ’19)

Assume that F' is positive definite and f as in (iv).
N
1
Let Z = {z1,....,2n} C S and p = N ;52«1

m Upper bound:

1
: 2
1Zn_fN D72 (1) S N nax (F(1) — F(cos®)).

— 1
# 0<<N~ 4
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Discrepancy /energy bounds

Theorem (DB, F. Dai, ’19)

Assume that F' is positive definite and f as in (iv).
N
1
Let Z = {z1,....,2n} C S and p = N ;52«1

m Upper bound:

1
inf D? < _— max (F(1)— F(cos®)).
m Lower bound:

~

. 2 > .
0f Dz () 2 ey F(k, ).
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Stolarsky principle on metric spaces

m () compact metric space

B K: QxQ — R continuous, symmetric, and positive

n
definite, i.e. Z K (x4, 25)cic; > 0.
ij=1

m Define Tk f(z) = /K(x,y)f(y)du(y)
Q

m Txoi = N, \i > 0.

Theorem (Mercer)

K(z,y) =Y Xidi(x)di(y),
i=1

where the sum above converges absolutely and uniformly.
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Stolarsky principle on metric spaces

Theorem (DB, O. Vlasiuk, ‘197)

Let K : Q x Q — R continuous, symmetric, and positive
definite. Let [i be the equilibrium measure of Ix and

supp p C supp fi. o
Then there exists f: Q x  — R such that

I (p) — Ik (i) = D%Q,f,,a(ﬂ)»
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Stolarsky principle on metric spaces

Theorem (DB, O. Vlasiuk, ‘197)

Let K : Q x Q — R continuous, symmetric, and positive
definite. Let [i be the equilibrium measure of Ix and

supp p C supp fi. o
Then there exists f: Q x  — R such that

I (p) — Ik (i) = D%Q,f,,a(ﬂ)»

F@y) = VAidil2)di(y)-
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Stolarsky principle for hemispheres

Theorem (DB, Dai, Matzke ’18; Skriganov ’18)

DiQ,hem 27T // x,y)do(x)do(y Z d( zz,z]

s §d wi=l
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Stolarsky principle for hemispheres

Theorem (DB, Dai, Matzke ’18; Skriganov ’18)

1 N
-5z 2 Az )
ij=1

>
N
g
B
&
|
o
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Stolarsky principle for hemispheres

Theorem (DB, Dai, Matzke ’18; Skriganov ’18)

Corollary (DB, Dai, Matzke '18)

For any Z = {z1,...,2x} C S%

1 Y s
N2 Z d(zi, 25) < 5

1,j=1

Dmitriy Bilyk Stolarsky principle



Stolarsky principle for hemispheres

Theorem (DB, Dai, Matzke ’18; Skriganov ’18)

Corollary (DB, Dai, Matzke '18)

For any Z = {z1,...,2x} C S%

1 Y s
N2 Z d(zi, 25) < 5

1,j=1

For even N:

N
1
e Z d(zi,25) = g <= Z - symmetric.
ij=1
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Simple corollaries: a conjecture of Fejes T'éth

Corollary (DB, Dai, Matzke ’18)

For odd N :
1 al 7 s
2 denm) S 5 - o
ij=1
Mazimum is achieved if and only if Z = Z1 U Zs, where
m 7y is symmetric,

m 7 lies on a two-dimensional hyperplane (a great circle)
and is a maximizer for S'.
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Simple corollaries: a conjecture of Fejes T'éth

Corollary (DB, Dai, Matzke ’18)

For odd N :

N
1 s i
w2 2 deny) < 5 - o
3,j=1

Mazimum is achieved if and only if Z = Z1 U Zs, where
m 7y is symmetric,

m 7 lies on a two-dimensional hyperplane (a great circle)
and is a maximizer for S'.

Fejes-Toth ’59: d = 1 and conjectured for d > 2.
Sperling, 60 (d = 2, even N)

Larcher, 61 (d =2, odd N, ?)

Nielsen, 65 (d = 2)

Kelly, '69 (d > 2)
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Hemisphere Stolarsky for general measures

Let H(z) = C(z,0) denote the hemisphere with center at x and
let 4 be a Borel probability measure on S%.

[ () - ;)Qdam (5 [ [ dwndutrint).
sd Sd Sa
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Hemisphere Stolarsky for general measures

Let H(z) = C(z,0) denote the hemisphere with center at x and
let 4 be a Borel probability measure on S%.

[ () - ;)Qdam (5 [ [ dwndutrint).
sd Sd Sa

m For any probability measure pi:  Tgeoa(pt) <

D=
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Hemisphere Stolarsky for general measures

Let H(z) = C(z,0) denote the hemisphere with center at x and
let 4 be a Borel probability measure on S%.

[ () - ;)Qdam (5 [ [ dwndutrint).
sd Sd Sa

m For any probability measure pi:  Tgeoa(pt) <

m Lyeod(p) = 1 (ie. pis a maximizer) iff
w(H (z)) = % for o-a.e. x € S¢

D=
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Hemisphere Stolarsky for general measures

Let H(z) = C(z,0) denote the hemisphere with center at x and
let 4 be a Borel probability measure on S%.

[ () - ;)Qdam (5 [ [ dwndutrint).
sd Sd Sa

m For any probability measure pi:  Tgeoa(pt) <

D=

m Lyeod(p) = 1 (ie. pis a maximizer) iff
w(H (z)) = % for o-a.e. x € S¢ iff
w is symmetric, i.e. u(E) = p(—FE).
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Geodesic distance energy integrals

Let u be a Borel probability measure on the sphere S¢. For
A > 0 define the energy integral

100 = [ [ (o) du@ydn(y)
Sd §d
Maximizers (DB, Dai, Matzke ’18):
m 0 < A < 1: unique maximizer is o,
m )\ = 1: any symmetric measure,

m A\ > 1: mass % at two opposite poles.
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Euclidean distance energy integrals

Let u be a Borel probability measure on the sphere S¢. For
A > 0 define the energy integral

000 = [ [ e~ yPautoydn(y)
Sd sd
Maximizers (Bjorck '56):
m 0 < A < 2: unique maximizer is surface measure,
m )\ = 2: any measure with center of mass at 0,

m )\ > 2: mass % at two opposite poles.
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Another conjecture of Fejes Toth

Conjecture (Sum of acute angles)

Let Z = {z,...,z2x} C S and define

F(z - y) = min { arccos(z - y), ™ — arccos(z - y) } = arccos |z - y],

i.e. the acute angle between the lines through z, y € S°.
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Another conjecture of Fejes Toth

Conjecture (Sum of acute angles)

Let Z = {z,...,z2x} C S and define

F(z - y) = min { arccos(z - y), ™ — arccos(z - y) } = arccos |z - y],
i.e. the acute angle between the lines through z, y € S°.

N
1
m The discrete energy Ep(Z) = N2 Z F(z; - zj) is
ij=1
mazimized by the set Z = {z1,...,zx} C S with
Zi = €; mod (d+1)-
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Another conjecture of Fejes Toth

Conjecture (Sum of acute angles)

Let Z = {z,...,z2x} C S and define

F(z - y) = min { arccos(z - y), ™ — arccos(z - y) } = arccos |z - y],

i.e. the acute angle between the lines through z, y € S°.

N
1
m The discrete energy Ep(Z) = N2 Z F(z; - zj) is
ij=1
mazimized by the set Z = {z1,...,zx} C S with
Zi = €; mod (d+1)-
m max Ir(p) = Ir(vonB) = 5 - d%‘fl, where
d+1

1
VONB = m Z Oe;
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Acute angles: known results

m Partial results for d > 2

Fodor, Vigh, Zarnocz, ‘16; DB, R. Matzke, ‘18
m Known on S!

m Stolarsky-type proof: Quadrant discrepancy

7(@(r) Q) = 5 — axceosr -y

1
D2 quad(Z) = 7 = ~Ep(Z)

1
m
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Tessellations and discrepancy

H,={z : (z,z) >0}
Way = HyAH,
= {z € S : sign(z, ) # sign(z,y)}
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Tessellations and discrepancy

Dmitriy Bilyk

H,={z : (z,z) >0}

Wy = HyAH,

= {z € S : sign(z, ) # sign(z,y)}
P(z* separates = and %)

= P(sign(z, z) # sign(z,y))
= O'(Wg; ) = d(l’,y)
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Tessellations and discrepancy

Dmitriy Bilyk

H,={z : (z,z) >0}

Wy = HyAH,

= {z € S : sign(z, ) # sign(z,y)}
P(z* separates = and %)

= P(sign(z, z) # sign(z,y))

= 0(Way) = d(z,y)

Let Z = {z1,...,2x} C S
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Tessellations and discrepancy

H,={z : (z,z) >0}

Wy = HyAH,

= {z € S : sign(z, ) # sign(z,y)}
P(z* separates = and %)

= P(sign(z, z) # sign(z,y))

= 0(Way) = d(z,y)

Let Z = {z1,...,2x} C S

Define dp(z,y) := + - #{2k € Z : sgn(z - z1,) # sgn(y - z1,) }, i.e.
the proportion of hyperplanes sz that separate x and y.
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Tessellations and discrepancy

H,={z : (z,z) >0}

Wy = HyAH,

= {z € S : sign(z, ) # sign(z,y)}
P(z* separates = and %)

= P(sign(z, z) # sign(z,y))

= 0(Way) = d(z,y)

Let Z = {z1,...,2x} C S

Define dp(z,y) := + - #{2k € Z : sgn(z - z1,) # sgn(y - z1,) }, i.e.
the proportion of hyperplanes sz that separate x and y.

Brla,y) = die,y) — dag) = T2 o)
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Stolarsky principle for wedge discrepancy (DB, Lacey)

Define the L? discrepancy for wedges
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Stolarsky principle for wedge discrepancy (DB, Lacey)

Define the L? discrepancy for wedges

2
Az (zy)|5 = //( lexy ) — o ny)> do(z) do(y)

Sd sd

Theorem (Stolarsky principle for the tessellation of the sphere)

For any finite set Z = {z1,...,zy} C S%

1Az, =
3 (1) - (-t i
1,)= Sd sd
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Finite

metric spaces (Barg)

X - finite metric space, Z = {z1,...,28} C X

" _ #B(x,t

Z):ZZ( Z]-B(xt) Zj #( )>
t=0 xe X

Define the distance

D) =5 3 [de,w) — d(y ).

ueX

Stolarsky principle:

D1.(Z) = (#X2 Z AMz,y) — N2Z>‘Z“ZJ

z,yeX i,j=1
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Hamming cube (Barg)

1 1 -
D%Q(Z) = (#X)Q xge:x )‘(xay) - ]\ﬁijz:l)‘(ziazj)‘

Let X ={0,1}" be the Hamming cube. Assume that the
Hamming distance d(x,y) = w. Then

W) =2"—ww< w1 )
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