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Motivation ﬁIU

Origins

Consider
// (Pa(X))2 W(x) d x

for orthogonal polynomials py, . ..
on interval / not necessarily
orthogonal w.r.t. weight w.
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Motivation ﬁ'lG'U

= Extends work of Damir Ferizovi¢
(https://arxiv.org/abs/1909.08121);

= inspired by Carlos Beltran and Damir
Ferizovic. Approximation to uniform
distribution in SO(3).
Constr. Approx., 52(2):283-311, 2020.
(https://arxiv.org/abs/1901.10840v1)

= physics papers;
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Main Results ﬁ'lG'U

ﬂ Gegenbauer Polynomials Cﬁf)

= Generating function relation:

> 1
(A) n_
;C" (x)z" = (1 —2xz + z2)N

m ...classical orthogonal polynomials w.r.t.
1
weight function (1 — X2)/\_2 on[-1,1]:

1
/ Cf,A)(x) CS,),‘)(X) (1- XZ)A_% dx = dnm AWM.
1

=  Standard normalisation:
(1) = (2N, 1 T(n+2)) 1 5y
" n! r@2x) r(n+1)  T(2X)
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Main Results ﬁ'L'U
Orthogonality relation yields

| e (x i 1—x®) z2dx
[ (c00)

VIT(A+3) A (2N,
T TO+1) n+a nl
VTITOA+3) 1 T(n+2))
T T(NT@2N) n+ A T(n+1)
T 2\-2

~ 5 n
2221 (M(N))
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Main Results

What if the
weight function
IS

“WRONG”
2



Main Results ﬁIU
ﬂ Quantity of Interest

LetA\>0anda,8 > —1. Forne N,

h) /_ | (C960) (1 =) (1 + 1) dx

1

Since CV(—x) = (=1)" ¢ (x),

J[QiBe) — (XeB)gnd wilog: —1 < a < 8.
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Main Results ﬁl’U
Explicit Formulas

=  Pochhammer symbol
(o) =a(a+1)---(a+n—-1)=

= Classical hypergeometric functions

a17"-7ap ) - (a1)n”'(ap)n
F Z| =
P q<b1,...,bq nz%(b1)n-~-(bq)nn!
foray,...,as b1,....00c€ Cand p < g+ 1.

z

These power series allow for an analytic continuation to
the slit complex plane C \ [1, c0).
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Main Results ﬁIU

Theorem

/()\ aB8) 2a+,6’+1 r(Oé + 1) r(ﬁ + 1)
MNa+p+2)

2
5 ((2A),,> 5F4( n,n+2>\,)\,a+1,ﬁ+1‘1)‘

n! 2\, A + 3, aHpHR atfis

Proof.

Follows from J. Sanchez-Ruiz, 2001

A2 (2>\)n)2 —n,n+2X\, A
Cri(x) = (7 3F2
( n ) n 22,2+ 4

1—x2>

S2ktatfH Mk +a+1)r(k+p8+1)
Tk +atB+2)

and

/1 A= =X (1 +xPdx =
-1
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Main Results ﬁIU

12
. Remark

Forg=a=pu— % the 1-balanced s5F4-hypergeometric
polynomial reduces to
1>.

—N,N+2X\ A\ pu+ 3
NS VO S Ry

For i = A, the 4F3 becomes

F —n,n+2)\,)\1
720 2a A+ 1 ’

hence can be computed by the Pfaff-Saalschitz theorem as
(A)n(_n)n _ A n!
@A) (=n—=X), n+Ax(2N),
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Main Results ﬁIU
Explicit Formulas, Gegenbauer Weight

. Y 1 5
Set: JH)= e 2):/ (C?)(XD (1—x2) 2 dx.
-

Letp > —1 and X > 0. Then
()\,/-b)_ﬁr(/’j‘-i_%) (2)\)n 2 _n7n+2>\7 )‘7:LL+ % .
Jn - 4F3 1 ]

M+ 1) n! AN+ p+1
alternatively, we have (limits if . = 0)  aiternating sum

JOim) _ \/_rﬂ"i_ )i nk)‘ /~L) n+pu—2K (zﬂ)n—zk.
! M(u+1) & (p+ 154 (Kk2 p (n — 2k)!

J/

LY
positive sum
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Main Results ﬁIU

Remark

If w — A=k € N, then

min(k,| 2
JOATR) 2n §2J) K\ 2 F(n—2+X) 2
" —4ATRT(N)2 14 F(n+k—0+1+))

£=0
[(n+ 2k — 20 +2)\)

x(n—20+k+)\)

Fr(n—20+1)
and, e.g.,
. 27 2k
(MA+k) 2)—2 2)—3
Jn = 4*+kr(>\)2<k> n==c+ O(n"7°).
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Main Results ﬁIU

Connection Formula and Special Cases

Leta>—1and X > 0. Thenfor —a =k €N,

m
A
I[())\;a,a+2m+n) :j :(_1)gbe J,(7>\,E+ -1-2)7
¢=0

¢ Gtmn, 2m+1 g=1.
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Main Results ﬁIU
Generating Functions

I(Aiaﬁ)(z)
i M joas) 5
n:O ”
_ 2a+5+1 I_(O‘+ 1) (B+ 1)

MNa+ 5+ 2)

1 MAa+1, B+
(1-22%7

X a+B+2 a+p+3
2\, = T

The 4F3 is “}-balanced”.
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Main Results ﬁIU

Interchanging order of summation in

(e.9]

nt o (nas) @A nye
; n/ = _A;; (n_ g).
and using
> 1 1 4z \*
n+€ _ )\ )\_1__) ( ) )
Yo = e O+ 3), (7

n=
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Main Results ﬁIU

18
. Remark

ForB:oz:u—%,

j(k:u)(z)

i n! /(A;uf%#*%) N

n=0 Jr(1>\;u)
CVAT(p+3) ANp+3| 4z
T T+ 1) A—22%\ 2anpu+1| (1-22)

The same rhs is obtained for o =+ % and 8 = p — 1, since

1 2 4 1 2 4
[1 (ng)(x)) (1= x)(1 = )t dx = [1 (Cﬁ,*)(x)) (1 —x®)#"zdx.
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Main Results ﬁ!y

Asymptotic Results
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Main Results

Asymptotics — Main Term, Jacobi Weights

Let—1 < o < g and X > 0 be real numbers. Then (with cg:=\ — 1)

20HAH2= (o + 1 — NF(B+1—X) 5\
- o(n"
FTO)2M(a+B+2—2)) o) @ = a0

B+2—3\
(xa,B) _ ) 2 2\—2 _ 2\ —3 4\—23—5 _
IS = oy 0 (Iogn A, ﬁ)) + o(n log n) +o(n ) o = ag,
2P=8a3r(a+ ) FA—a—1)2 ,,_,
n*A—ea—4 L O(n )
FOET@A—a—1) o) @<
where
_Jmax(2X\ — 3,4\ —2a — 4) a > o,
T \max(2A — 2,4\ — 20 — 5,4\ — 28 — 4) a < ao,
and

AN B) = %(7—4Iog2+1/1(3+1 — ) +29%(N).
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Main Results ﬁIU
Asymptotics — Main Term, Gegenbauer Weights

. R P | 1 2 ,
Recall: JM#) = [ 20 2) :/ <CW(X)) (1—x®)#"zdx.

Lety > —3 and X > 0. Then (with po:=X — };i.e, a0 =X —1)

ValT(u+3 =)
22-TE(AP2M (41— )
5 P22 (log n 4 2log 2 — (X)) + O ("2 Blogn) = po,

nPA=2 4+ O(n1) 1> pio,

J,(7>\;H) _

FTA—p—3)Mk+3
VIT(A = p—3)M (1 + 3) —n*A=24=8 4 O(n7) w < po,
22ATT(ART(A — )T (X — . — 3)
where

_Jmax(2X\ — 3,4\ — 2 —3)  p > po,
T I max(@A —2,4) —2u—4) u < po.
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Main Results ﬁ-ls-u
Complete Asymptotics

Cf. Next Section.
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Proof Ideas ﬁIU
Singularity Analysis

SIAM J. Discrete Math., 3(2), 216-240. (25 pages)
Singularity Analysis of Generating Functions

Philippe Flajolet and Andrew Odlyzko
https://doi.org/10.1137/0403019

This work presents a class of methods by which one can translate, on a term-by-term basis,
an asymptotic expansion of a function around a dominant singularity into a corresponding
asymptotic expansion for the Taylor coefficients of the function. This approach is based on

Permalink: https://doi.org/10.1137/0403019

= Main advantage over the classical method of Darboux: ... able to obtain asymptotic
expressions for the coefficents of generating functions in the case that the coefficients
tend to 0.
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Proof Ideas ﬁIU

Singularity analysis needs information on the behaviour of the
analytic continuation to a region of the form

Ag={zeC||z] <1+e,|arg(1 - 2)| <o}
for some © > ¢ > 7 (if radius of convergence is 1).

Theorem

Assume that, with the sole exception of the singularity
z =1, f(z) is analytic in A, , for some e > 0 and ¢ > 7.
Assume further that as z tends to 1 in A, 4,

f(z) = O(1 - 2)

for some real number .. Then the n-th Taylor coefficient of
f(z) satisfies
f, = [2"f(z) = O(n—>7").
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Proof Ideas ﬁ'lG'U

Consequently, a local expansion around z = 1 of the
generating function

f(2)=> a(1-2)*+0(1-2z)

k=0

for ag < ay < -+ < akx < B translates into an asymptotic
relation for the coefficients
K

fr=>a (n—o:: - 1) +0O(n 7).

k=0
Each of the binomial coefficients has an asymptotic
expansion in terms of powers of n:

n—ox—1 1 N(n— o« n—ok—1
n - — Ol - — Ok 1 %7 '
( k > I )r((n+1k)) I >{ +0( )}

Johann S. Brauchart, AZT
Point Distribution Webinar / May 19, 2021




Proof Ideas ﬁ'lG'U

Mellin-Barnes Formula, Jacobi Weights

I(A;a,ﬁ)(z)
— 2a+,@+1 F(a + 1) r(ﬂ + 1)

MNa+p3+2)

1 F(A,A,a+1,ﬂ+1
1 yon 43 a 2 « 3
(1-2) 2, +g+ +§+
2a+ﬂ+1 r(2)\)

r(?(1 -2

X

)

ico
L Fs+MN°T(s+a+1D(s+B+1)(-s) [ 16z sds
2ri rs+2\r2s+a+p5+2) (1-2z2)? ’
—ioco
where the contour of integration is taken along the imaginary axis
encircling s = 0 in the left half-plane such that the poles at s = — ),
s=—«a—1,and s = —3 — 1 are to the left of the contour.
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Proof Ideas ﬁl’U
Derivation of the Asymptotics — short version

Moving the contour to the left and collecting the residues in
the generic case yields (after reordering terms)

I()\ « ,8 Z A Mo ,8) Z)m+2+2a—2)\

£ 3B (1 - gy

+3 DR (1 - 2)log
m=0

+ power series in (1 — z).

1—-2
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Proof Ideas ﬁIU

Singularity Analysis gives asymptotic series for the
coefficients

(/\046 m!
I (ZDm n(n—1)-~-(n—m)
2\ —2a0—3—m
+2Am<n+ no‘ )
m=0

+ZBm<n+2A2nﬁsm>>_
m=0

Ap =A% B = BY*?) and D, = D% are explicit.
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Proof Ideas ﬁ'lG'U

Mellin-Barnes Formula, Gegenbauer Weights

Similarly,
j(A;u)(z)
AT+ 3) . MNhp+a| 4z
T T+l (=22 2apu+1 | (1-2)7

L ETEY 1 T st ARrsut Dr(-s) [ 4z \°
- F(A)2(1—z)2/\27ri/ F(s+2)\)r(s+u2+1) ((1—2)2) ds,

—loco

where the contour is chosen as before, this time leaving s = —\ and
s = —u — 5 to the left of the contour.
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Proof Ideas ﬁ razn

Asymptotics, Generic Case

Collecting residues at the double poles —\ — ¢, ¢ € Ny, gives

r(A+1§)r(1§+:u_>\) Z—A 1_>\ﬂ)‘7)‘_u _(1_2)2 lo
)T+ —N) AN P R 4z &

+ power series in (1 — z)) .

Collecting residues at the simple poles —u — % — /¢, £ € Ny, gives
T+ 5T —p = 52Tt })
41+=A /T T T(2A — - 3)

(1 _ z)1+2u—2)\
X — 3F
z#+% 82

(1-2)
4z
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Proof Ideas #'[;U

Thus

_ = . 1
T (2) =37 D™ (1~ 2)"log -

+ i Ag\;u) (1 _ Z)m+1+2p—2)\
+ power series in (1 — z).

Asymptotic analysis gives

0 (@Nn (= pou,_qym m
J,({\ )_n!<ZD,(7¢ (-1 n(n—1)---(n—m)

m=0

= o /N+2A—2u—2-—m
+ZA<n¢J)( + n“ >>

m=0
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Proof Ideas ﬁ-ls-u
Special Case ;i = A — 3, Dominant Term

VAN 1T MsaaPrs) [ 4z
ST -2 27T/_/ F(s+20(s+ A+ 3) ((1 —z)2> ds
1 2

_vrred) 1 _7% M(s+\)°r(=s) ( 4z )Sds
FOP(T =2 2ni ] T(s+20T(s+ A+ 3) \(1 -2

—A—1—ioco

O((1-2)2(log(1-2))?)
Last contour dented to the right on real axis.
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Proof Ideas

Ty

s 2
- W((|eg11_z> —2(7 ~2log2+9(1)) log

e ((1 — 2) (log(1 — z))2) .

Singularity analysis yields desired result.
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— and more!

= Incomplete Integrals [ “---dt;

= Jacobi instead of Gegenbauer
polynomials;

= Other types of weight functions;
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Questions?
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