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On the sphere
In the two-dimensional sphere 5% = {x € R3: ||x|| = 1}, define
G:5%%x 5% = (—o0,d] by G(x,y) = —log||x — y|lgs

and let o be the uniform probability measure on S?. Choose 3 > 0.

Coulomb gas measure

1 " o
dPﬁ(Xl, . ,Xn) = ge_ﬁ Z[<j G(XHXJ)dO-@n(

Xiy.enyXn)-

Let (X(") ..,X,S")) ~ IP’?. Then, for every f : 5> — R continuous

- Z Fx™y 22 [ fdo.
n—>oo 52

4/34



Coulomb gases on manifolds Gibbs measures and Laplace principle Deterministic version

On general manifolds

Interesting property:
As:G(x,-) =2m(0 — dx).
More explicitly, for every smooth f : S — R,

/S G, y)Bsf(y)do(y) = 2m ( /S fdo - f(x)> .

‘Physically’,

G(x,-) = electrostatic potential generated by
a point charge at x and by —o.

We could have chosen any other ‘background charge'. ..
in any other manifold. . .
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Coulomb gas system

M : compact Riemannian manifold of volume one,
o : Riemannian volume measure on M,

A : signed differentiable measure on M s.t. A(M) = 1.

Definition (Green function)

G: M x M — (—o0, 00| continuous symmetric s.t.

AMG(X7 ) =N-— (SX.

Coulomb gas measure

1 n -~
dP5(xq,...,xn) = Ee_ﬁ X< €0 40 ®n (xq, L xp).
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[ What can we say about Pﬁ? ]

o Let (X", X{") ~PJ for 8> 0and A > 0. Then,

Zf (x(My 2=y = /fd/\

for every f : M — R continuous.

@ If 3 =0 then (Xl("), e X,S")) are independent with law ¢ and

- Z f(X = | fdo,

M

which is the law of large numbers.
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There must be a regime interpolating between A and o. ]

Indeed! Define
1 n
Ho(x1,y ..y xn) = = Z G(xi, Xj)
i<j
and redefine the Coulomb gas measure.

Coulomb gas measure

AP = %ef"ﬁn*’nda&.
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Suppose lim,_00 B = B € (0, 00).

Then, for every f : M — R continuous,

LS =2 [ g,
N3 M

n—oo

where 11, has a smooth density p, with respect to o that satisfies

A logps = By — BA.
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General setting

M : Polish space (i.e., separable and completely metrizable),
o : probability measure on M,

H,: measurable function from M" to (—oo, o0].

Non-normalized Gibbs measure

dyffr = e "ot ®n,

Endow P (M), the set of probability measures on M, with the weak
topology, i.e., the smallest topology s.t.

,uEP(M)»—>/ fdu e R
M

is continuous for every f : M — R bounded continuous.
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Let (Xl("), . 7X,(,")) ~ 2 We want to find v such that

- Z f(X = | fdv

M

for every f : M — R bounded continuous.

Equivalently,

725 n—>oo

i

For this, H,, cannot be arbitrary, we need a notion of limit.
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Notion of limit

e Sequence {H,}pen uniformly bounded from below,
o H:P(M)— (—o0, ).

Definition (Macroscopic limit)

H is the macroscopic limit of {H,}nen if
° Vu e P(M)

n—oo

Iim/ H,du®" = H(u) and

1 n
@ whenever - > 0y, —

liminf H,(x1,...,xn) > H(p).

n—o0
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Theorem (Laplace principle, G-Z (2019))
Suppose

e H is the macroscopic limit of {H,},en and
@ {fn}nen converges to some 3 € (0, 00).
Then, for every bounded continuous f : P(M) — R,

lim
n—oo N n

|Og/ einﬁ"f(% Z?:l 6Xi)d7r€n (X17 000 7Xn)

1

= — inf f(u)+H +/ lo da}.

HGP(M){ (1) + H(w) 5 [ rloer
du=pdo
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Free energy

Define the relative entropy of 1 with respect to o as

_ [ Juplogpdo ifdu=pdo
D(ullo) = { 00 if there is no such p

and the free energy as

Fo(n) = H(u) + ;D(uuay
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Large deviation principle

Using the free energy definition,

|Og/ e_”ﬁ"f(% 27:1 §Xi)d7r€n (X17 cee 7Xn)

=~ dnf  Af() + Fa(u)}-

lim
n—oo nB,

, 1 oy
For f =0 we get nIl_)rrgon—ﬁnlogfyn (M™) = —inf Fg.

lim
n—oo N n

lo e MBnf (3 327 5X,.)d’yﬁ"(xl, ey Xn)
g/ e
" (M™)

=~ inf{F(u) + Falu) — inf Fy).
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Suppose (Xl("), XY ~ . %" and fin=2%%1, Oy (n)-

Theorem (Large deviation principle, G-Z (2019))

Suppose
e H is the macroscopic limit of {H,} nen,

@ {Bn}nen converges to some (5 € (0,00) and
@ inf Fg < oo.

Then, for every bounded continuous f : P(M) — R,

lim
n—o0 nB,

log E | =Pf(i)| — —inf {f + Fg — inf Fg} .

Why does this imply an almost sure convergence?
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Almost sure convergence

Corollary

Suppose

e H is the macroscopic limit of {Hp} nen,
@ {Bn}nen converges to some (3 € (0,00) and
e Fg has a unique minimizer v.

Then,
A a.s.
fin —— v.

Yes, but why?
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Important:

e P(M) is metrizable and

o {peP(M): Fg(p) < a} is compact for every a € R.
Suppose Fg has a unique minimizer v. We want to show that . ..

almost surely, for every open neighborhood U of v,
fin ¢ U only for a finite number of n.

If C=inf{f+ Fg—inf Fg},

. 1
lim
n—oo N3,

log E [e—nﬁnf(ﬂn)} - _C

or, equivalently,

E [e—nﬁnf(ﬂn)} — o= CnBa(1+0(1))
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e Take U C P(M) open that contains v
e Take f : P(M) — [0,00) s.t. f|ye =0 and f(v) > 0.
o Notice that C :=inf {f + Fg —inf Fg} > 0.

Fﬂ —inf Fﬁ

Z U
e Notice that 1 4y < e~ Bnf(fin)

].UC e_"ﬁ"f

N\

; 0
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Then,
E[lp,¢u] <E [e_”ﬁ"f(f‘")} — e~ CnBa(1+o(1)

so that B [>°07, 1, ¢y] < oo, which implies Y7771 1, 4 < oo
a.s. or, equivalently, almost surely:

fin ¢ U only for a finite number of n.

Conclude by taking a countable neighbourhood basis of v.
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Coulomb gas case

Recall that G : M x M — (—o00, 0] continuous symmetric s.t.

Ale(X,') =N-— 6)(

1
and  Hp(xq,...,xp) = = Z G(xi,xj)-
i<j

n(n

~1
Integrating, / Hndp® = 2,,2) /M y G(x, y)dp(x)du(y).
n X

Macroscopic energy
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Free energy

What happens is that Fg is strictly convex and
1

Am(vMFB):/\*M+B

Ay logp

so that, if 1, is the minimizer of Fg,

1
0=A—p,+ BAM log ps.
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Infinite

What happens when 3, — oco? Two more conditions.

@ {H,}nen confining: If liminf,_ Hy(x1,...,X,) < co then
1 n
{ E (5X} has a convergent subsequence.
n 1
i=1 neN

e H regular: If H(u) < oo then
3 {Mn}neN st. up —p,

Vn, D(pnllo) < oo and ILm H(pn) = H(w).
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Theorem (Laplace principle, G-Z (2019))
Suppose

@ H is the macroscopic limit of {H,} nen,
o {Hp}nen is confining,
@ H is regular and
@ [, — 0.
Then, for every bounded continuous f : P(M) — R,

|Og/ einﬁ"f(% Z?:l 6Xi)d7r‘;n (X17 000 7Xn)

=~ inf{F(n) + H(w)}

lim
n—oo nf,
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Bn
Suppose (Xl("), e ,X,S")) ~ i and fi, = 130 5 ).

Yo" (M) n i
Corollary
Suppose

e H is the macroscopic limit of {Hp} nen,
@ {Hpn}nen is confining,

e H is regular,

e 3, — oo and

@ H has a unique minimizer v.

Then,

A a.s.
fin —— v.
n—o0
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Coulomb gas case

Macroscopic energy

What happens is that H is strictly convex and

A (VH) =N —p

so that, if A > 0, the minimizer of H is A.
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Deterministic results

Theorem (I'-convergence)

Suppose
e H is the macroscopic limit of {H,}nen and
@ {Hp}nen is confining.
Then, for every bounded continuous f : P(M) — R,

1 n
LR I £ o §
nl—>n;<> (xl,...l,gn)EM" { (Xl ) ) (n ; I) }

= Heig{M) {H() + F(1)} -
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Let (Xl("), e ,X,S")) satisfy

n—oo

lim ’H,,(Xl("),...,xn(”))—iann) —0

and define fi, = %27:1 5X(n)-

i

Corollary (Convergence of almost minimizers)

Suppose
@ H is the macroscopic limit of {Hp} nen,
o {Hp}nen is confining and
@ H has a unique minimizer v.

Then,

fin — .
n—o0o
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Deterministic vs. probabilistic version

1 n
inf Ho(x1, ..., Xn fl- Ox;
(xl,...l,gn)eM" { (x1 Xn) + (n 2 ,> }
— . f Hnd 5 d s o9 An
I/E';Dn(Mn) {/\4" V+/ < Z > v X1 X )}

while. ..
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I _nﬁﬂf(ﬁ ZI 16X )df)//B" .
nﬁn Og/ n € ( ’Xn)

ol L (35 )w ~
),

L1
nfn
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You may find more in

G-Z. A large deviation principle for empirical measures on Polish
spaces: Application to singular Gibbs measures on manifolds.
Annales de I'IHP, Probabilités et Statistiques 55 (2019).

Inspiring article

Dupuis, Laschos, and Ramanan. Large deviations for configurations
generated by Gibbs distributions with energy functionals consisting
of singular interaction and weakly confining potentials.

Electronic Journal of Probability 25 (2020).

Inspiring book

Dupuis and Ellis. A Weak Convergence Approach to the Theory of
Large Deviations. Wiley series in probability and statistics (1997).



Thank you for your attention!
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