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On the sphere

In the two-dimensional sphere S2 = {x ∈ R3 : ‖x‖ = 1}, define

G : S2 × S2 → (−∞,∞] by G (x , y) = − log ‖x − y‖R3

and let σ be the uniform probability measure on S2. Choose β > 0.

Coulomb gas measure

dPβn (x1, . . . , xn) =
1

Z
e−β

∑n
i<j G(xi ,xj )dσ⊗n(x1, . . . , xn).

Let (X
(n)
1 , . . . ,X

(n)
n ) ∼ Pβn . Then, for every f : S2 → R continuous

1

n

n∑
i=1

f (X
(n)
i )

a.s.−−−→
n→∞

∫
S2

f dσ.
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On general manifolds

Interesting property:

∆S2G (x , ·) = 2π(σ − δx).

More explicitly, for every smooth f : S2 → R,∫
S2

G (x , y)∆S2f (y)dσ(y) = 2π

(∫
S2

f dσ − f (x)

)
.

‘Physically’,

G (x , ·) = electrostatic potential generated by
a point charge at x and by −σ.

We could have chosen any other ‘background charge’. . .
in any other manifold. . .
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Coulomb gas system

M : compact Riemannian manifold of volume one,

σ : Riemannian volume measure on M,

Λ : signed differentiable measure on M s.t. Λ(M) = 1.

Definition (Green function)

G : M ×M → (−∞,∞] continuous symmetric s.t.

∆MG (x , ·) = Λ− δx .

Coulomb gas measure

dPβn (x1, . . . , xn) =
1

Z
e−β

∑n
i<j G(xi ,xj )dσ⊗n(x1, . . . , xn).
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What can we say about Pβn?

Let (X
(n)
1 , . . . ,X

(n)
n ) ∼ Pβn for β > 0 and Λ ≥ 0. Then,

1

n

n∑
i=1

f (X
(n)
i )

a.s.−−−→
n→∞

∫
M
f dΛ

for every f : M → R continuous.

If β = 0 then (X
(n)
1 , . . . ,X

(n)
n ) are independent with law σ and

1

n

n∑
i=1

f (X
(n)
i )

a.s.−−−→
n→∞

∫
M
f dσ,

which is the law of large numbers.
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There must be a regime interpolating between Λ and σ.

Indeed! Define

Hn(x1, . . . , xn) =
1

n2

n∑
i<j

G (xi , xj)

and redefine the Coulomb gas measure.

Coulomb gas measure

dPβnn =
1

Z
e−nβnHndσ⊗n .
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Suppose limn→∞ βn = β ∈ (0,∞).

Then, for every f : M → R continuous,

1

n

n∑
i=1

f (X
(n)
i )

a.s.−−−→
n→∞

∫
M
f dµβ,

where µβ has a smooth density ρβ with respect to σ that satisfies

∆M log ρβ = βµβ − βΛ.
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General setting

M : Polish space (i.e., separable and completely metrizable),

σ : probability measure on M,

Hn : measurable function from Mn to (−∞,∞].

Non-normalized Gibbs measure

dγβnn = e−nβnHndσ⊗n .

Endow P(M), the set of probability measures on M, with the weak
topology, i.e., the smallest topology s.t.

µ ∈ P(M) 7→
∫
M
f dµ ∈ R

is continuous for every f : M → R bounded continuous.
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Let (X
(n)
1 , . . . ,X

(n)
n ) ∼ γβnn

γβnn (Mn)
. We want to find ν such that

1

n

n∑
i=1

f (X
(n)
i )

a.s.−−−→
n→∞

∫
M
f dν

for every f : M → R bounded continuous.

Equivalently,

1

n

n∑
i=1

δ
X

(n)
i

a.s.−−−→
n→∞

ν.

For this, Hn cannot be arbitrary, we need a notion of limit.
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Notion of limit

Sequence {Hn}n∈N uniformly bounded from below,

H : P(M)→ (−∞,∞].

Definition (Macroscopic limit)

H is the macroscopic limit of {Hn}n∈N if

∀µ ∈ P(M)

lim
n→∞

∫
Mn

Hndµ
⊗n = H(µ) and

whenever 1
n

∑n
i=1 δxi → µ

lim inf
n→∞

Hn(x1, . . . , xn) ≥ H(µ).
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Theorem (Laplace principle, G-Z (2019))

Suppose

H is the macroscopic limit of {Hn}n∈N and

{βn}n∈N converges to some β ∈ (0,∞).

Then, for every bounded continuous f : P(M)→ R,

lim
n→∞

1

nβn
log

∫
Mn

e−nβnf (
1
n

∑n
i=1 δxi )dγβnn (x1, . . . , xn)

= − inf
µ∈P(M)
dµ=ρ dσ

{
f (µ) + H(µ) +

1

β

∫
M
ρ log ρdσ

}
.
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Free energy

Define the relative entropy of µ with respect to σ as

D(µ‖σ) =

{ ∫
M ρ log ρdσ if dµ = ρdσ
∞ if there is no such ρ

and the free energy as

Fβ(µ) = H(µ) +
1

β
D(µ‖σ).
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Large deviation principle

Using the free energy definition,

lim
n→∞

1

nβn
log

∫
Mn

e−nβnf (
1
n

∑n
i=1 δxi )dγβnn (x1, . . . , xn)

= − inf
µ∈P(M)

{f (µ) + Fβ(µ)} .

For f = 0 we get lim
n→∞

1

nβn
log γβnn (Mn) = − inf Fβ.

lim
n→∞

1

nβn
log

∫
Mn

e−nβnf (
1
n

∑n
i=1 δxi )

dγβnn (x1, . . . , xn)

γβnn (Mn)

= − inf
µ∈P(M)

{f (µ) + Fβ(µ)− inf Fβ} .
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Suppose (X
(n)
1 , . . . ,X

(n)
n ) ∼ γβnn

γβnn (Mn)
and µ̂n = 1

n

∑n
i=1 δX (n)

i

.

Theorem (Large deviation principle, G-Z (2019))

Suppose

H is the macroscopic limit of {Hn}n∈N,

{βn}n∈N converges to some β ∈ (0,∞) and

inf Fβ <∞.

Then, for every bounded continuous f : P(M)→ R,

lim
n→∞

1

nβn
logE

[
e−nβnf (µ̂n)

]
= − inf {f + Fβ − inf Fβ} .

Why does this imply an almost sure convergence?
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Almost sure convergence

Suppose (X
(n)
1 , . . . ,X

(n)
n ) ∼ γβnn

γβnn (Mn)
and µ̂n = 1

n

∑n
i=1 δX (n)

i

.

Corollary

Suppose

H is the macroscopic limit of {Hn}n∈N,

{βn}n∈N converges to some β ∈ (0,∞) and

Fβ has a unique minimizer ν.

Then,
µ̂n

a.s.−−−→
n→∞

ν.

Yes, but why?
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Important:

P(M) is metrizable and

{µ ∈ P(M) : Fβ(µ) ≤ a} is compact for every a ∈ R.

Suppose Fβ has a unique minimizer ν. We want to show that . . .

almost surely, for every open neighborhood U of ν,
µ̂n /∈ U only for a finite number of n.

If C = inf {f + Fβ − inf Fβ},

lim
n→∞

1

nβn
logE

[
e−nβnf (µ̂n)

]
= −C

or, equivalently,

E
[
e−nβnf (µ̂n)

]
= e−Cnβn(1+o(1)).
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Take U ⊂ P(M) open that contains ν

Take f : P(M)→ [0,∞) s.t. f |Uc = 0 and f (ν) > 0.

Notice that C := inf {f + Fβ − inf Fβ} > 0.

Notice that 1µ̂n /∈U ≤ e−nβnf (µ̂n).

20/34



Coulomb gases on manifolds Gibbs measures and Laplace principle Deterministic version

Then,

E
[
1µ̂n /∈U

]
≤ E

[
e−nβnf (µ̂n)

]
= e−Cnβn(1+o(1))

so that E
[∑∞

n=1 1µ̂n /∈U
]
<∞, which implies

∑∞
n=1 1µ̂n /∈U <∞

a.s. or, equivalently, almost surely:

µ̂n /∈ U only for a finite number of n.

Conclude by taking a countable neighbourhood basis of ν.
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Coulomb gas case

Recall that G : M ×M → (−∞,∞] continuous symmetric s.t.

∆MG (x , ·) = Λ− δx

and Hn(x1, . . . , xn) =
1

n2

∑
i<j

G (xi , xj).

Integrating,

∫
Mn

Hndµ
⊗n =

n(n − 1)

2n2

∫
M×M

G (x , y)dµ(x)dµ(y).

Macroscopic energy

H(µ) =
1

2

∫
M×M

G (x , y)dµ(x)dµ(y).
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Free energy

Fβ(µ) =
1

2

∫
M×M

G (x , y)dµ(x)dµ(y) +
1

β

∫
M
ρ log ρdσ.

What happens is that Fβ is strictly convex and

∆M (∇µFβ) = Λ− µ+
1

β
∆M log ρ

so that, if µβ is the minimizer of Fβ,

0 = Λ− µβ +
1

β
∆M log ρβ.
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Infinite β

What happens when βn →∞? Two more conditions.

{Hn}n∈N confining: If lim infn→∞Hn(x1, . . . , xn) <∞ then{
1

n

n∑
i=1

δxi

}
n∈N

has a convergent subsequence.

H regular: If H(µ) <∞ then
∃ {µn}n∈N s.t. µn → µ,

∀n,D(µn‖σ) <∞ and lim
n→∞

H(µn) = H(µ).
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Theorem (Laplace principle, G-Z (2019))

Suppose

H is the macroscopic limit of {Hn}n∈N,

{Hn}n∈N is confining,

H is regular and

βn →∞.

Then, for every bounded continuous f : P(M)→ R,

lim
n→∞

1

nβn
log

∫
Mn

e−nβnf (
1
n

∑n
i=1 δxi )dγβnn (x1, . . . , xn)

= − inf
µ∈P(M)

{f (µ) + H(µ)} .
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Suppose (X
(n)
1 , . . . ,X

(n)
n ) ∼ γβnn

γβnn (Mn)
and µ̂n = 1

n

∑n
i=1 δX (n)

i

.

Corollary

Suppose

H is the macroscopic limit of {Hn}n∈N,

{Hn}n∈N is confining,

H is regular,

βn →∞ and

H has a unique minimizer ν.

Then,
µ̂n

a.s.−−−→
n→∞

ν.
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Coulomb gas case

Macroscopic energy

H(µ) =
1

2

∫
M×M

G (x , y)dµ(x)dµ(y).

What happens is that H is strictly convex and

∆M (∇µH) = Λ− µ

so that, if Λ ≥ 0, the minimizer of H is Λ.
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Deterministic results

Theorem (Γ-convergence)

Suppose

H is the macroscopic limit of {Hn}n∈N and

{Hn}n∈N is confining.

Then, for every bounded continuous f : P(M)→ R,

lim
n→∞

inf
(x1,...,xn)∈Mn

{
Hn(x1, . . . , xn) + f

(
1

n

n∑
i=1

δxi

)}

= inf
µ∈P(M)

{H(µ) + f (µ)} .
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Let (X
(n)
1 , . . . ,X

(n)
n ) satisfy

lim
n→∞

∣∣∣Hn(X
(n)
1 , . . . ,X

(n)
n )− inf Hn

∣∣∣ = 0

and define µ̂n = 1
n

∑n
i=1 δX (n)

i

.

Corollary (Convergence of almost minimizers)

Suppose

H is the macroscopic limit of {Hn}n∈N,

{Hn}n∈N is confining and

H has a unique minimizer ν.

Then,
µ̂n −−−→

n→∞
ν.
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Deterministic vs. probabilistic version

inf
(x1,...,xn)∈Mn

{
Hn(x1, . . . , xn) + f

(
1

n

n∑
i=1

δxi

)}

= inf
ν∈P(Mn)

{∫
Mn

Hndν +

∫
Mn

f

(
1

n

n∑
i=1

δxi

)
dν(x1, . . . , xn)

}

while. . .
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− 1

nβn
log

∫
Mn

e−nβnf (
1
n

∑n
i=1 δxi )dγβnn (x1, . . . , xn)

= inf
ν∈P(Mn)

{∫
Mn

Hndν +

∫
Mn

f

(
1

n

n∑
i=1

δxi

)
dν(x1, . . . , xn)

+
1

nβn
D(ν‖σ⊗n)

}
.
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You may find more in

G-Z. A large deviation principle for empirical measures on Polish
spaces: Application to singular Gibbs measures on manifolds.
Annales de l’IHP, Probabilités et Statistiques 55 (2019).

Inspiring article

Dupuis, Laschos, and Ramanan. Large deviations for configurations
generated by Gibbs distributions with energy functionals consisting
of singular interaction and weakly confining potentials.
Electronic Journal of Probability 25 (2020).

Inspiring book

Dupuis and Ellis. A Weak Convergence Approach to the Theory of
Large Deviations. Wiley series in probability and statistics (1997).
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Thank you for your attention!
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