



































































































































DIMENSIONAL ANALYSIS SCALING

The numerical value of any quantity in a

mathematical model is measured with respect to
a system of units

For example meters in a mechanical model
dollars in a financial model

The units used to measure a quantity are arbitrary
and a change in the system of units cannot

change the model

For example w averagespeed distance
time

it doesn't matter if the distance is measured in

meters or feet or anything else and or time

is measured in hours or seconds etc

The value of a dimensional quantity may be measured
as some multiple of a basic unit We already do this

every day but the basic unit is usually arbitrary

For example 1 inch

p
width of an average man'sthumb at the base of the mail
1 according to King David I
of Scotland in 1150

a change in the system of units leads to a resealing
of the quantities it measures








































































































































the ratio of two quantities with the same unit does not

depend on the particular choice of the system of
units

SCALE INVARIANCE of the model

For example say I want to measure the height of the
Eiffel Tower in Paris I can measure it
in

meters 325 m

feet 1,063 ft
i
baguettes n 500

T baguette 65 am 26in long

A FUNDAMENTAL SYSTEM OF UNITS FSU is a set of
independent units from which all other units in the

system can be derived

the choice of FSU for a certain class of problems
is not unique
given a FSU any other unit in the system may
be constructed uniquely as a product of powers of
the fundamental units

For example for mechanical problems a suitable FSU
can be

mass length time velocity V L T l

M L T force F MLT 2

OI pressure p M L T Z






































































































































force length time mass M FL T Z

F TL velocity V LT

pressure P FL 2

Note
Distinction between fundamental and derived unit is

arbitrary
Number of fundamental units is arbitrary

We may reduce the member of fundamental
units by taking advantage of the dimensional

constants in the system

For example in relativistic mechanics if we use M L T

as our FSU then the speed of light c is

defined as c 3 x 108 ms c dimensional

of LT I
constant

we can choose to set 0 1 and use ME as FSU
then we measure lengths in travel time of
eight the light year is the distance

that eight trowels in vacuum in

one year
I ly 9.4607 x 1015 me

5 8786 x 1012 miles






































































































































SCALING and NON MMENSIONALIZATION

Let di da du denote a FSU and a denote a

quantity that's measurable with respect to this system
Then the dimension of a written a1 is given by

a d dah duh for suitable exponents Kish xD

For example back to mechanics and di de ds M L T

F M L T Z d L Az I as Z

V IT d L Xz I

A L'T Z x _I a 2

The invariance of the model under a change in units

dj Xjdj for any Xj O

implies that i

d d du di d 22 a an Az x d are
a d dz du X d Xzdz Andre X Xz Xie A

a direct consequence of this is that any two

quantities that are equal must have the same

dimension

Thanks to Saale invariance we can reduce the number

of quantities appearing in a problem by introducing
dimensionless quantities

In general non dimensional quantities can be

interpreted as the ratio of two quantities with
the same dimension appearing in the system
such as lengths times etc
























For example
x

I E
dimensional

y O L

non dimensional dimensional length x c o if c location alongvariable of pipe the length
1 3 14 L I I E 10,11 of the pipe

Any two systems with the same values of dimensionless
parameters behave in the same way up to resealing
The introduction of dimensionless quantities reduces the
number of variables in the problem by the number

of fundamental units

17
Let's see how the process of non dimensionaliting
works on a familiar example hopefully and then
we'll use it for one of the fundamental equations
of fluid mechanics



ADVECTION DIFFUSION EQUATION
transport

The advection diffusion equation is one of the fundamental
equations of fluid mechanics and describes the spreading
of a dissolved species in a pipe

dye chemical pollutant etc

teddy n t f e x o t co Ctx L t O

T T
C kit concentration of dissolved boundaryconditionschemical
eg mid

Tm3

x spatial variable describing the
location along the length of x o x L

or
the pipe Ex m t l

t time It s pipe inlet pipe outlet

parameters k diffusion coefficient of the chemical in
the pipe

u speed at which the water is flowing
through the pipe

f constant source of chemical that is

leaking into the pipe from the walls
L length of the pipe
co concentration of chemical coming into the

pipe at the inlet

Note can also indicate the partial derivatives as

Ct 06 Cxx



Units for all parameters i

c mole kdo n f
mis

t s Ctx O t Co Ctx L t 0

Ex m 1 mouse's

E mouse at meat to nuff tm
momf.to

I IrooxI.I f It eaten

t.names k3mofmz s kJ msI money _ECI

n u mof Eu ng
m 4

mol
mts If

Non dimensionalize the variables i

E C I L I _I
t leave t

T T Q unchosen forgivenby the nowproblei
qEf f5 EE I

Plug this in the problem

kdo n t f
C x O t Co Ctx L t O



9e k udfif.ae s

Eyo IL O Et go E 5 0 Et L

Eco 54 4 Et O E 5 1 Et D

r u E 9 if

kt oj ut o s

oo kt ut gg tag
T T

candidates for t what shall we choose

let's define t
diff In diff 1

tower Lu Uztook L

then we have

Peilft
number tedig In Luz Pe

this non dimensional parameter shows which of the two
effects between advection and diffusion is most important
in the system of interest

specifically we're comparing time scales i e whether

diffusion happens more slowly than advection

or vice versa and by how much


