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Let K be the positive definite function
=" w(0)Z(d. 0P (), w(t) >0, (1)
/=0

where Péd) is the ¢-th generalized Legendre polynomial.
For a set of N points Xy on the sphere S? we consider the discrete
energy

(R X0 = 2 > K (x) )
kj=1

and the minimal discrete energy of N points on the sphere

E(KG . N) = inf E(KY X). (3)
N
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The worst-case error of
numerical integration
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Estimates for worst-case error of numerical integration on s9

Definition
The worst-case (cubature) error of the cubature rule Q[Xy,w] in a
Banach space B of continuous functions on S¢ with norm || - || is
defined by
wee(Q[Xn,w]; B) := sup  [Q[Xn, w](f) = L), (4)
feB,||fllp<1
where

I(f) := /Sd f(x)dog(x),

N
Q[Xn, w](f Zw,f(x,) > wi=1.
j=1

By Q[Xn](f) we will denote the equal weight numerical integration

rule.
4
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Estimates for worst-case error of numerical integration on S

The worst case error in a reproducing kernel Hilbert space B can
be represented

N

wee(Q[Xn,w]; B)? = Z wiwjKe({(xi, x;)), (5)
ij=1

where Kp is a reproducing kernel.
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Estimates for worst-case error of numerical integration on s9

The worst case error in a reproducing kernel Hilbert space B can
be represented

N

wee(Q[Xn,w]; B)? = Z wiwjKe({(xi, x;)), (5)
ij=1

where Kp is a reproducing kernel.

Embedding into C(S?) implies B is a reproducing kernel Hilbert
space. That is to say there exists a kernel Kz : S? x S — R, with
the following properties:
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Estimates for worst-case error of numerical integration on s9

The worst case error in a reproducing kernel Hilbert space B can
be represented

N

wee(Q[Xn,w]; B)? = Z wiwjKe({(xi, x;)), (5)
ij=1

where Kp is a reproducing kernel.

Embedding into C(S?) implies B is a reproducing kernel Hilbert
space. That is to say there exists a kernel Kz : S? x S — R, with
the following properties:

(i) Ka(x,y) = Kg(y, x) for all x,y € S¢;
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Estimates for worst-case error of numerical integration on s9

The worst case error in a reproducing kernel Hilbert space B can
be represented

N
wee(Q[Xn,w]; B)? = Z wiwjKe({(xi, x;)), (5)
ij=1

where Kp is a reproducing kernel.

Embedding into C(S?) implies B is a reproducing kernel Hilbert
space. That is to say there exists a kernel Kz : S? x S — R, with
the following properties:

(i) Ka(x,y) = Kg(y, x) for all x,y € S¢;

(i) Kg(+,x) € B for all fixed x € B; and
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Estimates for worst-case error of numerical integration on s9

The worst case error in a reproducing kernel Hilbert space B can
be represented

N

wee(Q[Xn,w]; B)? = Z wiwjKe({(xi, x;)), (5)
ij=1

where Kp is a reproducing kernel.

Embedding into C(S?) implies B is a reproducing kernel Hilbert
space. That is to say there exists a kernel Kz : S? x S — R, with
the following properties:

(i) Ka(x,y) = Kg(y, x) for all x,y € S¢;

(i) Kg(+,x) € B for all fixed x € B; and

(iii) the reproducing property

(f,Kg(-,x))g = f(x) VFeB V¥xes9
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Estimates for worst-case error of numerical integration on s9

Indeed
wee( Q[ X, w]; B)? =

N
- sup f? ZUJJKB(vxj) - / KB()Y)dO—d(Y)
feB, |fllg<1 j=1 Sd
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Estimates for worst-case error of numerical integration on S

Indeed
wee( Q[ X, w]; B)? =
2
N
- sup f? ZUJJKB(vxj) _/ KB()Y)dO—d(Y)
feB, ||f|ls<1 =i sd
2

N
=[Skt |, Ke-)deaty)

B
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Estimates for worst-case error of numerical integration on s9

Indeed
wee( Q[Xy, w]; B)? =

2

N
= sup f, Z"JJKB(HXJ')_/ Ks(:,y)dod(y)
feB, |Ifls<1 =1 s

N 2
_ ;MJKB(-,xj)/Sd Kalo9)iod)|
N

N .
— ij > wiKs(xi x;) — 2Zwi /Sd Kg(xi,y)doa(y)

j=1 i=1

+/Sd /Sd Kg(x,y)dog(x)doy(y)
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Estimates for worst-case error of numerical integration on s9

= ijzw,’KB(Xi,Xj) - /Sd KB(X7 y)dO'd(Y),

j=1 i=1

=Y wy wiks(xi,x)),

j=1 i=1

where we have used the reproducing property of Kg.
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Estimates for worst-case error of numerical integration on s9

We denote by {YE(Z) ck=1,...,Z(d,0)} a collection of
Ly-orthonormal real spherical harmonics (homogeneous harmonic
polynomials in d 4 1 variables restricted to S?) of degree ¢, where

r(¢+d—1)

Z(d,0) =1, zwwpqy+d—nﬂaﬁ??5. (6)

Each spherical harmonic YZ(Z) of exact degree / is an eigenfunction
of the negative Laplace-Beltrami operator —A?; with eigenvalue

A= 00+ d —1).
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Estimates for worst-case error of numerical integration on s9

The Sobolev space H*(S9) for s > 0 consists of all functions
f € La(S?) with finite norm

Il = (Z 1 +Ae)5\fe,k|2)

(=0 k=1

1
2
)

(7)
where the Laplace-Fourier coefficients are given by the formula

foici=(F, V(D)o = / A0V (x)doa(x).
S
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Estimates for worst-case error of numerical integration on s9

The Sobolev space H*(S9) for s > 0 consists of all functions
f € La(S?) with finite norm

Il = (Z 1 +Ae)5\fe,k|2)

(=0 k=1

1
2
)

(7)
where the Laplace-Fourier coefficients are given by the formula

foici=(F, V(D)o = / A0V (x)doa(x).
S

For s > ¢ the space H*(S?) is embedded into the space of
continuous functions C(S9).
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Estimates for worst-case error of numerical integration on s9

The Sobolev space H*(S9) for s > 0 consists of all functions
f € La(S?) with finite norm

oo Z(d,f) %
Il = (33 @ a0l )
(=0 k=1
where the Laplace-Fourier coefficients are given by the formula
= (£ VD0 = [ PV 00doa(x).
S
For s > ¢ the space H*(S?) is embedded into the space of
continuous functions C(S9).
The reproducing kernel Ky s in H*(S?) is given by
Kas(t) = (1+ M)~ 2(d, )P (1). (8)
(=0
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Estimates for worst-case error of numerical integration on S

1
The space H(%’W)(Sd) will be defined for v > 5 d > 2, as the set

of all functions f € Ly(S9) whose Laplace-Fourier coefficients

satisfy
o0 . Z(d,0)
2 . 5 27y £ o2
1112 g oy ;(1+Ag)2(m(3+m) kg_jl ful? < 0o, (9)
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Estimates for worst-case error of numerical integration on S

1
The space H(%’W)(Sd) will be defined for v > 5 d > 2, as the set

of all functions f € Ly(S9) whose Laplace-Fourier coefficients

satisfy
o0 . Z(d,0)
2 . 5 27y £ o2
1112 g oy ;(1+Ag)2(m(3+m) kg_jl ful? < 0o, (9)

For v > 1 the space H(g’V)(Sd) is embedded into the space of
continuous functions C(S9).
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Estimates for worst-case error of numerical integration on s9

1
The space H(%’W)(Sd) will be defined for v > 5 d > 2, as the set

of all functions f € Ly(S9) whose Laplace-Fourier coefficients

satisfy
00 p Z(d,\f)
2 5 27 2
1 g ) ; 1+ X)2 (In(3+ \p)) kzl fok? < 0o (9)

For v > 1 the space H(g’V)(Sd) is embedded into the space of

continuous functions C(S9).
The reproducing kernel Ky - in H(%W)(Sd) is given by

Kan(t) = (L4 A) 7% (In(3+ A\)) 2 2(d, )P{(1).  (10)
/=0
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Estimates for worst-case error of numerical integration on S

The generalized Sobolev space H¥(S?) consists of all functions
f € Lo(S9) with finite norm

oo Z(d,0)

1l = (Z Z wl w)z. (11)

(=0 k=1
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Estimates for worst-case error of numerical integration on s9

The generalized Sobolev space H¥(S?) consists of all functions
f € Lo(S9) with finite norm

oo Z(d,0)

Il = (X X 505 w)l (11)

(=0 k=1

For sequence {v(k)}, such that > ¥ (¢)Z(d,?) < oo the space
=0

HY(S9) is embedded into the space of continuous functions C(S%).
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Estimates for worst-case error of numerical integration on s9

The generalized Sobolev space H¥(S?) consists of all functions
f € Lo(S9) with finite norm

oo Z(d,0)

Il = (X Y w) (11)

(=0 k=1

For sequence {v(k)}, such that > ¥ (¢)Z(d,?) < oo the space
=0

HY(S9) is embedded into the space of continuous functions C(S%).

The reproducing kernel K:f of the Hilbert space HY(S9) is given by

= S w0 2(d. 0P ). (12)
=0
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Estimates for worst-case error of numerical integration on s9

HY(S) is a reproducing kernel Hilbert space. A kernel Kg’ ;
S? x S — R has the following properties:

(i) Kg’(x, y) = K;f(y,x) for all x,y € S%
(i) KY (-, x) € HY(S) for all fixed x € H¥(S9); and
(iii) the reproducing property

(F, K (X))o = F(x) VF e HY(SY) wx e s,
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Spherical t-designs
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Estimates for worst-case error of numerical integration on S

Definition A spherical t-design on S¢ ¢ R9*1 is a set
Xy = {Xl, ...,XN} S Sd,

such that for all polynomials p with degree <t

=3 b0 = / p(x)dog(x), deg(p) < t.

d
xeXpy S

Here N is the number of points of spherical design.
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Estimates for worst-case error of numerical integration on S

Definition A spherical t-design on S¢ ¢ R9*1 is a set
Xy = {x1,...,xy} € 89,
such that for all polynomials p with degree <t
,1VZX px) = [ p()daa(x). dex(p) < ¢
Here N is the number of points of spherical design.

Definition A set Xy = {x1,...,xn} is called well-separated if
there exists a positive constant ¢; such that

. C1
min [X; — X;j| > —. 13
nin i — x> (13)

i#]
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Estimates for worst-case error of numerical integration on s9

The definition of spherical t-design is equivalent to

Y PDxy)) =0, (14)

(x,y)eXnxXn

ford=1,...,t
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Estimates for worst-case error of numerical integration on s9

The definition of spherical t-design is equivalent to

d
> Ak =0, (14)
(X,y)EXNXXN

ford=1,...,t
It is an immediate consequence of the fact that the restrictions of
polynomials to S? are spanned by the harmonic polynomials and
the addition theorem for spherical harmonics

Z(d L)

d
D ek Yeuly) = Z(d, P ((x,y):
k=1

Tetiana Stepaniuk Estimates for the discrete energies



Estimates for worst-case error of numerical integration on s9

Relation between t and N

Delsarte, Goethals and Seidel’77 established lower bounds

(d+dt/2) + (d+téz_1) for t even ,

N >
- 2(d+g/2j) for t odd ,

but these lower bounds can be achieved only for a few small values
of t.
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Estimates for worst-case error of numerical integration on s9

Relation between t and N

Delsarte, Goethals and Seidel’77 established lower bounds

N (d+dt/2) + (d+téz_1) for t even ,
- 2(d+g/2j) for t odd ,
but these lower bounds can be achieved only for a few small values
of t.

Seymour and Zaslavsky’84 showed that for every t > 1 (and for
every dimension of the sphere) there always exists a spherical
design.
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Estimates for worst-case error of numerical integration on s9

Relation between t and N

Delsarte, Goethals and Seidel’77 established lower bounds

N {(d+;/2) + (d+téz_1) for t even ,

2(d+g/2j) for t odd ,

but these lower bounds can be achieved only for a few small values
of t.

Seymour and Zaslavsky’84 showed that for every t > 1 (and for
every dimension of the sphere) there always exists a spherical
design.

Korevaar and Meyers’93 conjectured that there always exist
spherical t-designs with N = t9 points.
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Estimates for worst-case error of numerical integration on s9

Theorem (Bondarenko, Radchenko and Viazovska'13)

For d > 2, there exists a constant ¢y depending only on d such
that for every N > c4t9 there exists a spherical t-design with N
points.
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Estimates for worst-case error of numerical integration on s9

Theorem (Bondarenko, Radchenko and Viazovska'13)

For d > 2, there exists a constant ¢y depending only on d such
that for every N > c4t9 there exists a spherical t-design with N
points.

Theorem (Bondarenko, Radchenko and Viazovska '15)

Foreachd >2, te N, N > Cdtd, there exist positive constants cy4
and \y depending only on d such that for every N > c4t? there
exists a spherical t-design on S? consisting of N points {x}"
with [x; — x;| > AgN~3 for i # J.
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Estimates for worst-case error of numerical integration on s9

Theorem (Hesse and Sloan'05 (s = 2, d = 2); Hesse and Sloan'06
(s > 1, d = 2), Brauchart and Hesse'07 (s > %, d>2))

Given s > g, there exists Cs 4 > 0, such that for every N-point
spherical t-design Xy on S? there holds

Cs,d
ts

wee( Q[Xn]: H*(S9)) < (15)
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Estimates for worst-case error of numerical integration on s9

Theorem (Hesse and Sloan'05 (d = 2); , Hesse'06 (d > 2))

Given s > %, there exists Cs g > 0, such that for every N-point
configuration Xy on S? there holds

fVSvd < wee(Q[Xy, w]; H*(S9)). (16)

El
d
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Estimates for worst-case error of numerical integration on s9

Theorem (Grabner and S."18)

1
Letd > 2, v> 5 be fixed, Xp ;) be a well-separated spherical

t-design and N =< t9. Then there exist positive constants CC(,Z)

Cﬁa, such that
CEIN"3 (In N)~7+5 < wee(Q[Xn]; HE D (5%))
< CON~2 (InN) 3,

The constants Cts,lq)/ and C(Szw) depend only on d and 7.

and

(17)
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Estimates for worst-case error of numerical integration on s9

Theorem (Grabner and S.'18)

Let d > 2, v > 3, Q[Xy,w] is an arbitrary N-point cubature rule.
Then, there exists a positive constant Cy -, such that

wee(Q[Xn, w]; HEM(SY)) > Cy,N™2 (InN)™7.  (18)

The constant Cy, depends only on d and +, but is independent of
the rule Q[Xy,w] and the number of nodes N of the rule.
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Estimates for worst-case error of numerical integration on s9

As consequence, we get

) c®

1+ s,; < &(Kygs, N) <1+ /\;ad (19)
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Estimates for worst-case error of numerical integration on s9

As consequence, we get

c @
1+ 22 < (Kgs, N) <14+ 22 (19)
Nd ' Nd

(In3)2 + C{IN"Z (InN) ™7 < £(Kqyy. N) <

< (In3)% + CPNZ (In V)72 (20)
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Estimates for worst-case error of numerical integration on s9

By ©4,we denote the set of monotonically nonincreasing functions
¥(t) for which there exists a constant o > d such that the
function t*y(t) almost decreases, i.e., there exists a positive
constant K such that tf1(t1) < Kt§p(to) for any 1 < tp, < t;.
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Estimates for worst-case error of numerical integration on s9

By ©4,we denote the set of monotonically nonincreasing functions
¥(t) for which there exists a constant o > d such that the
function t*y(t) almost decreases, i.e., there exists a positive
constant K such that tf1(t1) < Kt§p(to) for any 1 < tp, < t;.

By B we denote the set of positive functions 1(t) monotonically
nonincreasing for t > 1 for which there exists a positive constant
K such that

¥(t)

mgK Ve > 1. (21)
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Estimates for worst-case error of numerical integration on S

Examples of the functions ), satisfying the condition vy € BN ©4
are the functions of the form:

P(t)=(t+1)"°, s>d; (22)
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Estimates for worst-case error of numerical integration on s9

Examples of the functions ), satisfying the condition vy € BN ©4
are the functions of the form:

P(t)=(t+1)"°, s>d; (22)

1
(t+1)In“(t+c)’

P(t) = s>d, a>0, c>1; (23)
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Estimates for worst-case error of numerical integration on s9

Examples of the functions ), satisfying the condition vy € BN ©4
are the functions of the form:

Y(t)=(t+1)"° s>d, (22)

1
w(t):(t+1)5|na(t+c)’5>d’ a>0, c>1,; (23)
w(t):m,s>d, a >0, C>es%—1. (24)
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Estimates for worst-case error of numerical integration on s9

Theorem ( S."20)
Let d > 2 be fixed and ¥ € BN ©4. Then

$(0) + Cihw (N3) < E(Ky, N) < w(0) + cPlw (N7). (25)

The constants C‘Si)b and C‘Sil depend only on d and .
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Estimates for worst-case error of numerical integration on s9

Lemma 1 ( S.'20)

Let d > 2 be fixed, ¥ € BN ©y and Xy be N point well-separated
spherical t-design with N < t9. Then there exists a positive
constant Cq,, such that

E(KY, Xn) = 1(0) < Cayty (N7 ). (26)

The constant Cy depends only on d and 9.

Tetiana Stepaniuk Estimates for the discrete energies



Estimates for worst-case error of numerical integration on s9

Lemma 2 ( S.'20)

Let d > 2 be fixed, and ¥ € BN ©y, Xy be an arbitrary N-point
sequence. Then, there exists a positive constant Cy4 4 such that

E(KY, Xn) = 1(0) = Cayty (N7 ). (27)

The constant Cyy, depends only on d and %, but is independent
of the number of nodes V.
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Estimates for worst-case error of numerical integration on s9

Corollary

Let d > 2 be fixed and
wl(k)zwm, s>d, a>0, c>1 Then

c c
N0 ¢+ — 2P < g(KYN) < In@c 4+ — 9 (28)
N7 In® N N7 In® N

The constants C((,B}l and Cﬁ)pl depend only on d and ;.
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Estimates for worst-case error of numerical integration on s9

Let K4 be the positive definite function

Ka(t) == > a,Pi(t), an >0, (29)
n=0
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Estimates for worst-case error of numerical integration on s9

Let K4 be the positive definite function

Ka(t) == > a,Pi(t), an >0, (29)
n=0
For Xy C S9, Xy = {xl, el xN} let consider energies of the form

>0 Kallxixg)), (30)

i=1 j=1
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Estimates for worst-case error of numerical integration on s9

Let K4 be the positive definite function

Ka(t) == > a,Pi(t), an >0, (29)
n=0

For Xy C S9, Xy = {xl, el xN} let consider energies of the form
N N

D> Ka((xirx))), (30)
i=1 j=1

Let {A;}Y | be an area regular partition of the sphere, i.e.:

N
s9=U A, AiNAj =0, i#jand o(A;) = %
i=1

diam(A;) < CN~4 for i = 1,..., .
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Estimates for worst-case error of numerical integration on s9

Let K4 be the positive definite function

Ka(t) == > a,Pi(t), an >0, (29)
n=0
For Xy C S9, Xy = {xl, el xN} let consider energies of the form

>0 Kallxixg)), (30)

i=1 j=1

Let {A;}Y | be an area regular partition of the sphere, i.e.:

N
S?=J A, AnA =0, i#jand o(A) =4,
i=1
diam(A;) < CN~4 for i = 1,..., .

Choose the points Xy = {x1,...,xy} uniformly randomly in A;:
x; € A;.
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Estimates for worst-case error of numerical integration on

Let o} be the restriction of the measure No to A;:
07(-) = o(A;N-)N. Then each o7 is a probability measure.
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Estimates for worst-case error of numerical integration on s9

Let o7 be the restriction of the measure No to A;:
07(-) = o(A;N-)N. Then each o7 is a probability measure.
Consider energy integrals with respect to probability measure 0‘; of

the form

N
1 * *
/\/2// E Kd(<x,-,xj>)d01(x1)...daN(xN), Ky E(C[,l,l]

A Ay =L
(31)
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Estimates for worst-case error of numerical integration on s9

Theorem (Grabner and S.'18)

Let Ky be a continuous function on [—1,1], which is defined by

(29). Then there exists a positive constant Cy, such that the
following estimate holds

/ /ZKd (o) o) el X

A1 An ij=1

[va]

“Zann + Z . (32)

n= [Nd]+1

The constant C,; depends on d, but is independent on N.
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Estimates for worst-case error of numerical integration on s9

For the reproducing kernel of Sobolev space H¥(S9),

N
/32// S K (x5, 7)) dort (x1)-..dorfy(xn) — 1

Ay Ay ij=1

N-T, if d<s<1+9,
<{NTGInN, ifs=1+9, (33)
N-1-3, ifs>1+9.

Tetiana Stepaniuk Estimates for the discrete energies



Estimates for worst-case error of numerical integration on s9

1
For the reproducing kernel of the space H(%”)(Sd), >3

N
/32// Z R(%v’Y)«Xi,Xj>)dUT(X1)...dO'7V(xN) < NL (In N)72’Y+1.
Al A/\I ”J:l
(34)
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Estimates for worst-case error of numerical integration on S

For the reproducing kernel of Sobolev space HY(S9), the following
estimate holds

N
o [ [ 30 Kot ). doiton) — 0(0)

A Ay ij=1

(V4] .
1 2
<5 N—d;¢(n)nd+l+ > g(mn®t] . (35)

1
n=[Nd]+1
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Estimates for worst-case error of numerical integration on S

So, for jittered sampling {Xy} and for ¢» € BN ©y

E(KY, Xn) — 9(0) <

O
<
N
QN
=
=y
=
Q
i
+
=
<
—~
=
Qe
~
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Estimates for worst-case error of numerical integration on S

So, for jittered sampling {Xy} and for ¢» € BN ©y

[va]

E(KY. Xn) — 0(0) < < NE 3 w4 s (W

In particular, if ¢» € BN Og42

2
E(KY, Xn) — $(0) < CyyN "4

)
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Estimates for worst-case error of numerical integration on S

So, for jittered sampling {Xy} and for ¢» € BN ©y

[va]

E(KY, Xn) — 1(0) < de - Z D(m)n? ! + Ny (N%)

(36)
In particular, if ¢ € BN Og.s
E(KY . Xn) = $(0) < Ca N 174, (37)
and if ) € BN (Og \ Ogro_c)
E(KY, Xn) = %(0) < Caytp (N7 ). (38)
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THANK YOU FOR YOUR ATTENTION!!!
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