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Estimates for worst-case error of numerical integration on Sd

Let Kψ
d be the positive definite function

Kψ
d (t) =

∞∑
`=0

ψ(`)Z (d , `)P
(d)
` (t), ψ(`) ≥ 0, (1)

where P
(d)
` is the `-th generalized Legendre polynomial.

For a set of N points XN on the sphere Sd we consider the discrete
energy

E (Kψ
d ,XN) :=

1

N2

N∑
k,j=1

Kψ
d (〈xk , xj〉) (2)

and the minimal discrete energy of N points on the sphere

E(Kψ
d ,N) := inf

XN

E (Kψ
d ,XN). (3)
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The worst-case error of
numerical integration
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Definition
The worst-case (cubature) error of the cubature rule Q[XN , ω] in a
Banach space B of continuous functions on Sd with norm ‖ · ‖B is
defined by

wce(Q[XN , ω];B) := sup
f ∈B,‖f ‖B≤1

|Q[XN , ω](f )− I(f )|, (4)

where

I(f ) :=

∫
Sd

f (x)dσd(x),

Q[XN , ω](f ) :=
N∑
i=1

ωi f (xi ),
N∑
j=1

ωj = 1.

By Q[XN ](f ) we will denote the equal weight numerical integration
rule.
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Estimates for worst-case error of numerical integration on Sd

The worst case error in a reproducing kernel Hilbert space B can
be represented

wce(Q[XN , ω];B)2 =
N∑

i ,j=1

ωiωj K̃B(〈xi , xj〉), (5)

where KB is a reproducing kernel.

Embedding into C(Sd) implies B is a reproducing kernel Hilbert
space. That is to say there exists a kernel KB : Sd × Sd → R, with
the following properties:
(i) KB(x, y) = KB(y, x) for all x, y ∈ Sd ;
(ii) KB(·, x) ∈ B for all fixed x ∈ B; and
(iii) the reproducing property

(f ,KB(·, x))B = f (x) ∀f ∈ B ∀x ∈ Sd .
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Indeed
wce(Q[XN , ω];B)2 =

= sup
f ∈B, ‖f ‖B≤1

∣∣∣∣∣∣
f ,

N∑
j=1

ωjKB(·, xj)−
∫
Sd

KB(·, y)dσd(y)

∣∣∣∣∣∣
2

=

∥∥∥∥∥∥
N∑
j=1

ωjKB(·, xj)−
∫
Sd

KB(·, y)dσd(y)

∥∥∥∥∥∥
2

B

=
N∑
j=1

ωj

N∑
i=1

ωiKB(xi , xj)− 2
N∑
i=1

ωi

∫
Sd

KB(xi , y)dσd(y)

+

∫
Sd

∫
Sd

KB(x, y)dσd(x)dσd(y)
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=
N∑
j=1

ωj

N∑
i=1

ωiKB(xi , xj)−
∫
Sd

KB(x, y)dσd(y),

=
N∑
j=1

ωj

N∑
i=1

ωi K̃B(xi , xj),

where we have used the reproducing property of KB .
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We denote by {Y (d)
`,k : k = 1, . . . ,Z (d , `)} a collection of

L2-orthonormal real spherical harmonics (homogeneous harmonic
polynomials in d + 1 variables restricted to Sd) of degree `, where

Z (d , 0) = 1, Z (d , `) = (2`+ d − 1)
Γ(`+ d − 1)

Γ(d)Γ(`+ 1)
. (6)

Each spherical harmonic Y
(d)
`,k of exact degree ` is an eigenfunction

of the negative Laplace-Beltrami operator −∆∗d with eigenvalue

λ` := `(`+ d − 1).
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The Sobolev space Hs(Sd) for s ≥ 0 consists of all functions
f ∈ L2(Sd) with finite norm

‖f ‖Hs =

( ∞∑
`=0

Z(d ,`)∑
k=1

(1 + λ`)
s |f̂`,k |2

) 1
2

, (7)

where the Laplace-Fourier coefficients are given by the formula

f̂`,k := (f ,Y
(d)
`,k )Sd =

∫
Sd

f (x)Y
(d)
`,k (x)dσd(x).

For s > d
2 the space Hs(Sd) is embedded into the space of

continuous functions C(Sd).
The reproducing kernel Kd ,s in Hs(Sd) is given by

Kd ,s(t) =
∞∑
`=0

(1 + λ`)
−s Z (d , `)P

(d)
` (t). (8)
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The space H( d
2
,γ)(Sd) will be defined for γ >

1

2
, d ≥ 2, as the set

of all functions f ∈ L2(Sd) whose Laplace-Fourier coefficients
satisfy

‖f ‖2
H( d2 ,γ)

:=
∞∑
`=0

(1 + λ`)
d
2 (ln (3 + λ`))2γ

Z(d ,`)∑
k=1

|f̂`,k |2 <∞. (9)

For γ > 1
2 the space H( d

2
,γ)(Sd) is embedded into the space of

continuous functions C(Sd).

The reproducing kernel Kd ,γ in H( d
2
,γ)(Sd) is given by

Kd ,γ(t) =
∞∑
`=0

(1 + λ`)
− d

2 (ln (3 + λ`))−2γ Z (d , `)P
(d)
` (t). (10)
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The generalized Sobolev space Hψ(Sd) consists of all functions
f ∈ L2(Sd) with finite norm

‖f ‖Hψ =

( ∞∑
`=0

Z(d ,`)∑
k=1

1

ψ(`)
|f̂`,k |2

) 1
2

. (11)

For sequence {ψ(k)}, such that
∞∑̀
=0

ψ(`)Z (d , `) <∞ the space

Hψ(Sd) is embedded into the space of continuous functions C(Sd).

The reproducing kernel Kψ
d of the Hilbert space Hψ(Sd) is given by

Kψ
d (t) =

∞∑
`=0

ψ(`)Z (d , `)P
(d)
` (t). (12)
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Hψ(Sd) is a reproducing kernel Hilbert space. A kernel Kψ
d :

Sd × Sd → R has the following properties:
(i) Kψ

d (x, y) = Kψ
d (y, x) for all x, y ∈ Sd ;

(ii) Kψ
d (·, x) ∈ Hψ(Sd) for all fixed x ∈ Hψ(Sd); and

(iii) the reproducing property

(f ,Kψ
d (·, x))Hψ = f (x) ∀f ∈ Hψ(Sd) ∀x ∈ Sd .
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Spherical t-designs
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Definition A spherical t-design on Sd ⊂ Rd+1 is a set

XN := {x1, ..., xN} ∈ Sd ,

such that for all polynomials p with degree ≤ t

1

N

∑
x∈XN

p(x) =

∫
Sd

p(x)dσd(x), deg(p) ≤ t.

Here N is the number of points of spherical design.

Definition A set XN =
{
x1, . . . , xN

}
is called well-separated if

there exists a positive constant c1 such that

min
i 6=j
|xi − xj | ≥

c1

N
1
d

. (13)
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The definition of spherical t-design is equivalent to∑
(x,y)∈XN×XN

P
(d)
` (〈x, y〉) = 0, (14)

for ` = 1, ..., t

It is an immediate consequence of the fact that the restrictions of
polynomials to Sd are spanned by the harmonic polynomials and
the addition theorem for spherical harmonics

Z(d ,`)∑
k=1

Y`,k(x)Y`,k(y) = Z (d , `)P
(d)
` (〈x, y〉).
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Estimates for worst-case error of numerical integration on Sd

Relation between t and N

Delsarte, Goethals and Seidel’77 established lower bounds

N ≥

{(d+t/2
d

)
+
(d+t/2−1

d

)
for t even ,

2
(d+bt/2c

d

)
for t odd ,

but these lower bounds can be achieved only for a few small values
of t.

Seymour and Zaslavsky’84 showed that for every t ≥ 1 (and for
every dimension of the sphere) there always exists a spherical
design.

Korevaar and Meyers’93 conjectured that there always exist
spherical t-designs with N � td points.
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Estimates for worst-case error of numerical integration on Sd

Theorem (Bondarenko, Radchenko and Viazovska’13)

For d ≥ 2, there exists a constant cd depending only on d such
that for every N ≥ cd t

d there exists a spherical t-design with N
points.

Theorem (Bondarenko, Radchenko and Viazovska ’15)

For each d ≥ 2, t ∈ N, N > cd t
d , there exist positive constants cd

and λd depending only on d such that for every N ≥ cd t
d there

exists a spherical t-design on Sd consisting of N points {x}Ni=1

with |xi − xj | ≥ λdN−
1
d for i 6= j .
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Theorem (Hesse and Sloan’05 (s = 3
2 , d = 2); Hesse and Sloan’06

(s > 1, d = 2), Brauchart and Hesse’07 (s > d
2 , d ≥ 2))

Given s > d
2 , there exists Cs,d > 0, such that for every N-point

spherical t-design XN on Sd there holds

wce(Q[XN ];Hs(Sd)) ≤
Cs,d

ts
. (15)
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Theorem (Hesse and Sloan’05 (d = 2); , Hesse’06 (d ≥ 2))

Given s > d
2 , there exists Cs,d > 0, such that for every N-point

configuration XN on Sd there holds

Cs,d

N
s
d

≤ wce(Q[XN , ω];Hs(Sd)). (16)
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Theorem (Grabner and S.’18)

Let d ≥ 2, γ >
1

2
be fixed, XN(t) be a well-separated spherical

t-design and N � td . Then there exist positive constants C
(1)
d ,γ and

C
(2)
d ,γ , such that

C
(1)
d ,γN

− 1
2 (lnN)−γ+

1
2 ≤ wce(Q[XN ];H( d

2
,γ)(Sd))

≤ C
(2)
d ,γN

− 1
2 (lnN)−γ+

1
2 . (17)

The constants C
(1)
d ,γ and C

(2)
d ,γ depend only on d and γ.
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Theorem (Grabner and S.’18)

Let d ≥ 2, γ > 1
2 , Q[XN , ω] is an arbitrary N-point cubature rule.

Then, there exists a positive constant Cd ,γ such that

wce(Q[XN , ω];H( d
2
,γ)(Sd)) ≥ Cd ,γN

− 1
2 (lnN)−γ . (18)

The constant Cd ,γ depends only on d and γ, but is independent of
the rule Q[XN , ω] and the number of nodes N of the rule.
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As consequence, we get

1 +
C

(1)
s,d

N
s
d

≤ E(Kd ,s ,N) ≤ 1 +
C

(2)
s,d

N
s
d

. (19)

(ln 3)2γ + C
(1)
d ,γN

− 1
2 (lnN)−γ ≤ E(Kd ,γ ,N) ≤

≤ (ln 3)2γ + C
(2)
d ,γN

− 1
2 (lnN)−γ+

1
2 . (20)
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By Θd ,we denote the set of monotonically nonincreasing functions
ψ(t) for which there exists a constant α > d such that the
function tαψ(t) almost decreases, i.e., there exists a positive
constant K such that tα1 ψ(t1) ≤ Ktα2 ψ(t2) for any 1 ≤ t2 ≤ t1.

By B we denote the set of positive functions ψ(t) monotonically
nonincreasing for t ≥ 1 for which there exists a positive constant
K such that

ψ(t)

ψ(2t)
≤ K ∀t ≥ 1. (21)
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Examples of the functions ψ, satisfying the condition ψ ∈ B ∩Θd

are the functions of the form:

ψ(t) = (t + 1)−s , s > d ; (22)

ψ(t) =
1

(t + 1)s lnα(t + c)
, s > d , α ≥ 0, c > 1; (23)

ψ(t) =
lnα(t + c)

(t + 1)s
, s > d , α ≥ 0, c > e

2α
s−d − 1. (24)
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Theorem ( S.’20)

Let d ≥ 2 be fixed and ψ ∈ B ∩Θd . Then

ψ(0) + C
(1)
d ,ψψ

(
N

1
d

)
≤ E(Kψ

d ,N) ≤ ψ(0) + C
(2)
d ,ψψ

(
N

1
d

)
. (25)

The constants C
(1)
d ,ψ and C

(2)
d ,ψ depend only on d and ψ.
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Lemma 1 ( S.’20)

Let d ≥ 2 be fixed, ψ ∈ B ∩Θd and XN be N point well-separated
spherical t-design with N � td . Then there exists a positive
constant Cd ,ψ such that

E (Kψ
d ,XN)− ψ(0) ≤ Cd ,ψψ

(
N

1
d

)
. (26)

The constant Cd ,ψ depends only on d and ψ.
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Lemma 2 ( S.’20)

Let d ≥ 2 be fixed, and ψ ∈ B ∩Θd , XN be an arbitrary N-point
sequence. Then, there exists a positive constant Cd ,ψ such that

E (Kψ
d ,XN)− ψ(0) ≥ Cd ,ψψ

(
N

1
d

)
. (27)

The constant Cd ,ψ depends only on d and ψ, but is independent
of the number of nodes N.

Tetiana Stepaniuk Estimates for the discrete energies



Estimates for worst-case error of numerical integration on Sd

Corollary

Let d ≥ 2 be fixed and
ψ1(k) = 1

(k+1)s lnα(k+c) , s > d , α ≥ 0, c > 1. Then

ln−α c +
C

(1)
d ,ψ1

N
s
d lnαN

≤ E(Kψ1

d ,N) ≤ ln−α c +
C

(1)
d ,ψ1

N
s
d lnαN

. (28)

The constants C
(1)
d ,ψ1

and C
(2)
d ,ψ1

depend only on d and ψ1.
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Let Kd be the positive definite function

Kd(t) :=
∞∑
n=0

anP
(d)
n (t), an ≥ 0. (29)

For XN ⊂ Sd , XN =
{
x1, . . . , xN

}
let consider energies of the form

N∑
i=1

N∑
j=1

Kd(〈xi , xj〉), (30)

Let {Ai}Ni=1 be an area regular partition of the sphere, i.e.:

Sd =
N⋃
i=1

Ai , Ai ∩ Aj = ∅, i 6= j and σ(Ai ) = 1
N ,

diam(Ai ) ≤ CN−
1
d for i = 1, ...,N.

Choose the points XN = {x1, ..., xN} uniformly randomly in Ai :
xi ∈ Ai .
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Let σ∗j be the restriction of the measure Nσ to Aj :
σ∗j (·) = σ(Aj ∩ ·)N. Then each σ∗j is a probability measure.

Consider energy integrals with respect to probability measure σ∗j of
the form

1

N2

∫
A1

...

∫
AN

N∑
i ,j=1

Kd(〈xi , xj〉)dσ∗1(x1)...dσ∗N(xN), Kd ∈ C[−1,1]

(31)
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Theorem (Grabner and S.’18)

Let Kd be a continuous function on [−1, 1], which is defined by
(29). Then there exists a positive constant Cd , such that the
following estimate holds

1

N2

∫
A1

...

∫
AN

N∑
i ,j=1

Kd(〈xi , xj〉)dσ∗1(x1)...dσ∗N(xN)− a0

≤ Cd

N

N−
2
d

[N
1
d ]∑

n=1

ann
2 +

∞∑
n=[N

1
d ]+1

an

 . (32)

The constant Cd depends on d , but is independent on N.
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For the reproducing kernel of Sobolev space Hs(Sd),

1

N2

∫
A1

...

∫
AN

N∑
i ,j=1

K
(s)
d (〈xi , xj〉)dσ∗1(x1)...dσ∗N(xN)− 1

�


N−

2s
d , if d

2 < s < 1 + d
2 ,

N−1−
2
d lnN, if s = 1 + d

2 ,

N−1−
2
d , if s > 1 + d

2 .

(33)
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For the reproducing kernel of the space H( d
2
,γ)(Sd), γ >

1

2
,

1

N2

∫
A1

...

∫
AN

N∑
i ,j=1

K̃ ( d
2
,γ)(〈xi , xj〉)dσ∗1(x1)...dσ∗N(xN)� N−1 (lnN)−2γ+1 .

(34)
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For the reproducing kernel of Sobolev space Hψ(Sd), the following
estimate holds

1

N2

∫
A1

...

∫
AN

N∑
i ,j=1

K
(ψ)
d (〈xi , xj〉)dσ∗1(x1)...dσ∗N(xN)− ψ(0)

� 1

N

N−
2
d

[N
1
d ]∑

n=1

ψ(n)nd+1 +
∞∑

n=[N
1
d ]+1

ψ(n)nd−1

 . (35)
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So, for jittered sampling {XN} and for ψ ∈ B ∩Θd

E (Kψ
d ,XN)− ψ(0) ≤

Cd ,ψ

N

N−
2
d

[N
1
d ]∑

n=1

ψ(n)nd+1 + Nψ
(
N

1
d

) .

(36)

In particular, if ψ ∈ B ∩Θd+2

E (Kψ
d ,XN)− ψ(0) ≤ Cd ,ψN

−1− 2
d . (37)

and if ψ ∈ B ∩ (Θd \Θd+2−ε)

E (Kψ
d ,XN)− ψ(0) ≤ Cd ,ψψ

(
N

1
d

)
. (38)
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