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rotation sequence {qa}, ¢ =0,1,2,3,...,in [0,1)

convenient to think of torus [0,1) as a circle with circumference 1
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0
{4@} {7@}
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equidistributed if « is irrational, and periodic if « is rational

uniform-periodic dichotomy
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Veech 2-circle problem

S0

assume that « is irrational

when do we have equidistribution 7
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viewed in terms of geodesic flow of slope «« on a flat surface

hl h2

2-square-b surface

when is this a-geodesic equidistributed 7
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special case b = {ma} : simple way to determine left or right
sq={7+qa}, ¢q=0,1,2,3,...

parity of W(a;7;b; N) =|{¢g=0,1,...,N —1:0 < sq < b}|
special case 0 < b=a <1 with N > 2 :

7T=0: V(;0;b;N) =[(N — 1)]

{r}+ (N —-1)a] ifOL{r}<bd

general : V(«;7;b; N) :{ {r}+ (N -1l ifb<{r} <1

special case 0 < b={2a} <1l and =0 :

apply (x) to sq,s»,s4,sg,... and sq, s3, S5, S7, ...

increasingly complicated
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Veech (1969) :

o badly approximable

b#= {ma} for any m € Z

L — half-infinite a-geodesic on 2-square-b surface
= L evenly distributed between the two squares
excludes a countable set of values of b

what happens when b = {ma} for some m € Z 7?
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« irrational

m=4:0<b={4a}<1:

3

<a<
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o irrational 7
m=4:0<b={4a} <1:

O<a< % or % <a< % . not dense or equidistributed for any a-geodesic
% <a< % or % < o <1 : equidistributed for any a-geodesic

case study seems hopelessly complicated and mysterious

there is a simple underlying rule
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PP(m,a) =#{q=1,...,m: {qa} < a}

parity parameter
PP(2;a) = 0 if

m=4and%<a

O<oz<%

2.
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— 2 3.
m = 4 and §<Oé<z
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b= {404}1/ b={4a}
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parity parameter
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(0 ifO<ac<
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parity parameter

m=2:PP(2a)= 0 if0<a<3
(0 ifOo<acx

m=4: PP(4;0) ={ 2 ifi<ax<
2 if%<oz<

W WIN =
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PP(m;a) =#{q=1,...,m: {qa} < a}

parity parameter

Double-Even Criterion : m and PP(m;«) are both even

BCY (2021) : b = {ma} for integer m > 0

Double-Even Criterion holds

= two non-trivial a-flow invariant subsets of 2-square-b surface
= not dense or equidistributed for any a-geodesic
Double-Even Criterion fails

= equidistributed for any a-geodesic
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n-square-b surface for any integer n > 2

BCY (2021) :

o badly approximable

b %= {ma} for any m € Z

L — half-infinite a-geodesic on n-square-b surface

= L equidistributed
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finite polysquare region — with finitely many unit size squares

disjoint or common vertex or common edge

chain with common edges

horizontal edge identification 4+ vertical edge identification

— finite polysquare surface
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L — half-infinite geodesic on finite polysquare surface, irrational slope
= L equidistributed

uniform-periodic dichotomy



finite polysquare b-rational translation surfaces

14



finite polysquare b-rational translation surfaces

14



finite polysquare b-rational translation surfaces

h1

top b/2-gate

top b-gate

UGI \4'

U2 V2

U1
[ L 2

ho . / h3
/
U5

U3 Us[U4

hy

/,
\hg/ hs

bottom b-gates

14



finite polysquare b-rational translation surfaces

14



finite polysquare b-rational translation surfaces

14



finite polysquare b-rational translation surface P

division numbers {r;b}, i =1,..., R, where each r; € Q

14



finite polysquare b-rational translation surface P 14
division numbers {r;b}, i =1,..., R, where each r; € Q

— division points on each vertical edge, distance {r;b} from bottom



finite polysquare b-rational translation surface P 14
division numbers {r;b}, i =1,..., R, where each r; € Q

— division points on each vertical edge, distance {r;b} from bottom
barriers and gates between division points

modification of edge identifications to ensure we have a surface



BCY (2021) :

finite polysquare b-rational translation surface P
division numbers {r;b}, i =1,..., R, where each r; € Q
o badly approximable

{r;b} # {ma} for any i=1,...,R and m € Z \ {0}

L — half-infinite a-geodesic on P

= L equidistributed

15
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interval exchange transformation
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interval exchange transformation

w4y
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assume for simplicity that 0 < b < a < 3
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interval exchange transformation

wl[O,l—a—%)l—le:
wl[l—a—%,l—a)l—wwg:

wi[l —a,1) — wgy
wr[0,1 —a — b) — wo
wry[l —a—0b,1 —a) — w3
wry[l —a,1 —a+b) — w3
wr[l —a—+b,1) — wo
w3[0,1 —a —b) — w3
w3[1—a—b,1—a—%)l—>w2
w3l —a—2,1—a)— w;
w3[l —a, 1 —a+b) — w;
w3[l —a+b,1) — w3
wa[0,1 — ) — wgy

wall —a,1 —a+b) — ws
wa[l —a+b,1) — wq

— 5,

0, &)
(o, 1 —b)
1—b,1)
0, b)
b, )
(o, 1 —b)
1—b,1—3)
1-25,1)
0, b)
b, o)
a, 1)
0, b)
b, o)

16



interval exchange transformation

identity w1y, ws, w3, ws with [0,1),[1,2),[2,3),[3,4) respectively
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interval exchange transformation T : [0,4) — [0,4)

T([0,1—a—3)) =
T((l-a-31-0a))=
T(l1—-a1)) =
T([1,2—a—-b)) =
T(R2—a—0b,2—a)) =
T(2—a,2—a+b)) =
T([2—-—a+0b2)) =
T([2,3—a—10b)) =
T([3—a—-b3—-a-13))=
T([3-a-5%3-0a))=
T([3—a,3—a-+bd)) =
T([3—a+b,3)) =
T([3,4—a)) =

T([4 —a,4—a—+b)) =
T([4—-a+0b,4)) =

16

:oz,l—%)
2—35,2)
3,3+ a)
1+ «,2 —b)
3 —b,3)
2,2+ b)
146,14+ )
24+ a,3 —b)
2 —b,2—9)
1-25,1)

0, b)
240,24+ )
3+ «a,4)
1,1+ b)

b, a)
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interval exchange transformation T : [0,4) — [0, 4) 16
each piece of T' is an increasing bijective linear map

T preserves Lebesgue measure

singularities modulo one are 0, 1 —a—b, 1 — o — % l—o, 1—a+5b

s square faces in general : T :[0,s) — [O, s)

division numbers {r;b}, i=1,...,R

singularities modulo one are 0, 1 —a and {r;b—a}, i=1,...,R



2-square-b surface

b= {ma} for some positive integer m

PP(m;a) =#{q=1,....,m: {qa} < a}

parity parameter

Double-Even Criterion : m and PP(m; «) are both even
Double-Even Criterion fails

= equidistributed for any a-geodesic

17



Step 1 : Double-Even Criterion fails

= interval exchange transformation T : [0,2) — [0,2) is ergodic
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= interval exchange transformation T : [0,2) — [0,2) is ergodic

T not ergodic

— T-invariant measurable subset Sy C [0,2) with 0 < meas(Sp) < 2
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= Sp modulo 1 is [0,1)
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Step 1 : Double-Even Criterion fails

= interval exchange transformation T : [0,2) — [0,2) is ergodic

T not ergodic

— T-invariant measurable subset Sy C [0,2) with 0 < meas(Sp) < 2
T modulo 1 is irrational rotation = ergodic

= Sp modulo 1 is [0,1)

meas(Sp) =1

18



irrational o € (0,1)

continued fraction o = [a1,a2,a3,...] = T

Pk _ Pr(a) _

—lag,...,a1], k=1,2.3,...
(o)

convergents

pr € Z and q; € N are coprime

PO P2 P4 cac...<cB BN

40 q2 q4 q5 43 q1

po=0,9g0=1,¢g-1=0

19
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3-distance theorem 20
0,a,2a,3a,...,na modulo 1 — (n + 1)-partition of unit torus [0, 1)
= at most 3 different distances between neighboring partition points
every positive integer n has unigue expression

n = uqr + qr_—1 +r, with 1 S U< apgq and 0 <r < qp

o distance ||q.«l| : precisely n + 1 — q;, times

o distance ||q,_1a|| — ul|qre|| : precisely r + 1 times

o distance ||qr_1a| — (u — 1)||qr|| : precisely g, —r — 1 times
n=qy+1—1=>p=agp1—1andr=gq,—1

= 2-distance theorem : {d*,d**} = {||qxo], |lax+ 12| + lare| }
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{ga}, g =m, ..., qp41 — 2
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m —+ 1 long special intervals :

division points {qa}, ¢ =

—1,0
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neighborhoods

division points {qa}, ¢ = —1,0,1,...,m —1

B(q) = ({qa} — d*, {qa} + d**), ¢ = —-1,0,1,...,m—1

d* d**

{ga} 1
q=-—1,0,1,....m—1
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d* d**

L 4 L 4
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q=—1,0,1,...,m—1
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d** d*

0 {qa} 1
q:ma"'7Qk+1_2



properties :
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properties : 22
o short intervals completely cover the m + 1 long special intervals

o short intervals avoid the division points {qa}, ¢=-1,0,1,...,m —1
o two short intervals inside the same long special interval and arising
from neighboring partition points exhibit substantial overlapping
length(J,(q") N Ji(¢")) = min{d*,d**} = |lqz||

length(Ji(q)) = d* + d** = 2|gpal| + [lgg1ol < 3[gre|



short intervals :

Ji(q) = ({ga} — d**,{qa} +d*) € [0,1), g=m, ...

ydk+1 — 2

23
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intervals 0 + Ji(¢) and 1 4 Ji.(q) in the torus [0,2)
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e > 0 positive, sufficiently small, fixed

k sufficiently large
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Ji(@) = ({qa} —d**, {qa} +d*) € [0,1), g=m,...,qp41 — 2
intervals 0 + Ji(¢) and 1 4 Ji.(q) in the torus [0,2)

e > 0 positive, sufficiently small, fixed

k sufficiently large

= there exists ¢* =m,...,qy31 — 2 such that for each £ = 0,1,
either meas((4 + J.(¢*)) N Sp) > (1 — ) meas(J(q*))

or meas((4 + J(¢*)) N Sp) < emeas(Ji(q*))

¢+ J.(¢*) predominantly in Sy or predominantly outside Sg
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special ¢* =m,...,qx4+1 — 2 such that for each £ = 0,1,

¢+ J.(¢g*) predominantly in Sg or predominantly outside Sp
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special ¢ =m,...,qy+1 — 2 such that for each ¢ =0, 1, 24
¢+ J.(¢g*) predominantly in Sg or predominantly outside Sp

typical g =m, ..., qp41 — 2

(04 Jp(@)) U (1 + Jip(q)) = TT9((0 4 Ji(g*) U (1 + Ji(g")))

So is T-invariant

singularities 1 — «, 0, {(m — 1)a} never split the intervals

for each ¢ = 0,1,

¢+ J.(q) predominantly in Sg or predominantly outside Sp



m —+ 1 long special intervals :

division points {qa}, ¢ =

—1,0
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m —+ 1 long special intervals : 25

division points {qa}, ¢ = —1,0,1,...,m —1

and m + 1 long special intervals in [1,2)

short intervals : £=0,1and g=m,...,qp41 — 2

t+ Jp(q) = £+ ({ga} — d*, {qa} +d¥) € [0,2)

consider all short intervals within a given long special interval
substantial overlapping of neighboring short intervals in Z

all predominantly in Sg or all predominantly outside Sg, so is Z



Z predominantly in Sg — color Z blue

Z predominantly outside Sg — color Z red
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— 2-coloring of [0, 2)

26



Z predominantly in Sg — color Z blue

Z predominantly outside Sp — color Z red

— 2-coloring of [0, 2)

! :
! !

26



Z predominantly in Sg — color Z blue

Z predominantly outside Sp — color Z red

— 2-coloring of [0, 2)

26



Z predominantly in Sg — color Z blue
Z predominantly outside Sp — color Z red
— 2-coloring of [0, 2)
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Z predominantly in Sg — color Z blue
Z predominantly outside Sg — color Z red
— 2-coloring of [0, 2)

a-flow spreads this to a 2-coloring of the 2-square-b surface

such a 2-coloring cannot exist if Double-Even Criterion fails

26



Step 1 : Double-Even Criterion fails

= interval exchange transformation T : [0,2) — [0,2) is ergodic
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= interval exchange transformation T : [0,2) — [0,2) is ergodic

Step 2 : Extending ergodicity to unique ergodicity
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Step 1 : Double-Even Criterion fails

= interval exchange transformation T : [0,2) — [0,2) is ergodic

Step 2 : Extending ergodicity to unique ergodicity

Furstenberg + Birkhoff’'s ergodic theorem

27



Veech (1969) :

o badly approximable

b #= {ma} for any m € Z

L — half-infinite a-geodesic on 2-square-b surface

= L evenly distributed between the two squares
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Veech (1969) : 28
a not badly approximable

= uncountably many values b such that for some half-infinite geodesics
on the 2-square-b surface, the visit-densities of the squares do not exist
Masur—Smillie (2006) :

2-square-b surface with b irrational

= uncountably many slopes « such that a half-infinite a-geodesic

with almost any starting point is not equidistributed



BCY (2021) :
e > 0 arbitrarily small but fixed

irrational o € (0,1)

continued fraction a = [aq1, a2, a3, ..

1o e
= a; 300

300
integer C < — —1
g

1=

1

a1 +

1

ar-+

1
az+--

29



explicitly given gate-size 89 = Bp(«)

2-square-pBg surface
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explicitly given gate-size 89 = Bp(«)
2-square-pBg surface

= «a-geodesic Lg(t), with explicitly given starting point
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explicitly given gate-size Sy = Bo(a) 29
2-square-pBg surface

= «a-geodesic Lg(t), with explicitly given starting point

(i) sequence T)F, n=1,2,3,..., with T;:_H > 2T such that

for every b=0,1,...,C apart fromb=1,

%I{t e Ty, (b+ 1T < Lo(t) € LS(Bo)} > 1 —« left bias

n



explicitly given gate-size Sy = Bo(a) 29
2-square-pBg surface

= «a-geodesic Lg(t), with explicitly given starting point

(i) sequence T)F, n=1,2,3,..., with T;:_H > 2T such that

for every b=0,1,...,C apart fromb=1,

%I{t e Ty, (b+ 1T < Lo(t) € LS(Bo)} > 1 —« left bias

n

1
ﬁHt € [T,,2T,] : Lo(t) € RS(Bo)} > 1 —¢ right bias
n



explicitly given gate-size 8y = Bo(«) 29
2-square-pBg surface
= «a-geodesic Lg(t), with explicitly given starting point

(ii) sequence T*, n=1,2,3,..., with 17 1 > 2157 such that

for every b=0,1,...,C apart from b= 2,

1

e 18 € T, (0 + DT7] 2 Lo(®) € LS(Bo)}| > 1 —¢ left bias




explicitly given gate-size 8y = Bo(«) 29
2-square-pBg surface
= «a-geodesic Lg(t), with explicitly given starting point

(ii) sequence T*, n=1,2,3,..., with 17 1 > 2157 such that

for every b=0,1,...,C apart from b= 2,

1
T

{t e bT*, (b+ 1T : Lo(t) € LS(Bp)} > 1 —¢ left bias

1
T**Ht c [21,",3T,7] - Lo(t) € RS(Bo)} > 1 -« right bias
mn



n given positive integer
explicitly given gate-size 81 = B1(a,n) with |81 — Bo| < e

2-square-(1 surface
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explicitly given gate-size 81 = B1(a,n) with |81 — Bo| < e
2-square-(1 surface

= «a-geodesic L£q1(t), with explicitly given starting point
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n given positive integer 29
explicitly given gate-size 81 = B1(a,n) with |81 — Bo| < e

2-square-(1 surface

= «a-geodesic L£q1(t), with explicitly given starting point

(iii) sequence W;, i = 1,...,n, with W,411 > 2W,; such that

It € [0,W] 1 £2() € LS(BD}H > 1~ left bias

7

1
ot € IWe, 2Wil - L4(8) € RS(B1)}H > 1 —¢ right bias
[



n given positive integer 29
explicitly given gate-size 81 = B1(a,n) with |81 — Bo| < e

2-square-(1 surface

= «a-geodesic L£q1(t), with explicitly given starting point

(iii) sequence W;, i = 1,...,n, with W,411 > 2W,; such that

It € [0,W] 1 £2() € LS(BD}H > 1~ left bias
%Ht c [Wi,2W5] - L1(t) € RS(B1)}H > 1 -« right bias

(iv) threshold W* such that for all W > W*,

€ 10,0 £1() € LS} > & < eft bias



P(a; B;N) ={g=0,...,N—1:{qa} €[0,5)}]
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B B
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®(a; 8, N) =|{¢=0,...,N =1:{qa} € [0,5)}

the parity of this function gives which circle
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®(a; 8, N) =|{¢=0,...,N =1:{qa} € [0,5)}

the parity of this function gives which circle
o 0<g<N-1

o {qa} € [0, B)

30
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a-representation or Ostrowski representation 31

10,91, 92, - - - Sequence of denominators of convergents of «

k
every integer N > 1 has unique representation N = Z b;q;
i=0

0<bg<aq, O<bk<ak—|-1: and OébiéaH_l, 1=1,....n—1

bi_lzo isz‘:CLH_l, i=1,...,n

k k

q = Z:Biqi and N = Zbi% Tl oo Tm ... 120 < br....bm ... b1bg
i=0 i=0

O0<g< N -1 & there exists some integer m =0, ...,k such that

Tm < bmand x; =0b;, t=m-+1,...,k
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q;



a-expansion
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<0 if ¢ odd

convergents bi of o, n;, = q;ax — Pi{

q;

@)
every 8 € (—a,1 — a) has unique expansion 8 = ) ¢n;
i=0
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a-expansion

Di > 0 if ¢ even
convergents — of = q;00 — D; o
g 0 o, 1 q; pz{ <0 ifiodd
@)
every 8 € (—a,1 — a) has unique expansion 8 = ) ¢n;
i=0

O0<cg<aq, and O<Ci<Qi+1, 1 =1,2,3,...

Ci_lzo if C; — Q;4-1, 1= 1,2,3,...
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a-expansion 32

Di o ) >0 ifieven
convergents " of a, n; = q;« pz{ <0 ifiodd
@)
every 8 € (—a,1 — a) has unique expansion g = > ¢;n;
i=0

O0<Lcpg<ay, and O<Ci<Qi+1, 1=1,2,3,...
Ci—1 =0 if C; — Q;4-1, 1= 1,2,3,...
condition ¢, 42; = ay42i+1 for some ug and all « = 0 does not hold

B € (0,1 —«) ifand only if min{: =0,1,2,3,...:¢; > 1} is even



k
qg= ) g
1=0
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k
qg= ) g
1=0

k
=[]
1=0

|

k

> zi(gio

1=0

k k
—pi)} = {Z l‘z‘m} = >z
i=0 i=0
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k k k k
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qg= ) g
1=0

k k k k
{ga} = {Z 3373%04} = {Z zi(g;o —pz‘)} = {Z ilimz'} = > xn;
i=0 i=0 i=0

i=0
< (zg,...,x) = (0,...,0) or min{i =0,...,k:xz; > 1} is even
assume that min{: =10,1,2,3,...:¢; > 1} is even, so that B8 € (0,1 — )
k 00
{ga} = E:O z;n; and B = g:o cini

{qa} € [0,8) < there exists some integer £ < k such that

sign(cp—xy) = (1) and z;=¢;, i=0,...,0—1
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qg= ) g
1=0
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{ga} = {Z Tiq;c } = {Zk: z;(q;cx } {Z wrmz} = Zk:owim

1=0

< (zg,...,x) = (0,...,0) or min{i =0,...,k:xz; > 1} is even

assume that min{: =0,1,2,3,...:

@)

k
{ga} = > xm;and =D ¢mn; Oxpry...

1=0 1=0

c; > 1} is even, so that 8 € (0,1 —«)

xp... T < 0.cocy...cp...CL ...

{qa} € [0,8) < there exists some integer ¢ < k such that

sign(cp—xy) = (=1 and z; =¢;, i =0, ...
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k 00
{ga} = ;:o z;n; and B = g:o cini

{qa} € [0, 8) & there exists some integer ¢ < k such that
sign(cp—xy) = (1) and z;=¢;, i=0,...,0—1

(zg,...,x) = (0,...,0) or min{¢ =0,...,k:x; > 1} is even
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m=0 /=0
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