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Riemannian Optimization

Problem: Given f (x) :M→ R,
solve

min
x∈M

f (x)

where M is a Riemannian manifold.
M

R
f

Unconstrained optimization problem on a constrained space.

Riemannian manifold = manifold + Riemannian metric

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian Manifold

Manifolds:

Sphere

Stiefel manifold: St(p, n) =
{X ∈ Rn×p|XTX = Ip};
Grassmann manifold Gr(p, n):
all p-dimensional subspaces of
Rn;

And many more.

Riemannian metric:

M

x

ξ

η

R

gx(η, ξ)
TxM

A Riemannian metric, denoted by g ,
is a smoothly-varying inner product
on the tangent spaces;

Speaker: Wen Huang Riemannian quasi-Newton methods
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Euclidean Quasi-Newton Methods

A line search quasi-Newotn algorithm

Require: Initial iterate x0;
1, Set k ← 0;
while not accurate enough do

2, Compute pk from
pk = −Bk

−1∇f (xk);
3, xk+1 ← xk + αkpk with
appropriate αk ;
4, Compute Bk+1 by certain
formula
5, k ← k + 1;

end while

A trust region quasi-Newotn algorithm

Require: Initial iterate x0;
1, Set k ← 0;
while not accurate enough do

2, Compute
pk ≈ argmin‖p‖≤∆k

∇f (xk)Tp + 1
2
pTBkp;

3, ρk ← f (xk )−f (xk+pk )
mk (0)−mk (pk )

;

4, xk+1 ←
{

xk + pk if ρk > η
xk otherwise.

5, update radius to get ∆k+1

6, Compute Bk+1 by certain formula
7, k ← k + 1;

end while

Update formula: Bk+1 = ϕ(Bk , xk+1, . . . , x0,∇f (xk+1), . . . ,∇f (x0))

Speaker: Wen Huang Riemannian quasi-Newton methods
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Euclidean Quasi-Newton Methods
Secant condition: 1-dimension example

An 1 dimension example to show the idea of the secant condition.

f(x) = x4
gradf(x) = 4x3

gradf(x) = 4x3

xkxk+1

update of Newton method

gradf(x) = 4x3

xk−1xk+1

update of Secant idea

xk

Newton: xk+1 = xk − (Hess f (xk))−1 grad f (xk)

Secant: xk+1 = xk − B−1
k grad f (xk),

Bk(xk − xk−1) = grad f (xk)− grad f (xk−1)

Speaker: Wen Huang Riemannian quasi-Newton methods
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Euclidean Quasi-Newton Methods
Secant condition

Secant condition

Bk+1sk = yk ,

where sk = xk+1 − xk and yk = grad f (xk+1)− grad f (xk);

Bk is not uniquely defined for d > 1;

Extra conditions required

Minimum change:

Bk+1 = arg min
BT =B,Bsk=yk

‖B − Bk‖

Speaker: Wen Huang Riemannian quasi-Newton methods
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Euclidean Quasi-Newton Methods
BFGS and SR1

Symmetric Rank–one (SR1) update

Minimum rank update:
Formula:

Bk+1 = Bk +
(yk − Bksk)(yk − Bksk)T

(yk − Bksk)T sk

Broyden, Fletcher, Goldfarb, Shanno (BFGS) update:

Minimum change:

Bk+1 = arg min
B
‖B−1 − B−1

k ‖W , such that Bsk = yk ,B
T = B,

where W is SPD satisfying yk = Wsk and ‖A‖W = ‖W 1/2AW 1/2‖F .
Formula:

Bk+1 = Bk −
Bksks

T
k Bk

sTk Bksk
+

yky
T
k

yT
k sk

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian BFGS Methods
BFGS quasi-Newton algorithm: from Euclidean to Riemannian

replace by Rxk (ηk)

Update formula:

y

xk+1 = xk + αkηk

Search direction:
ηk = −B−1

k grad f (xk)

Bk update:

Bk+1 = Bk −
Bksks

T
k Bk

sTk Bksk
+

yky
T
k

yT
k sk

,

← use vector transport

forspace
where sk = xk+1 − xk , and yk = grad f (xk+1)− grad f (xk)

x

x

replaced by R−1
xk (xk+1)

use vector transport

Speaker: Wen Huang Riemannian quasi-Newton methods
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Search direction:
ηk = −B−1

k grad f (xk)

Bk update:

Bk+1 = Bk −
Bksks

T
k Bk

sTk Bksk
+

yky
T
k

yT
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Riemannian BFGS Methods
Retraction and vector transport

Retraction: R : TM→M

Euclidean Riemannian
xk+1 = xk + αkdk xk+1 = Rxk (αkηk)

M

x
η

TxM

Rx(η)R̃x(η)

Two retractions:R and R̃

A vector transport:
T : TM× TM→ TM :
(ηx , ξx) 7→ Tηx ξx :

x

M

TxM

ηx

Rx(ηx)

ξx

Tηxξx

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian BFGS Methods
BFGS quasi-Newton algorithm: from Euclidean to Riemannian

Update formula: xk+1 = Rxk (αkηk)
Search direction:

ηk = −B−1
k grad f (xk)

Bk update:

B̃k =Tαkηk ◦ Bk ◦ T −1
αkηk

,

← matrix matrix multiplication

Bk+1 =B̃k −
B̃ksks

[
k B̃k

s[k B̃ksk
+

yky
[
k

y [k sk
,

where sk = Tαkηk (αkηk), and yk = grad f (xk+1)− Tαkηk grad f (xk);

x

x

matrix vector multiplication matrix vector multiplication

Extra cost on vector transports!

Speaker: Wen Huang Riemannian quasi-Newton methods
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BFGS quasi-Newton algorithm: from Euclidean to Riemannian

Update formula: xk+1 = Rxk (αkηk)
Search direction:

ηk = −B−1
k grad f (xk)

Bk update:
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, ← matrix matrix multiplication

Bk+1 =B̃k −
B̃ksks

[
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+
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Existing generic Riemannian BFGS methods

Qi [Qi11]: exponential mapping, parallel translation;

Idea: imitate the Euclidean setting;
Exponential mapping: along the geodesic;
Parallel translation: move tangent vector parallelly;
Problem: maybe unknown to users, maybe expensive to compute;

M

x
η

TxM

Rx(η)R̃x(η)

x

M

TxM

ηx

Rx(ηx)

ξx

Tηxξx

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian BFGS Methods
Existing generic Riemannian BFGS methods

Ring and Wirth [RW12]: retraction, vector transport by
differentiated retraction, isometric vector transport;

Idea: quasi-Newton update in tangent space, then transport to
new tangent space isometrically;
Retraction: no constraints;
Two vector transport: VT by differentiated retraction, and
isometric VT;
Problem: vector transport by differentiated retraction maybe
unknown to users, maybe expensive to compute;

M

x
η

TxM

Rx(η)R̃x(η)

x

M

TxM

ηx

Rx(ηx)

ξx

Tηxξx

Speaker: Wen Huang Riemannian quasi-Newton methods



15/51

Introduction
Riemannian Quasi-Newton Methods

Implementation Techniques
Limited-memory Versions

Applications

Review Euclidean quasi-Newton methods
Riemannian BFGS methods
Riemannian SR1 Method

Riemannian BFGS Methods
Existing generic Riemannian BFGS methods

Ring and Wirth [RW12]: retraction, vector transport by
differentiated retraction, isometric vector transport;

f ◦ Rxk is defined on Txk M
Secant condition is defined as that in the Euclidean setting
Vector transport by differentiated retraction is needed

yk =TSηxk
(grad(f ◦ Rxk )(ηxk )− grad(f ◦ Rxk )(0xk ))

=TSηxk

(
T ∗Rηxk

grad f (xk+1)− grad f (xk)
)

where TRηx
ξx = d

dt
R(ηx + tξx)|t=0 is the vector transport by

differentiated retraction

Speaker: Wen Huang Riemannian quasi-Newton methods
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Huang, Absil, Gallivan [HGA15, HAG18]: retraction, isometric
vector transport consistent with VT by differentiated retraction
along a direction

Idea: quasi-Newton update in tangent space, then transport to
new tangent space isometrically;
Retraction: no constraints;
Vector transport: Isometric VT consistent with VT by
differentiated retraction along a direction;

M

x
η

TxM

Rx(η)R̃x(η)

x

M

TxM

ηx

Rx(ηx)

ξx

Tηxξx

Speaker: Wen Huang Riemannian quasi-Newton methods
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Huang, Absil, Gallivan [HGA15, HAG18]: retraction, isometric vector
transport consistent with VT by differentiated retraction along a direction

Euclidean setting: (Wolfe second condition =⇒ sTk yk > 0)

Define h(t) = f (xk + tpk). dh
dt (αk) ≥ c2

dh
dt (0), c2 ∈ (0, 1)

dh
dt (αk) = pTk ∇f (xk+1)

dh
dt (0) = pTk ∇f (xk)

sk = αkpk

 =⇒ sTk ∇f (xk+1) ≥ c2s
T
k ∇f (xk)

=⇒ sTk yk = sTk (∇f (xk+1)−∇f (xk)) ≥ αk(c2 − 1)pTk ∇f (xk) > 0.

Bk � 0 + sTk yk > 0 =⇒ Bk+1 � 0→ pk+1 = −B−1
k+1∇f (xk+1) is

descent

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian setting: (Wolfe second condition ? =⇒ sTk yk > 0)

Define h(t) = f (Rxk (tpk)). dh
dt (αk) ≥ c2

dh
dt (0), c2 ∈ (0, 1)

dh
dt (αk ) = g(TRαk pk

pk , grad f (xk+1)
dh
dt (0) = g(pk , grad f (xk ))

sk = TSαk pk
αkpk


=⇒ g(TRαk pk

αkpk , grad f (xk+1) ≥ c2g(αkpk , grad f (xk ))

=⇒
{

RW: g(TRαk pk
αkpk , grad f (xk+1) = g(αkpk , T ∗Rαk pk

grad f (xk+1))

HGA: g(TRαk pk
αkpk , grad f (xk+1) = g(αkpk , β

−1
k T

−1
Sαk pk

grad f (xk+1))

yk = β−1
k grad f (xk+1)− TSαk pk

grad f (xk), where βk = ‖αkpk‖
‖TRαk pk

αkpk‖
and TS satisfies the “locking condition”:

TSξ
ξ = βTRξ

ξ, β = ‖ξ‖
‖TRξξ‖

, for all ξ ∈ TxM and all x ∈M.

Wolfe second condition =⇒ g(sk , yk) > 0

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian SR1 Method
Trust region SR1 method: from Euclidean to Riemannian

Approximately solve a local model:

ηk ≈ argmin
‖η‖≤∆k

grad f (xk)Tη +
1

2
ηTBkη;

Quality measurement ρk = f (xk )−f (xk+ηk )
mk (0)−mk (ηk ) ;

Update radius ∆k , and update iterate:

xk+1 =

{
xk + ηk if ρk is sufficient large

←− replace by Rxk (ηk)

xk otherwise.

Bk update:

Bk+1 = Bk +
(yk − Bksk)(yk − Bksk)T

(yk − Bksk)T sk

←− use vector transport

where sk = ηk and yk = grad f (xk+1)− grad f (xk);

Speaker: Wen Huang Riemannian quasi-Newton methods
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Riemannian SR1 method
Trust region SR1 method: from Euclidean to Riemannian

Approximately solve a local model:

ηk ≈ argmin
‖η‖≤∆k ,η∈Txk

M
grad f (xk)[η +

1

2
η[Bkη;

Quality measurement ρk =
f (xk )−f (Rxk

(ηk ))

mk (0)−mk (ηk ) ;

Update radius ∆k , and update iterate:

xk+1 =

{
Rxk (ηk) if ρk is sufficient large

xk otherwise.

Bk update:

B̃k =Tηk ◦ Bk ◦ T −1
ηk
, Extra cost on vector transports!

Bk+1 =B̃k + (yk − B̃ksk)(yk − B̃ksk)T/((yk − B̃ksk)T sk)

where sk = Tηk (ηk), and yk = grad f (xk+1)− Tηk grad f (xk);

Speaker: Wen Huang Riemannian quasi-Newton methods



21/51

Introduction
Riemannian Quasi-Newton Methods

Implementation Techniques
Limited-memory Versions

Applications

Review Euclidean quasi-Newton methods
Riemannian BFGS methods
Riemannian SR1 Method

Riemannian SR1 Method
Existing generic Riemannian SR1 method

Huang, Absil, Gallivan [HAG15]: retraction, isometric vector
transport

Idea: quasi-Newton update in tangent space, then transport to
new tangent space isometrically;

Retraction: no constraints;
Vector transport: Isometric VT;

M

x
η

TxM

Rx(η)R̃x(η)

x

M

TxM

ηx

Rx(ηx)

ξx

Tηxξx
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Intrinsic representation of tangent vectors
Vector transport by parallel translation

Implementation Techniques

Summary:

Isometric vector transport is needed [RW12, HGA15, HAG18];

An efficient vector transport is crucial;

An efficient isometric vector transport:

Representative manifold:

the Stiefel manifold St(p, n) = {X ∈ Rn×p|XTX = Ip};
canonical metric: g(ηX , ξX ) = trace

(
ηTX
(
In − 1

2
XXT

)
ξX
)
;

The idea in this talk can be used for more algorithms and many
commonly-encountered manifolds.

Speaker: Wen Huang Riemannian quasi-Newton methods
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Implementation Techniques
Representations of Tangent Vectors

E = Rw ;

Dimension of M is d ;

Stiefel manifold: E = Rn×p;

Stiefel manifold: d = np − p(p + 1)/2;

M
x

E

Figure: An embedded submanifold

Extrinsic: ηx ∈ Rw ; (TX = {XΩ + X⊥K | ΩT = −Ω,XTX⊥ = 0})
Intrinsic: η̃x ∈ Rd such that ηx = Bx η̃x , where Bx is smooth;

How to find a basis B?

Speaker: Wen Huang Riemannian quasi-Newton methods
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Implementation Techniques
Extrinsic Representation and Intrinsic Representation on the Stiefel Manifold

TX St(p, n) = {XΩ + X⊥K | ΩT = −Ω,XTX⊥ = 0};

Bx =


[
X X⊥

]


0 1 . . . 0
−1 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0
0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0


, . . . ,

[
X X⊥

]


0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0
1 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0





Speaker: Wen Huang Riemannian quasi-Newton methods
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Implementation Techniques
Extrinsic Representation and Intrinsic Representation on the Stiefel Manifold

TX St(p, n) = {XΩ + X⊥K | ΩT = −Ω,XTX⊥ = 0};

Extrinsic ηX :

ηX =
[
X X⊥

] [Ω
K

]

=
[
X X⊥

]


0 a12 . . . a1p

−a12 0 . . . a2p

. . . . . . . . . . . .
−a1p −a2p . . . 0
b11 b12 . . . b1p

b21 b22 . . . b2p

. . . . . . . . . . . .
b(n−p)1 b(n−p)2 . . . b(n−p)p



Intrinsic η̃X :

η̃X =



a12

a13

a23

...
a(p−1)p

b11

b21

...
b(n−p)p
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Question

Extrinsic representation ηX ⇐⇒ Intrinsic representation η̃X

ηX =
[
X X⊥

] [Ω
K

]
⇔
[

Ω
K

]
⇔ η̃X

Apply Householder transformation to X , (Done in retraction)

QT
p QT

p−1 . . .Q
T
1 X = R = In×p.[

X X⊥
]

= Q1Q2 . . .Qp (Do not compute)

Extrinsic to Intrinsic: QT
p QT

p−1 . . .Q
T
1 ηX =

[
Ω
K

]
and reshape to η̃X ;

(4np2 − 2p3) flops

Intrinsic to Extrinsic: reshape η̃X and ηX = Q1Q2 . . .Qp

[
Ω
K

]
;

(4np2 − 2p3) flops
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Implementation Techniques
Benefits of Intrinsic Representation

Operations on tangent vectors are cheaper since d ≤ w ;

If the basis is orthonormal, then the Riemannian metric reduces to
the Euclidean metric:

g(ηx , ξx) = g(Bx η̃x ,Bx ξ̃x) = η̃Tx ξ̃x .

Stiefel: trace
(
ηTX
(
In − 1

2XX
T
)
ξX
)
−→ η̃TX ξ̃X

A vector transport has identity implementation, i.e., T̃η = id.
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Implementation Techniques
Vector Transport by Parallelization

Vector transport by parallelization:

Tηx ξx = ByB
†
x ξx ;

where y = Rx(ηx) and † denotes pseudo-inverse, has identity
implementation [HAG16]:

Tη̃x ξ̃x = ξ̃x .

Example:
Extrinsic:

ζ = Tηξ = ByB
†
x ξ

Intrinsic:
ζ̃ =T̃ηξ

=B†yByB
†
xBx ξ̃

=ξ̃

M

x
ξ1

TxM

y

ζ1

ξ2

ζ2

TyM

Bx =
[
ξ1 ξ2

]

By =
[
ζ1 ζ2

]

ξ = aξ1 + bξ2

ζ = aζ1 + bζ2
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Outline:
Introduction

Riemannian quasi-Newton methods: RBFGS and RTR-SR1

Implementation techniques

Limited-memory versions

LRBFGS
LRTR-SR1

Applications
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Limited-memory Versions
A limited-memory Riemannian BFGS method

Search direction: ηk = B−1
k grad f (xk)

Follow the same idea of the Euclidean limited-memory BFGS
method

Inverse Hessian approximation update

Two-loop recursion

Speaker: Wen Huang Riemannian quasi-Newton methods
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Sherman-Morrison formula ⇒ Inverse update (Hk = B−1
k ):

Hk+1 = V[k H̃kVk + ρksks
[
k , where ρk =

1

g(yk , sk)
and Vk = id−ρkyks[k .

If the number of latest sk and yk we use is m + 1, then

Hk+1 = Ṽ[k Ṽ[k−1 · · · Ṽ[k−mH̃0
k+1Ṽk−m · · · Ṽk−1Ṽk

+ ρk−mṼ[k Ṽ[k−1 · · · Ṽ[k−m+1s
(k+1)
k−m s

(k+1)
k−m

[
Ṽk−m+1 · · · Ṽk−1Ṽk

+ · · ·

+ ρks
(k+1)
k s

(k+1)
k

[
,

where Ṽi = id−ρiy (k+1)
i s

(k+1)
i

[
and H0

k+1 = g(sk ,yk )
g(yk ,yk ) id.
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Given compute Hk+1 grad f (xk+1):

Algorithm 1 LRBFGS two-loop recursion

1: q ← ∇f (xk+1);
2: for i = k, k − 1, . . . , k −m + 1 do
3: αi ← ρi s

[
i q;

4: q ← q − αiyi ;
5: end for
6: r ← H

(0)
k+1q;

7: for i = k −m + 1, k −m + 2, . . . , k do
8: β ← ρiy

[
i r ;

9: r ← r + si (αi − β);
10: end for
11: return r ;

Computational complexity O(md)
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A limited-memory Riemannian trust-region SR1 method

Solve the subproblem: ηk = argmin
‖η‖≤∆k ,η∈Txk

M
grad f (xk)[η +

1

2
η[Bkη;

Intrinsic representation using orthonormal basis

Reduce to the subproblem of Euclidean TR-SR1

Solved efficient [BEM17, HG21]
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Subproblem:

ηk = argmin
‖η‖≤∆k ,η∈Txk

M
grad f (xk)[η +

1

2
η[Bkη;

Bk = γk id+Ψk,mM
†
k,mΨ[

k,m

γk ∈ R, Mk,m ∈ Rm×m and Ψk,m consists of m tangent vectors,
related to (si , yi ), i = k − 1, . . . , k −m

Using intrinsic representation:

c∗ = argmin
‖c‖≤∆k

qT c +
1

2
cTWc ;

W = γk I + Φk,mM
†
k,mΦT

k,m ∈ Rd×d

γk ∈ R, Mk,m ∈ Rm×m and Φk,m ∈ Rd×m
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Theorem

The vector p∗ is a global solution of the trust region subproblem

min
‖p‖≤∆

qT c +
1

2
cTWc

if and only if c∗ is feasible and there is a scalar λ ≥ 0 such that the
following conditions hold:

(W + λI )p∗ =− q, λ(∆− ‖c∗‖) = 0, (W + λI ) is SPSD.

Eigenvalues of W : inexpensive

ϕ(λ) = −(W + λId)†q and φ(λ) = 1/‖ϕ(λ)‖2 − 1/∆

Complexity O(md)
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Geometric mean of SPD matrices
Motivation of averaging SPD matrices

Possible applications of SPD matrices

- Diffusion tensors in medical imaging
[CSV12, FJ07, RTM07]

- Describing images and video
[LWM13, SFD02, ASF+05, TPM06,
HWSC15]

Motivation of averaging SPD matrices

- denoising / interpolation

- clustering / classification
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Geometric mean of SPD matrices
Karcher mean

Karcher mean [Kar77]:

G (A1, . . . ,AK ) = argmin
X∈Sn

++

1

2K

K∑
i=1

δ2(X ,Ai ), (1)

where δ(X ,Y ) = ‖ log(X−1/2YX−1/2)‖F is the geodesic distance under
the affine-invariant metric

g(ηX , ξX ) = trace(ηXX
−1ξXX

−1)
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Geometric mean of SPD matrices
Numerical experiments

Richardson-like iteration [BI13]
RSD-QR [RA11]
Riemannian BB method [IP18]
Majorization [Zha17]

0 0.1 0.2 0.3 0.4

10
-10

10
-5

10
0

0 0.1 0.2 0.3 0.4

10
-10

10
-5

10
0

Figure: K = 30, n = 60, 10 ≤ κ(Ai ) ≤ 60; Bottom right: K = 30, n = 60,
105 ≤ κ(Ai ) ≤ 109;
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Matrix completion
Recommender system

M =


5 ? 2 ? ? 5 ? ? 3 ? 5

movie i

? ? ? 2 ?
3 ? 2 ? ? 2 ? ? ? 3 2 ? 5 ? ? ? user u
1 ? 5 2 3 4 ? 4 ? ? ? 2 ? ? ? ?
? 1 ? 3 ? ? ? 3 ? ? ? ? 2 1 5 5
? 4 ? ? ? ? 5 ? ? ? 1 ? ? 1 ? 4
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Matrix completion
A model

movies meta-user meta-movie
a11 a14

a24

a33

a41

a52 a53

 =


b11 b12

b21 b22

b31 b32

b41 b42

b51 b52


(

c11 c12 c13 c14

c21 c22 c23 c24

)

Minimize the cost function

f : Rm×n
r → R : X 7→ f (X ) = ‖PΩM − PΩX‖2

F .

Rm×n
r is the set of m-by-n matrices with rank r .
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Matrix completion
Numerical experiments

Table: An average of 50 random runs of (i) LRBFGS, (ii) RCG, (iii) RNewton,
and (iv) RTRNewton methods in ROPTLIB. OS = 3

m = 100, n = 200, r = 10 m = 1000, n = 2000, r = 10
(i) (ii) (iii) (iv) (i) (ii) (iii) (iv)

iter 34 40 12 13 57 67 19 18
nf 37 53 14 14 61 99 23 19
ng 35 41 13 14 58 68 20 19
nR 36 52 13 13 60 98 22 18
nV 257 81 0 0 445 135 0 0
nH 0 0 64 58 0 0 108 94
‖gff ‖
‖gf0‖

6.72−7 7.38−7 8.72−8 4.71−8 7.59−7 7.59−7 8.33−8 1.32−7

t 2.84−2 3.24−2 7.68−2 7.17−2 4.25−1 5.27−1 1.34 1.17
f 1.59−8 1.29−8 7.53−10 5.53−10 1.49−6 1.21−6 6.02−8 1.23−7

err 3.12−6 2.55−6 2.56−7 1.35−7 1.63−5 1.51−5 1.24−6 1.73−6
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Matrix completion
Compared Algorithms

An accelerated proximal gradient singular value thresholding
algorithm (NNLS) [TY12]

RCG in [Van13]

LRBFGS in ROPTLIB

RSD with BB initial step size

0 0.5 1 1.5 2 2.5 3 3.5

time (second)
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fu
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c
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o

n
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a
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NNLS

RCG

LRBFGS

RSD

Figure: A representative result with m = n = 50000, r = 10, OS = 6
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Matrix completion
Numerical experiments

Table: An average result of 10 random runs with
m = n = 200, r = 4. OS = 3.

LRBFGS LRBFGS-R LRTRSR1 LRTRSR1-R
iter 68 65 66 52
nf 75 73 67 53
ng 69 66 67 53
‖gff ‖
‖gf0‖

7.87−7 8.21−7 8.29−7 7.60−7

f 5.53−3 6.27−3 1.22−2 8.52−3

time 2.95−2 2.54−2 2.98−2 2.19−2

0 0.01 0.02 0.03

time (second)

10
-2

10
-1

10
0

10
1

10
2

|g
ra

d
 f

|

Matrix completion

LRBFGS

LRBFGS-R

LRTRSR1

LRTRSR1-R

Figure: A representative
trajectory
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Conclusion

Riemannian BFGS and SR1 methods

Intrinsic representation of tangent vectors and operators

Vector transport by parallelization

Limited-memory versions of Riemannian BFGS and SR1 methods

Geometric mean of SPD matrices and matrix completion
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Thank you

Thank you!
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