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ABSTRACT

This dissertation generalizes three well-known unconstrained optimization approaches for R™ to
solve optimization problems with constraints that can be viewed as a d-dimensional Riemannian
manifold to obtain the Riemannian Broyden family of methods, the Riemannian symmetric rank-
one trust region method, and Riemannian gradient sampling method. The generalization relies
on basic differential geometric concepts, such as tangent spaces, Riemannian metrics, and the
Riemannian gradient, as well as on the more recent notions of (first-order) retraction and vector
transport. The effectiveness of the methods and techniques for their efficient implementation are
derived and evaluated. Basic experiments and applications are used to illustrate the value of the
proposed methods.

Both the Riemannian symmetric rank-one trust region method and the RBroyden family of
methods are generalized from Euclidean quasi-Newton optimization methods, in which a Hessian
approximation exploits the well-known secant condition. The generalization of the secant condition
and the associated update formulas that define quasi-Newton methods to the Riemannian setting
is a key result of this dissertation.

The dissertation also contains convergence theory for these methods. The Riemannian symmet-
ric rank-one trust region method is shown to converge globally to a stationary point and d + 1-step
g-superlinearly to a minimizer of the objective function. The RBroyden family of methods is shown
to converge globally and g-superlinearly to a minimizer of a retraction-convex objective function. A
condition, called the locking condition, on vector transport and retraction that guarantees conver-
gence for the RBroyden family method and facilitates efficient computation is derived and analyzed.
The Dennis Moré sufficient and necessary conditions for superlinear convergence, can be generalized
to the Riemannian setting in multiple ways. This dissertation generalizes them in a novel manner
that is applicable to both Riemannian optimization problems and root finding for a vector field on
a Riemannian manifold.

The convergence analyses of Riemannian symmetric rank-one trust region method and RBroy-
den family methods assume a smooth objective function. For partly smooth Lipschitz continuous
objective functions, a variation of one of the RBroyden family methods, RBFGS, is shown to be

work well empirically. In addition, the Riemannian gradient sampling method is shown to work

XV



well empirically for both a Lipschitz continuous and a non-Lipschitz continuous objective function
associated with the important application nonlinear dimension reduction.

Efficient and effective implementations for a manifold in R", a quotient manifold of total man-
ifold in R™ and a product of manifolds, are presented. Results include efficient representations
and operations of elements in a manifold, tangent vectors, linear operators, retractions and vector
transports. Novel techniques for constructing and computing multiple kinds of vector transports
are derived. In addition, the implementation details of all required objects for optimization on four
manifolds, the Stiefel manifold, the sphere, the orthogonal group and the Grassmann manifold, are
presented.

Basic numerical experiments for the Brockett cost function on the Stiefel manifold, the Rayleigh
quotient on the Grassmann manifold and the minmax problem on the sphere (Lipschitz and non-
Lipschitz forms), are used to illustrate the performance of the proposed methods and compare
with existing optimization methods on manifolds. Three applications, Riemannian optimization
for elastic shape analysis, a joint diagonalization problem for independent component analysis
and a synchronization of rotation problem, that have smooth cost functions are used to show the
advantages of the proposed methods. A secant-based nonlinear dimension reduction problem with
a partly smooth function is used to show the advantages of the Riemannian gradient sampling

method.
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CHAPTER 1

INTRODUCTION

The dissertation investigates quasi-Newton optimization algorithms on a Riemannian manifold,
optimization algorithms for partly smooth functions on a Riemannian manifold, and their analysis,
implementation and evaluation. This is achieved by identifying key components of Riemannian
optimization algorithms, analyzing the theoretical properties that influence the convergence of the
associated algorithms, developing novel algorithms and implementations that are significantly more
efficient than simple generalizations from R™ while achieving rigorously guaranteed convergence and
applying them to a set of important problems.

The dissertation is organized as follows. In Chapter 1, an overview of the optimization problem
on a Riemannian manifold is given followed by basic concepts of manifolds, a brief history of
research on methods for optimization on manifolds and a summary of the basic principles on which
the associated algorithms are built. The chapter ends with an overview of the research and the
dissertation statement of the dissertation. In preparation for Chapters 3 and 4, Chapter 2 presents
the fundamental concept, the secant condition, and methods of generalizing it to a Riemannian
manifold. Chapter 3 presents the details of combining a trust region strategy with the Symmetric
Rank-1 update algorithm and its theoretical analysis. In Chapters 4, 5 and 6, the Broyden family
of algorithms combined with line search is defined and analyzed. The algorithm family and basic
convergence analysis are given in Chapter 4; Necessary and sufficient conditions for superlinear
convergence of quasi-Newton methods and inexact Newton methods, including Riemannian versions
of Dennis Moré conditions, are proven in Chapter 5; and an analysis of the rate of convergence
is presented in Chapter 6. Chapter 7 discusses a Riemannian gradient sampling algorithm used
for the optimization of partly smooth functions. The relationship between methods for Euclidean
constrained optimization and the methods derived in this dissertation for the optimization on
a submanifold of the Euclidean space is discussed in Chapter 8. The crucial issue of efficient
implementation of Riemannian optimization algorithms and their key primitives is discussed in

Chapters 9 and 10. This includes a specific discussion of four manifolds: the Stiefel manifold,



the sphere, the orthogonal group and the Grassmann manifold. Basic experimental comparisons
of the performance of the algorithms proposed in this dissertation are presented in Chapter 11.
Chapters 12 and 13 demonstrate the effectiveness the proposed algorithms for three applications
with smooth cost functions: soft independent component analysis, synchronization of rotations and
shape analysis using the elastic metric of Srivastava et al. [SKJJ11]. Chapter 14 considers an
application with a smooth and a partly smooth cost function: secant-based nonlinear dimension

reduction. Finally, conclusions are drawn and future work suggested in Chapter 15.

1.1 The Problem of Optimization on a Manifold

Optimization on Riemannian manifolds or Riemannian optimization considers finding an opti-

mum of a real-valued function f defined on a Riemannian manifold, i.e.,
min f(z), subject to z € M, (1.1.1)

where M is a Riemannian manifold. Roughly speaking, a manifold is a set endowed with coordinate
patches that overlap smoothly.

One possible method to do optimization on manifold is to read the objective function f from
coordinate patches. In this case, the problem becomes a classical optimization problem defined on
an open subset of R?, where d is the dimension of the manifold. However, there are several reasons
not to do this. First, the coordinate patches may not be available explicitly. Second, even if they
exist, for each patch, we have to solve a constrained optimization for the subset of R? which is not
cheap. Third, when and how to change from one coordinate patch to another coordinate patch is
problematic. What is more, some useful properties of the manifold may not be used by this idea.

If the manifold M is a subset of R"™, then the problem (1.1.1) can be viewed as a Euclidean
constrained optimization problem. The comparison of the Euclidean constrained optimization
and Riemannian optimization with manifold in R"™ is discussed in Chapter 8. The advantages of

Riemannian optimization with manifold in R™ are:

1. All the iterates are on the manifold, i.e., they satisfy the constraints; this property allows us

to stop the iteration early.

2. Optimization on manifold algorithms have the convergence properties of unconstrained opti-
mization algorithms since these algorithms is to solve an unconstrained optimization over a

constrained set.



3. There is no need to consider Lagrange multipliers or penalty functions.

4. Riemannian optimization is also a way of avoiding the Maratos effect.

If the objective function f has some continuous invariance properties, then optimization on
manifold provides an approach to eliminate the invariance. There are several reasons to do this:
efficiency; consistency; applicability of certain convergence results; avoidance of failure in certain
algorithms, e.g., Newton’s method, that do not behave satisfactorily in case of degeneracy.

The problem of minimizing a smooth objective function f on a Riemannian manifold has been
a topic of much interest over the past few years due to several important applications. Recently
considered applications include matrix completion problems [BA11, MMS11, Van12, DKM12], truss
optimization [RW12], finite-element discretization of Cosserat rods [Sanl0], matrix mean compu-
tation [BI13, ATV13], image and video-based recognition [TVSC11], electrostatics and electronic
structure calculation [WY12], finance and chemistry [Bor12], multilinear algebra [SL10, TAVD11],
low-rank learning [MMBS11, BA11], and blind source separation [KS12, SAGQ12]. Research ef-
forts to develop and analyze optimization methods on manifolds can be traced back to the work
of Luenberger [Lue72]. They include, among others, steepest-descent methods [Lue72], conjugate
gradients [Smi94], Newton’s method [Smi94, ADMO02], and trust region methods [ABG07, BAGOS];

see also [AMSO08] for an overview.

1.2 Basic Principles
1.2.1 Unconstrained Optimization on a Constrained Space
To define a manifold, let us first define a chart and atlas. Consider a set M. A one-to-one

mapping ¢ from U C M to an open subset of R¢ is called a d-dimensional chart of the set M. If

a collection of charts (s, @) satisfies the following, then we call this collection an atlas:
1. U, =M.

2. For any a, 8 with U, Uz # 0, the sets ¢o(Us NUs) and ¢5(Us (Us) are open sets in RY
and the change of coordinates
@BOQS;l 1Rd—>Rd

is smooth. (We say that the elements of an atlas overlap smoothly.)



Two atlases A; and Ag are equivalent if A; U Ay is still an atlas. A (d-dimensional) manifold is
a couple (M, A1), where A* is a maximal atlas of M into R?, such that the topology induced
by AT is Hausdorff and second-countable. Hausdorff means every single point is a closed set and
second-countable means there is a countable collection of open sets that generates all open sets by
union. For example, a sphere is a manifold.

Optimization on manifolds can be thought of as unconstrained optimization on a constrained
space. The ideas of algorithms for unconstrained optimization on an Euclidean space can be
used for optimization on a manifold if many definitions are reconsidered. This reconsideration is
crucial because the ideas are not extended simply from Fuclidean space. For instance, addition
and subtraction of two points on Euclidean space exist but do not exist for two points on manifold
in general. In order to extend well-known optimization methods in Fuclidean space to manifold,
e.g., steepest descent, Newton method, trust regions and quasi-Newton, we must give specific
generalizations of certain Euclidean definitions. We briefly discuss them in the following sections.

The presentation follows [AMSO08].

1.2.2 Tangent Space

In order to apply optimization algorithms based on line search, we must consider a direction on
a manifold. Consider a smooth mapping, v : R — M, that satisfies 7(0) = . Let us attempt to

define the direction at x along ~. Similar to Euclidean space, the first idea that comes to mind is

7(0) = lim v(h) ; 7(0)

Unfortunately, the subtraction of two points, (7 + h),v(7), may not be defined on a manifold. A

solution to this problem is to consider a smooth function f: M — R. We then have

(f o) (0) = lim f(y(h) — f(7(0))

h—0 h

)

which is well-defined. We can define 4(0) as a mapping from F,(M), the set of all smooth real-

valued functions on a neighborhood of x

$0)f = (f o 7)'(0),

This mapping is the direction at x along « and it is also called a tangent vector to the curve v at

t = 0. The formal definition of tangent vectors follows.



Definition 1.2.1 (tangent vector). A tangent vector &, to a manifold M at a point x is a mapping

from Fp(M) to R such that there exists a curve v on M with v(0) = x, satisfying

df (v(t))

&f =3(0)f ==

|t=0

for all f € Fp(M). The curve v is said to realize the tangent vector £,. The point x is called the

root of the tangent vector &,.

The set of all tangent vectors at x is called the tangent space of x and the union of all tangent
spaces is called the tangent bundle of the manifold, T M. This is a very important definition. It
generalizes the idea of direction in a Euclidean space. Furthermore, the tangent space is a linear
space, i.e., closed under linear combination, with the same dimension as the manifold, in which
many basic operations are well-defined. So, instead of working on manifold, we work on a tangent
space. However, eventually, we need to go back to the manifold and a operation called retraction

is needed. This is discussed later.

1.2.3 Riemannian Metric

The tangent space at a point on the manifold provides us with a vector space of tangent vectors
that give an idea of direction on the manifold. A Riemannian metric allows us to compute angle
and length of directions (tangent vectors). A Riemannian metric g is defined on each tangent space
of x as an inner product g, : T, M x T, M — R. We use the following to denote Riemannian

metric

92(1,€) = (1, &)z,

where 7, € T, M and the x is dropped when context permits. A notation, flat b, is also used in
the later sections. & denotes a function from T, M to R, which is £’ = g(&,7) for all n € T, M.
A Riemannian manifold is the combination (M, g).

We can get the length of a curve on Riemannian manifold by the norm induced by this inner

product.
1
dla,) = int{ | 150yt

where 7 is a curve on M with v(0) = x and (1) = y.



Once distance is defined, we can define the idea of a neighborhood of a point, which is denoted
by Bs(x) and defined
Bs(z) = {y € M :d(z,y) < d}.

This idea of neighborhoods is used to define local minimizers for a function defined on a manifold.
Given a function f: M — R, a point z* is a strict local minimizer if there exists some § > 0 such

that
f(z) < f(y) for all y € Bs(x).

1.2.4 Affine Connections, Geodesics, Exponential Mapping and Parallel
Translation

Let v(t) be a curve on a Riemannian manifold. ~(¢) is defined to show the direction along
the curve. Using the Riemannian metric, the length of 4(¢) shows the speed of change on the
curve. However, an analogy to a second derivative is required to define acceleration and, thereby,
to generalize the Euclidean notion of a straight line between two points as being the one with
zero acceleration. Likewise, the ’straight line’ on a Riemannian manifold, called a geodesic, is a
curve ~y(t) that has zero acceleration. To define acceleration, we need a differentiation operator
applicable to tangent vectors in different tangent spaces since 5(t) is a vector field along the curve.
On Riemannian manifolds, differential operators are called affine connections.

Let X (M) be the set of all smooth vector fields on M. An affine connection V is a mapping
from X'(M)x X (M) to X(M). This is a differential operator and is required to satisfy the following
properties. For a,b € R, n,£,( € X(M) and for any x € M, f,g € Fp(M):

L. Viprgck = fV3E + gV o F(M)-linearity in the first argument;

2. Vy(a& +b¢) = aV,€ + bV, (: R-linearity in the second argument; and

3. Vo (f&) = (nf)§ + fVy&: Product rule/Leibniz’s law.
At a point x on M, the connection maps tangent vectors (n,§) € T, M x T, M to a tangent vector
Vy¢ € Ty M. The result V, ¢ is a covariant derivative of £ with respect to 7. For a general manifold
M, there is an infinite number of affine connections. For a Riemannian manifold (M, g), one of

the affine connections, called Riemannian connection or Levi-Civita connection, uniquely satisfies

the following two additional conditions:



L (Vy§ = Ven)f =n(&f) — &(nf): symmetry; and

2. ¢(n,&) = (Ven, &) + (n, V&) (compatibility with the Riemannian metric).

The geodesic defined by an affine connection is a curve that satisfies
. D? D,
Vi ¥(t) == @W(t) = aV(t) =0.

A consequence of the compatibility with the Riemannian metric is that when the affine connection
is the Riemannian connection, one of the geodesics between two points on the manifold (there may
be many) is also a minimal length curve. This is consistent with the straight line in Euclidean
space. In this dissertation, only the Riemannian connection is considered.

Given a point x € M and a tangent vector n € T, M, there is a unique geodesic ~(¢; x,n)
satisfying 7(0) = = and 4(0) = £. In addition, this geodesic satisfies the homogeneity property,
~v(t; x,an) = y(at; x,n). The mapping is called the exponential mapping at  and is denoted

Exp, : T, M - M :n— Exp,n=~(1;z,n)

Exponential mapping provides a method to relate a tangent vector of x to an element in the
neighborhood of x. When performing optimization algorithm, e.g. line-search-based or trust-region-
based, exponential mapping allows us to move in the tangent space and then map the resulting
tangent vector back to the manifold in a neighborhood of z.

Given that a series of tangent spaces, each defined by a point in the sequence produced by the
optimization algorithm, are encountered while solving a problem, we may also need to compare
or combine multiple direction vectors. As a result, they must be placed in a common frame of
reference, i.e., they must be “transported” to a common tangent space. Since affine connection
gives the idea of differentiation for tangent vectors in different tangent spaces, we can use it to
define a vector transport: parallel translation.

A vector field £ on a curve v satisfying %5 = V3¢ = 0 is called parallel. Given a € R in the
domain of v and &,(4) € T (4) M, there is a unique parallel vector field £ on 7y such that § (a) = &v(a)-
The operator P,IY”_“ sending £(a) to £(b) is called parallel translation along ~. In other words, we

have
D a
E(Pﬁk (a)) = 0.

When V is the Riemannian connection, the parallel translation is an isometry.



1.2.5 Gradient and Hessian

The gradient of a function shows the steepest ascent direction and is very useful for optimization
in a Euclidean space. Since the gradient is a direction on a manifold, it should be a tangent vector.
For a function f defined on a Riemannian manifold (M, g), the Riemannian gradient of f at x,

grad f, is the unique tangent vector such that

(grad f(z),m)e = D f(x)[n],Vn € To M.

This definition is consistent with the Euclidean gradient since for a function h defined on R"”, the
directional directive along v is

lim h(z + ev) — h(zx)

e—0 €

= grad h(z)Tv = (grad h(zx),v),.

The Hessian is required in second-order optimization algorithms, such as Newton’s Method. The
Hessian of Euclidean function is the second derivative of the objective function. It contains the
information of differentiating the gradient along some direction. For h defined on R", the gradient
is grad h(z) = {0;h(x)} and the Hessian is Hess h(x) = {0;;h(x)}. Considering the derivative of

grad h(x) along direction v gives

lim grad h(z + ev) — grad h(x)

e—0 €

= Hess h(z)v.

This idea is used to define the Riemannian Hessian.

The Riemannian Hessian of f at x is the linear mapping from T, M to T, M defined by

Hess f(x)[n] = V; grad f(x),

for all n € T, M. From the symmetric property of the Riemannian connection, we know the

Hessian is a self-adjoint(symmetric) operator with respect to Riemannian metric, i.e.

(Hess f(x)[n], §)o = (1, Hess f()[¢])a,

for all n,& € T, M.



1.2.6 Retraction and Vector Transport

In general, we work on the tangent space, either performing linear search or building a local
model, to find a reasonable tangent vector to define the next iterate on the manifold. Retraction

provides a method to map the tangent vector to the next iterate.

Definition 1.2.2 (retraction). A retraction on a manifold M is a smooth mapping R from the
tangent bundle T M onto M with the following properties. Let R, denote the restriction of R to
T, M.
1. R,(0,) = x, where 0, denotes the zero element of T, M.
2. With the canonical identification To, Ty M Ty, M, R, satisfies
D Ry (0;) = idr, m,
where idt, pm denotes the identity mapping on Ty M.

The exponential mapping is a special retraction. When we perform line search along a direction
in the tangent space and use exponential mapping to map back to the manifold, we are actually
performing a line search along the geodesic defined by the tangent vector. This was the basic idea
used initially to define line search on a set of equality constraints in R™ by Luenberger [Lue72,
Lue73]. Retraction provides a critical alternative to the exponential mapping which can often be
too expensive to define an efficient Riemannian optimization method.

As we have seen, parallel translation provides an idea of moving tangent vectors between tangent
spaces. However, since it is based on the idea of the exponential mapping it is also often too

expensive to use in a practical method. Vector transport is an alternative built upon retraction.

Definition 1.2.3 (vector transport). Vector transport on a manifold M is a smooth mapping
TM&STM —TM: (n:,&) = Tp (E) € TM

satisfying the following properties for all x € M.

o (Associated retraction) There exists a retraction R, called the retraction associated with T,
such that the following diagram commutes

(s &2) —— T (&2)

| f

Mo 7 (T, (&)



where (T, () denotes the foot of the tangent vector Ty, (&).
o (Consistency) To,&x = & for all &, € Ty M;

o (Linearity) T,, (a&y + b(y) = aTp, (&) + 0T, (C2)-

Vector transport is called isometric if it also satisfies

gR(nx)(TxngTxCx) = 9x (&2, Ca)- (1.2.1)

Vector transport by differentiated retraction is a vector transport given by

where R is a retraction. We use 75 and 7T to denote an isometric vector transport and a dif-
ferentiated retraction of R respectively. Vector transport is a very important for quasi-Newton
algorithms which make use of the information from previous iterations and approximate the action
of the Hessian. This information resides in different tangent spaces and the operator approximating
the action of the Hessian must be moved through a series of tangent spaces. Without the use of
vector transport the use of quasi-Newton algorithms on a range of manifolds would not be efficient
enough for practical use. The theoretical and practical aspects of the design and implementation

of retraction and vector transport is a key aspect of the research in this dissertation.

1.2.7 Coordinate Expressions

Coordinate expressions provide an approach to represent concepts on a manifold by concepts
in a vector space. When we analyze a problem on a manifold in this dissertation, we use a "hat”
to denote a coordinate expression.

Let (U, ) be a chart of a manifold M and = € U. & € R?, the coordinates expression of z, is
defined by & = ¢(x). E;, the i-th coordinate vector field of (U, ¢), is defined by

(Eif)(@) = 0,(f o o™ ")(p(2)) = D(f 0 0™ ") (p(2))[ei]-
These coordinate vector fields are smooth and every vector field £ on U has a decomposition

£= (Epi)E;.

7
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Therefore, (E;)z,i = 1,...,d is a basis of T, M and the coordinate expression fx of &, with
this basis is ({401, ..,&x¢q). Since Ejs are smooth vector fields on U, one can always use QR
decomposition to form a smooth orthonormal vector fields on U, i.e., (Ey,...,Eq) = (E1, ..., EyR,

R9*4 is a smooth function and R(z)

where E, ..., Ey are orthonormal vector fields and R : U —
is an upper triangle matrix for all x € U [DE99]. Thus, the coordinate expression of &, with the
orthonormal basis can be obtained.

The coordinate expression of the metric at x is (Gp)i; = (Ei, Ej), satisfying g,(n:,&2) =
nr Gxéx. Since a tangent space can be represented by RY, a linear operator B on a tangent space

and a vector transport 7 admit matrix expressions B and 7 that are called coordinate expressions.

Without loss of generality, one can always choose the orthonormal vector fields Fy, ..., E;. There-

fore, the matrix expression of Gy is a identity and ||n.|| = \/¢z(Nz, M) = VN0 = |7z |l2, where

| - |2 denotes the Euclidean norm.

1.3 Historical Context

The concept of optimizing a real-valued function on manifold dates back to the work of Luen-
berger [Lue72, Lue73| in the early 1970s, if not earlier. Luenberger mentions the idea of performing
line search along geodesics when geodesics are computationally feasible, which is definitely not al-
ways true. In general, computing the geodesics is rarely worth the effort. In most optimization on
manifolds, an approximation of geodesic is enough to guarantee the desired convergence properties.
What is more, many classical mathematical definitions in Riemannian geometry, such as geodesic,
Levi-Civita connections, parallel vector transport, can be replaced by approximations.

Only recently, about 2002, researchers started to recognize the importance for a wide class
of approximations of geodesics when optimizing on manifolds. Before then research was mostly
theoretical: the central research question was to exploit differential-geometric objects in order to
formulate optimization strategies on abstract nonlinear manifolds. The first research paper to focus
on optimization on manifolds was Gabay [Gab82] on minimizing a differentiable function over a
differential manifold in 1982 but it received only 8 citations before the year 2000. The area of
optimization on manifolds started to gain wider popularity in the 1990s, notably with the seminal
works of Helmke and Moore [HM94] and Edelman et al. [EAS98]. ISI records a total of 596 citations
for [HM94], including 52 citations over the last two years.
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Currently, most work is on making optimization on manifolds more practical and flexible and
optimization on manifolds has become a very active area of research. The recent book [AMSO08]
provides an introduction to the area, with an emphasis on the necessary background in differen-
tial geometry instrumental to algorithmic development, and on guiding the reader through the
concrete calculations that turn an abstract geometric algorithm into a numerical implementation.
In 2008, the dissertation of C. Baker developed a complete theory for a Riemannian trust region
Newton family of methods, implemented them in a numerical library, and analyzed their perfor-
mance [Bak08]. In 2011, Qi gave an approach to generalize BFGS to a Riemannian manifold and
developed the convergence analysis in her dissertation [Qill]. Her convergence analysis restricts
the approach of BFGS on Riemannian manifold to only work for exponential mapping and par-
allel vector transport. A recent paper by Ring and Wirth [RW12] provided another approach for
BFGS on a Riemannian manifold. Instead of working on finite dimensional Riemannian manifold-
s, their approach addresses infinite dimensional Riemannian manifolds. The convergence analysis
is for both finite and infinite dimensional Riemannian manifolds with the latter depending on a
specific assumption [RW12,; Corollary 13]. They do not require exponential mapping and parallel
vector transport. However, differentiated retraction is required which leads typically to excessive

computational requirements.

1.4 Research Overview and Dissertation Statement

While the RTR-Newton-CG algorithm, analyzed and implemented in a reliable library by C.
Baker [Bak08], has quadratic convergence property and has been investigated in practical situations
by others, it requires the Hessian or its action which is not always easy to compute efficiently. Thus,
an area of concentration in this dissertation is generalizing a family of quasi-Newton algorithm based
on a Riemannian secant condition to remove the explicit need for the Hessian. This has been done
in both the line search and trust region settings.

The work in this dissertation improves in several ways the earlier work on a Riemannian BFGS
line search method (RBFGS) [Qill] and that of Ring and Wirth [RW12]. Qi’s RBFGS requires
exponential mapping and parallel vector transport whose practical computation may not be possi-
ble. So even though they are available, they are often not good choice. Ring and Wirth’s approach

requires the differentiated retraction that also may suffer from complexity problems.
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This dissertation proposes a systematic Riemannian generalization and analysis of the Euclidean
optimization methods known as the restricted Broyden family method based on appropriately cho-
sen retraction and vector transport. This resulting Riemannian family of line search methods
subsumes the earlier RBFGS work. As part of analyzing the convergence rate of the restricted
Riemannian Broyden family methods, the well-known sufficient and necessary conditions of super-
linear convergence, Dennis Moré conditions, are generalized to the Riemannian setting for not only
problems of optimization but also finding a zero of a vector field.

The idea of quasi-Newton approximation of the Hessian or its action can also be used effectively
in a trust region setting. The restricted Broyden family in both Euclidean and Riemannian contexts
preserve the positive definiteness of Hessian approximation and concentrate on approximating the
action of the Hessian in a particular direction. As a result, they are most effective as the basis for
a line search algorithm. The Euclidean Broyden family contains an interesting member outside the
restricted set of algorithms — the Symmetric Rank-1 (SR1) method update, which does not preserve
positive definiteness, and has lost favor as a line search algorithm. However, the method’s tendency
to produce indefinite Hessian approximations is based on the fact that it approximates the Hessian
as an operator on multiple directions not just a particular line search direction. This turns out to
be very useful in constrained optimization and for the definition of a local model required in a trust
region setting.

Byrd et al. [BKS96] proved n + 1-step superlinear convergence for a trust region method based
on the Euclidean SR1 update. Furthermore, the performance of trust region with SR1 update is
competitive with BFGS in their experiments. This is significant in that it removes the need for the
Hessian yet retains the use of a trust region and its constrained optimization of a local model that
often yields more robust performance than a line search method. The second part of the research in
this dissertation proposes the generalization to Riemannian manifolds and the complete theoretical
and empirical analysis of convergence of a trust region SR1 approach.

While the two activities above make a significant contribution to Riemannian optimization, the
superlinear convergence analysis of such quasi-Newton and trust region algorithms depends on a
smooth objective function. For a partly smooth objective function in a Euclidean setting, even
though a complete convergence analysis is not yet available, Lewis and Overton [L.LO13] provided

details experiments and showed that quasi-Newton algorithms work well and have observed linear
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convergence. Burke, Lewis and Overton [BLOO05] gave a robust gradient sampling algorithm for
partly smooth function proved its convergence, but not its rate. Since there is increasing interest
in finding optima of a partly smooth function on Riemannian manifold, the third part of the
dissertation generalizes gradient sampling to a Riemannian manifold and empirically analyze its
convergence. This includes comparisons to applying one of our Riemannian quasi-Newton methods
to the same problems.

The framework of retraction and vector transport is required in many implementation of Rie-
mannian optimization algorithms, in particular Riemannian quasi-Newton methods and Rieman-
nian gradient sampling method. The rigorous definitions of retraction and vector transport can
be found in [AMSO08] and the implementation for some specific manifolds is also discussed therein.
However, there still is lack of discussions about implementation for Riemannian optimization, such
as efficient and effective implementations of tangent vectors, metrics, linear operators of a tangent
space, vector transports and so on. The fourth part of the dissertation gives a general discussion
of implementation for some manifolds that can be represented by a vector in R™, i.e., manifolds in
R™, quotient manifolds with total manifold in R” and product of manifolds of the former two kinds
of manifolds. Detailed discussions of the implementation are included on four important manifolds:
the Stiefel manifold, the sphere, the orthogonal group and the Grassmann manifold.

Experiments and applications are presented in the last part of the dissertation. To better
understand the proposed algorithms, we systematically compare the performance of the proposed
algorithms for some classic and well-studied problems. In addition, four applications are also used to
show the advantages of the proposed algorithms. Among them four have smooth enough cost func-
tions: Riemannian optimization for elastic shape distance analysis, a joint diagonalization problem
for independent component analysis, nonlinear dimension reduction problem, and a synchronization
of rotations problem. and the efficiency and effectiveness of our Riemannian quasi-Newton methods
are shown in the respective chapters. In secant-based nonlinear dimension reduction problem, two
cost functions are proposed to solve a same problem — one is smooth and the other is partly smooth.
The consequences of choosing either cost function is investigated empirically. For the smooth cost
function, our Riemannian quasi-Newton methods are showed to outperform the proposed Rieman-
nian algorithm in the original paper [BK05]. The Riemannian gradient sampling algorithm also

shows encouraging performance for the partly smooth cost function.
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CHAPTER 2

QUASI-NEWTON PREPARATION: SECANT
CONDITIONS

2.1 Secant Condition on a Euclidean Space

Newton’s method is locally quadratically convergent to any nondegenerate stationary points.

In other words, if initial iterate x( is close enough to some stationary point z*, then the method
Ty =z — (Hess h(z)) "L grad h(z) = x4 + di,

produces a sequence such that

_ *
e -
k—o00 H:L'k—:L'*||2

For a minimization problem, the direction vector, dg, is controlled to be a descent direction possibly
with a scaling, i.e., apdy, to yield, in practice quadratic convergence to a local minimizer. These
two basic ideas, descent and local superlinear convergence, can be used as the motivating properties
to derive quasi-Newton methods.

Local superlinear convergence results from approximating the effect of Hessian in a particular

direction. By Taylor’s Theorem, we have
grad h(zpy1) = grad h(xy) + Hess h(zp) (zrp1 — 21) + O(|2hrr — 2k %)
Ignoring the high order term, gives
grad h(zpy1) — grad h(zy) ~ Hess h(xg) (k11 — Tk).
Using the equation as inspiration, we let the Hessian approximation By satisfy
grad h(zg41) — grad h(zy) = Bry1(Te41 — k).

This equation is the Euclidean secant condition. Clearly, there are many By, 1 in the set of matrices,
S, that satisfy the secant condition and not all By € S result in acceptable convergence. The

secant condition only restricts the action of Bjpy; in one direction and its action on the other
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directions is free. However, these other directions are present when determining the next direction
vector diy1 = —Bk_il grad h(xy) for a line search algorithm or when minimizing a local quadratic
model defined by Bpi1. Therefore the rate of convergence is not guaranteed to be superlinear, in
general, and the secant condition is not sufficient. Other conditions must be imposed and different
conditions yield different quasi-Newton methods. In the following, we summarize the derivation of
the well-known SR1 and the restricted Broyden family, see for example [NWO06].

Let yr = grad h(zk11) — grad h(x) and s = xgy1 — . The simplest symmetric condition
yields the SR1 method (symmetric rank-1 update method). Given By, we update it to By
by guaranteeing symmetry, using a rank-1 update, and satisfying the secant condition. These
conditions define the unique update
(y& — Brsw) (ye — Brsi)”
(yr — Brsk)Tsp

Byi1 = B +

This method is not easy to use in a line search idea because the direction ny1 = B il grad h(xgi1)
is not guaranteed to be a descent direction. It is more natural to combine SR1 with a trust region
to guarantee descent.

Another well-known approach is to impose the following conditions

min | B~ Byllw,

s.t. B= BT Bs, =y,

where Wp is any matrix satisfying Wayr = s and ||Allw, = HW];/ 2AW§/ 2” r. The next Hessian
approximation, Bpyi1, is the closest matrix to Bj that satisfies the secant condition. By is
therefore obtained by making use of new information (secant condition) while preserving previous
secant conditions as much as possible (minimum change to By). This idea leads to the Davidon-

Fletcher-Powell (DFP) update

T T T

Y SkY YrY
Bjy1 = (I — 2)By(I — 22k ) + £
Y. Sk Yy Sk Y. Sk

It can be shown that if s%yk > 0 (Euclidean curvature condition) then the positive definiteness of By,
is preserved in By and 7, grad h(zg41) = — grad h(zj11) Byt grad h(zp4q) < 0, guaranteeing

a descent direction.
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Similarly, instead of preserving previous Hessian information as much as possible, we could
preserve the inverse of Hessian approximation Hj; = Bk_l7
min || H — Hillwy,
s.t. H= HT,Hyk = Sk,
where Wy is any matrix satisfying Wy s = vy and [|A|lw, = HW1§/2AW;I/2||F. This leads to the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) update

Biskst Be  yryi

Byy1 = B — .
sI Bysy, YL sk

As before if sgyk > 0 then By, is positive definite and the direction nxy+1 = By grad h(zgr1)
is a descent direction. Since DFP and BFGS produce a sequence of positive definite Hessian
approximations, they can be used in a line search algorithm, especially BFGS, since the action of
the Hessian approximation and the Hessian are, ultimately, very close along the search direction.
The restricted Broyden family is defined by taking a convex combination of BFGS and DFP
updates. It shares the property of preserving the positive definiteness of Hessian approximation.
SR1 is in the Broyden family, i.e., a linear but not convex combination of BFGS and DFP updates.
It does not, in general, preserve positive definiteness, but it provides better overall Hessian approx-
imation than members of the restricted Broyden family [BKS96], [KBS93]. As a result it is more
effective to combine SR1 with a trust region that makes use of all of the directional information
of Hessian approximation. In particular, Byrd et al. proved n + 1-step superlinear convergence

analysis of the resulting method [BKS96].

2.2 A Secant Condition on a Riemannian Manifold

Qi [Qill] proposed a generalization of BFGS to RBFGS in her dissertation. She did not, how-
ever, consider its derivation from the point of view of rigorously defining a Riemannian form of
the secant condition and then deducing the updates to the approximation of the Hessian on the
tangent space of the current iterate. There are several possible generalizations of the Euclidean
secant condition to a Riemannian manifold. In this section, we consider first the most natural gen-

eralization that easily lends itself to parallel translation and the exponential mapping and produces
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Qi’s RBFGS form of update. In Section 2.3, we consider other generalizations that address some
of shortcomings of the natural approach.

Consider a function f(z) defined on a manifold M. Notice the Euclidean secant condition is
from Taylor’s Theorem for the gradient. Similarly, we have Taylor’s Theorem for a vector field on

a manifold rather than for f(z) [AMSO08, Lemma 7.4.7].

Theorem 2.2.1 (Taylor’s Theorem). Let z € M, let V be a normal neighborhood of x, and let
be a C' tangent vector field on M. Then, for all y €V,

1

Pff)‘_lgy = (p + Ve( + /0 (Pﬁ?‘_TVW/(T)C — VeQ)dr,
where 7y is the unique minimizing geodesic satisfying v(0) = x and y(1) =y, and & = Exp,ty =
7' (0).

Applying Taylor’s Theorem, we have

P»?fl grad f(xr41) = grad f(zg) + Ve grad f(xy,)

1
+ /0 (PVOI:_TV%'C(T) grad f(zy) — Ve grad f(zy))dr,

where 7y, is the unique minimizing geodesic satisfying v;(0) = = and v, (1) = zk41, and § =

Exp;k1 zr+1 = 7;(0). Then by ignoring the integral remainder term, we have
PS;:_l grad f(xp11) — grad f(zy) = Ve grad f(x)) = Hess f(xy) Exp;k1 Tht1-

This is very similar to the Euclidean secant condition. However, the above is defined on T, M,

the desired Hessian approximation By.; must be an operator on T M. Applying parallel

Th+1

translation, yields a Riemannian secant condition
grad f(zp41) — Py0 grad f(xr) = Bry1(Py " Expy! ap41). (22.1)

In the following, vy denotes grad f(zp41) — Pﬁ}k‘_o grad f(x) and s denotes P,};_O Exp,, Tri1-
Using this form of a Riemannian secant condition, we can generalize the SR1 update to a Rie-
mannian manifold. Instead of symmetry, we require Bi1 to be self-adjoint with respect to the
Riemannian metric. We have

(y, — Busi) (yx — Brsk)
9(Sks Yk — Brsk)

Bi+1 = By, +
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where B, = Pﬁ}:OBkP,%_l.
Similarly, the conditions that result in DFP and BFGS generalize to a Riemannian manifold as
DFP: ml;n 1B — Bpllws
s.t. B=B",Bs, = y.
BFGS: min |[H - Hillw,,
st. H=H"Hyr = sg.
where A* denotes the adjoint operator of A and ||Alw = |WY2GY2AG2W'/2||p, G is the

matrix expression of the metric and hat denotes matrix expression for the operators A and W. We

then have the DFP and BFGS update for manifold

. yks S /. Sky yky
DFP: Biyr = (id - 55) B (id —=2k) 4 255k
- Busu(Brs)’ b
BFGS: Byi1 = By — ka(~ kSk) yz;yk‘
SkBkSk Yr.Sk

As in the Euclidean case, we define the Broyden family on a Riemannian manifold by taking a
combination of the Riemannian DFP and Riemannian BFGS operators defined by a ¢ € R. The
restricted Broyden family is defined by taking a convex combination with 0 < ¢ < 1. This can be
expressed equivalently as the combination of DFP and BFGS updates below

s Bisk(Bisk) ks
Byi1 = By — ~*( - ) —k
(Bfsk)’ sk Yy Sk

+ g (s, Besk)urvs,

where .
Yk Bsi,
Vi = - ~ .
9k sk)  g(sk, Brsk)

The Riemannian SR1 derived above is a member of the Broyden family but is not the restricted

Broyden family.

All of the quasi-Newton update formulas above are from the Riemannian secant condition
(2.2.1). The condition (2.2.1) explicitly uses the exponential mapping and parallel translation.
This is not required. Alternate forms of the secant condition that subsume (2.2.1) can be derived

by using retraction and vector transport. This is discussed in the next section.
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2.3 Retraction, Vector Transport and a Secant Condition

Retraction and vector transport are critical to the success of Riemannian optimization algo-
rithms such as Riemannian quasi-Newton methods. Retraction is used to get the next iterate and
vector transport is use to compare tangent vectors in different tangent space and to transport
operators on one tangent space to another tangent space, e.g. Bk = P&;‘ OBkPSI:_ 1. Secant con-
dition (2.2.1), due to its origins in Taylor’s Theorem, is required to use the exponential mapping
and parallel translation. We now consider approximations of the exponential mapping and paral-
lel translation that induce a secant condition while providing sufficiently fast convergence in the
resulting algorithms.

For our purposes in optimization, the vector transport used in the secant conditions is required
to be an isometry. Experiments by Qi [Qill] indicate that non-isometric vector transport can be
used but it is not provably convergent in general, at least thus far.

The Hessian is always a self-adjoint operator. In theory, as we show in Chapter 5, the Hessian
approximations are not required to be self-adjoint for superlinear convergence of a Riemannian op-
timization algorithm. For quasi-Newton methods, however, and in particular the updates discussed
above, the self-adjoint requirement is imposed and it makes the portions of the analysis contained
in this work tractable. Therefore, we assume l’;’k is self-adjoint and require By to be as well. From

the formula of transporting an operator
By =Ty 0BioT, ",
we know an isometric vector transport 7 guarantees that By, is self-adjoint if By is self-adjoint.

Let Ts denote the isometric vector transport. The SR1 update is given by

(i, — Busi) (yx — Brsk)

Biy1 = By + =
- g(skuyk - Bksk)

where B, = TganTS_nl.

The first version of the BFGS method on a Riemannian manifold was given by Qi [Qill] and,
as noted above, is based on the exponential mapping and parallel translation (an isometry) as is
Qi’s convergence analysis.

Ring and Wirth used retraction and vector transport to define their Riemannian BFGS [RW12].

Although not explicitly derived in this manner, their update follows from an alternative secant
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condition. For a finite dimensional Riemannian manifold, instead of applying the Riemannian
Taylor’s Theorem, they considered the composition of function and retraction fo R;(n;). Since the
tangent space is a vector space, they apply the Euclidean Taylor’s Theorem to the composition on
the tangent space and derive a secant condition. In their infinite dimensional Riemannian manifold
work, they use a secant condition of the same form but do not explicitly relate it to a generalization
of Taylor’s Theorem. The drawback of this approach is that two vector transports are required: one
isometry and one derived from a differentiated retraction. As a result, the approach is quite limited
in choice of vector transport and can produce very costly basic operations. A finite dimensional

form of the secant condition of Ring and Wirth is
(grad f(zr41) The, — grad f(24)') Tg," = (B Tse &)

This condition and the algorithm based upon it are compared to ours in later sections.

In this dissertation, we develop an idea that depends as little as possible on the information in
differentiated retraction. An isometric vector transport is required but interestingly is not sufficient
to preserve the positive definiteness of the Hessian approximations. For the Euclidean restricted
Broyden family, the positive definite property is guaranteed by the curvature condition s%yk > 0.
The condition Szyk > 0 is, in turn, guaranteed by the second Wolfe condition that is typically
imposed when choosing the step size in a Euclidean line search. However, the most natural way of
generalizing the second Wolfe condition to a Riemannian manifold does not guarantee g(sx,yx) > 0
which is also necessary and sufficient for the positive definite Hessian approximation for Riemannian
manifolds. This is discussed in detail in Chapter 4. We overcome this difficulty by imposing a novel

condition called the ’locking condition’

€]l
[ TRl

where Tg is the associated differentiated retraction. In other words, we need only impose a relation-

Tse€ = BTrE, B =

ship between the selected retraction and vector transport, and the associated transport defined by
differentiation in a single direction. This facilitates the derivation of a potentially efficient algorithm

and its rigorous convergence analysis.
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CHAPTER 3

A RIEMANNIAN TRUST REGION WITH
SYMMETRIC RANK-ONE UPDATE METHOD

3.1 Introduction

The trust region method is a well-known technique in optimization [CGT00] and it was ex-
tended to Riemannian manifolds in [ABGO7] (or see [AMS08, Ch. 7]), and found applications, e.g.,
in [JBAS10, VV10, IAVD11, MMBS11, BA11]. Trust region methods construct a quadratic model
my, of the objective function f around the current iterate xj and produce a candidate new iterate
by (approximately) minimizing the model mj within a region where it is “trusted”. Depending
on the discrepancy between f and my at the candidate new iterate, the size of the trust region is
updated and the candidate new iterate is accepted or rejected.

For lack of efficient techniques to produce a second-order term in my that is inexact but nev-
ertheless guarantees superlinear convergence, the Riemannian trust region (RTR) framework loses
some of its appeal when the exact second-order term—the Hessian of f—is not available. This is
in contrast with the Euclidean case, where several strategies exist to build an inexact second-order
term that preserves superlinear convergence of the trust region method. Among these strategies,
the symmetric rank-one (SR1) update is favored in view of its simplicity and because it preserves
symmetry without unnecessarily enforcing positive definiteness; see, e.g., [NW06, §6.2] for a more
detailed discussion. The n 4+ 1 step g-superlinear rate of convergence of the SR1 trust region
method was shown by Byrd et al. [BKS96] using a sophisticated analysis that builds on the results
in [CGT91, KBS93].

In Chapter 3, motivated by the situation described above, we introduce a generalization of
the classical (i.e., Euclidean) SR1 trust region method to the Riemannian setting (1.1.1). Besides
making use of basic Riemannian geometric concepts (tangent space, Riemannian metric, gradient),
the new method, called RTR-SR1, relies on the notions of retraction and vector transport introduced
in [ADMO02, AMSO08]. A detailed global and local convergence analysis is given. A limited-memory

version of RTR-SR1, referred to as LRTR-SR1, is also introduced. Numerical experiments show
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that the RTR-SR1 method displays the expected convergence properties. When the Hessian of
f is not available, RTR-SR1 thus offers an attractive way of tackling (1.1.1) by a trust region
approach. Moreover, even when the Hessian of f is available, making use of it can be expensive
computationally, and the numerical experiments show that ignoring the Hessian information and
resorting instead to the RTR-SR1 approach can be beneficial.

Another contribution of Chapter 3 with respect to [BKS96] is an extension of the analysis to
allow for inexact solutions of the trust region subproblem—compare (3.3.3) with [BKS96, (2.4)].
This extension makes it possible to resort to inner iterations such as the Steihaug—Toint truncated
CG method (see [AMS08, §7.3.2] for its Riemannian extension) while staying within the assumptions
of the convergence analysis.

Chapter 3 is organized as follows. The RTR-SR1 method is stated and discussed in Section 3.2.
The convergence analysis is carried out in Section 3.3. The limited-memory version is introduced
in Section 3.4. Experiments illustrating the performance of RTR-SR1 are presented for several

application problems in the associated chapters.

3.2 The Riemannian SR1 Trust Region Method

The proposed Riemannian SR1 trust region (RTR-SR1) method is described in Algorithm 1.
Algorithm 1 can be viewed as a Riemannian version of the classical (Euclidean) SR1 trust region
method (see, e.g., [NW06, Algorithm 6.2]). It can also be viewed as an SR1 version of the Rieman-
nian trust region framework [AMS08, algorithm. 10 p. 142]. Therefore, several pieces of information
given in [AMS08, Ch. 7] remain relevant for Algorithm 1.

Within the Riemannian trust region framework, the characterizing aspect of Algorithm 1 lies
in the update mechanism for the Hessian approximation Bi. The proposed update mechanism,
based on formula (3.2.2) and on Step 6 of Algorithm 1, is a rather straightforward Riemannian

generalization of the classical SR1 update

(yr — Bisi) (yk — Brsi)”

By = By +
" (yr — Brsi)T sk

Significantly less straightforward is the Riemannian generalization of the superlinear convergence
result in Section 3.3.4. (Observe that the local convergence result [AMS08, Theorem 7.4.11] does

not apply here because the Hessian approximation condition [AMS08, (7.36)] is not guaranteed to
hold.)
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Algorithm 1 Riemannian trust region with symmetric rank-one update (RTR-SR1)

Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector trans-

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

port Tg; differentiable real-valued objective function f on M; initial iterate zg € M; initial

Hessian approximation By, symmetric with respect to g.

: Choose Ay >0, v € (0,1), c€ (0,0.1), 4 € (0,1) and 75 > 1; Set k «+ 0;

Obtain s; € T, M by (approximately) solving

1
Sk argserﬁ.l]flfv( m(s) argserﬁlfo(wk) + g(grad f(xg),s) + 2g(s,Bks),s t. s < Ag;
(3.2.1)

F(@r)—f (B (5)
Set Pk < 0 =—me )

Let y, = 7?9_13 grad f(Ry, (sx)) — grad f(zx); If |g(sk,yr — Brsk)| < vl|skllllyx — Biskl|, then
Bk+1 = B, otherwise define the linear operator Bk+1 Ty, M — Ty, M by

(yk — Busi) (Y — Bisi)’

Biy1 = By +
LTk (ks v — Brsi)

. (SR1); (3.2.2)

if pr > c then
Tp+1 < Ry (s); Ber < Ts,, © Biyio 7-3_57
else
Tht1 < Tk; Br+1 < Brri;
end if
if pp > % then
if HSkH > 0.8Ak then
Agy1 < T2A%;
else
Api1 < Ag;
end if
else if p; < 0.1 then
Agyy + T1Ag;
else
AVERIE AV
end if
k <+ k+1, goto 2 until convergence.
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The Riemannian SR1 update uses tangent vectors at the current iterate to produce a new
Hessian approximation at the next iterate, hence the need to perform a vector transport (see
Step 6) from the current iterate to the next.

The symmetry requirement on By with respect to the Riemannian metric ¢ means that

9(8(]5%07 77900) = g(émm 8077900)

for all &;y,mz, € Tgo M. It is readily seen from (3.2.2) and Step 6 of Algorithm 1 that By is
symmetric for all k. Note however that By is, in general, not positive definite.

A possible stopping criterion for Algorithm 1 is || grad f(zy)|| < € for some specified € > 0.

In the spirit of [RW12, Remark 4], we point out that it is possible to formulate the SR1
update (3.2.2) in the new tangent space T%, ,, M; in the present case of SR1, the algorithm remains
equivalent since the vector transport is isometric.

Otherwise, Algorithm 1 does not call for comments other than those made in [AMS08, Ch. 7].
In particular, we point out that the meaning of “approximately” in Step 2 of Algorithm 1 depends
on the desired convergence results. It is shown in the convergence analysis (Section 3.3) that
enforcing the Cauchy decrease (3.3.2) is enough to ensure global convergence to stationary points,
but another condition such as (3.3.3) is needed to guarantee superlinear convergence. The truncated
CG method, discussed in [AMSO08, §7.3.2] in the Riemannian context, is an inner iteration for Step 2

that returns an s, satisfying conditions (3.3.2) and (3.3.3).

3.3 Convergence Analysis of RTR-SR1

3.3.1 Notation and Standing Assumptions

Throughout the convergence analysis, unless otherwise specified, we let {z1}, {Bi}, {Bi}, {s},
{yr}, and {A} be infinite sequences generated by Algorithm 1, and we make use of the notation

introduced in that algorithm. We let €2 denote the sublevel set of xy, i.e.,
Q={zeM: f(z) < f(zo)}

The global and local convergence analyses each make standing assumptions at the beginning of
their respective sections. The numbered assumptions introduced below are not standing assump-

tions and will be invoked specifically whenever needed.
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3.3.2 Global Convergence Analysis

In some results, we will assume for the retraction R that there exists p > 0 and 4, > 0 such
that
€]l > pdist(z, Ri(§)) for all € Q, for all £ € T, M, [|€]| < 6. (3.3.1)

This corresponds to [AMS08, (7.25)] restricted to the sublevel set . Such a condition is instru-
mental in the global convergence analysis of Riemannian trust region schemes. Note that, in view
of [RW12, Lemma 6], condition (3.3.1) can be shown to hold globally under the condition that R
has equicontinuous derivatives.

The next assumption corresponds to [BKS96, (A3)].

Assumption 3.3.1. The sequence of linear operators {By} is bounded by a constant M such that

|B|| < M for all k.

We will often require that the trust region subproblem (3.2.1) is solved accurately enough that,

for some positive constants o1 and o9,

| grad f ()

mi(0) — my(sg) > o1 grad f(zk)|| min{Ag, o2 1Bel I 1, (3.3.2)

and that
Bisi = —grad f(zp,) + 0 with ||0;]| < || grad f(z)||'T?, whenever ||sg|| < 0.8Ay, (3.3.3)

where 6 > 0 is a constant. These conditions are generalizations of [BKS96, (2.3-4)]. Observe that,
even if we restrict to the Euclidean case, condition (3.3.3) remains weaker than condition [BKS96,
(2.4)]. The purpose of introducing d in (3.3.3) is to encompass stopping criteria such as [AMS08,
(7.10)] that do not require the computation of an exact solution of the trust region subproblem.
We point out in particular that (3.3.2) and (3.3.3) hold if the approximate solution of the trust
region subproblem (3.2.1) is obtained from the truncated CG method, described in [AMS08, §7.3.2]
in the Riemannian context.

We can now state and prove the main global convergence results. Point (iii) generalizes [BKS96,

Theorem 2.1] while points (i) and (ii) are based on [AMSO08, §7.4.1].

Theorem 3.3.1 (convergence). (i) If f € C? is bounded below on the sublevel set Q, Assump-
tion 3.3.1 holds, condition (3.3.2) holds, and (3.3.1) is satisfied then limy_,o grad f(zr) = 0. (i)
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If f € C?, M is compact, Assumption 3.3.1 holds, and (3.3.2) holds then limy_,. grad f(x;) = 0,
{zk} has at least one limit point, and every limit point of {xy} is a stationary point of f. (iii) If
f € C?, the sublevel set Q is compact, f has a unique stationary point x* in Q, Assumption 3.3.1

holds, condition (3.3.2) holds, and (3.3.1) is satisfied then {zy} converges to z*.

Proof. (i) Observe that the proof of [AMS08, Theorem 7.4.4] still holds when condition [AMSO0S,
(7.25)] is weakened to its restriction (3.3.1) to Q. Indeed, since the trust region method is a de-
scent iteration, it follows that all iterates are in €). The assumptions thus allow us to conclude,
by [AMSO08, Theorem 7.4.4], that limg_, grad f(zg) = 0. (ii) It follows from [AMSO08, Proposi-
tion 7.4.5] and [AMSO08, Corollary 7.4.6] that all the assumptions of [AMS08, Theorem 7.4.4] hold.
Hence limy_, o, grad f(x;) = 0, and every limit point is thus a stationary point of f. Since M is
compact, {xy} is guaranteed to have at least one limit point. (iii) Again by [AMS08, Theorem 7.4.4],
we get that limg_,o, grad f(zx) = 0. Since {z} belongs to the compact set € and cannot have limit

points other than x*, it follows that {x}} converges to x*. O
3.3.3 More Notation and Standing Assumptions

For the purpose of conducting a local convergence analysis, we now assume that {x} converges
to a point z*. Moreover, we assume throughout that f € C2.

We let Ui, be a totally retractive neighborhood of x*, a concept inspired from the notion of
totally normal neighborhood (see [dC92, §3.3]). By this, we mean that there is i, > 0 such that,
for each y € Uy, we have that Ry, (B(0y, 6trn)) 2 Uien and Ry(-) is a diffeomorphism on B(0y, 6t ),
where B(0,, 6yn) denotes the ball of radius iy in Ty M centered at the origin 0,. The existence
of a totally retractive neighborhood can be shown along the lines of [dC92, Theorem 3.3.7]. We
assume without loss of generality that {zy} C Uyn. Whenever we consider an inverse retraction

R 'y, we implicitly assume that x,y € Uyy.

3.3.4 Local Convergence Analysis

The purpose of this section is to obtain a superlinear convergence result for Algorithm 1, stated
in Theorem 3.3.2. The analysis can be viewed as a Riemannian generalization of the local analysis
in [BKS96, §2]. As we proceed, we will point out the main hurdles that had to be overcome in the

generalization. The analysis makes use of several preparation lemmas, independent of Algorithm 1,
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that are of potential interest in the broader context of Riemannian optimization. These preparation
lemmas become trivial or well known in the Euclidean context.

The next assumption corresponds to a part of [BKS96, (A1)].

Assumption 3.3.2. The point x* is a nondegenerate local minimizer of f. In other words,

grad f(x*) = 0 and Hess f(x*) is positive definite.

The next assumption generalizes the assumption, contained in [BKS96, (A1)], that the Hessian
of f is Lipschitz continuous near z*. (Recall that 7g is the vector transport invoked in Algorithm 1.)

Note that the assumption holds if f € C3; see Lemma 3.3.4.

Assumption 3.3.3. There exists a constant ¢y such that for all x,y € Ui,
| Hess f(y) — Ts, Hess f(2)Tg || < co dist(z, ),
where n = R;'y.

The next assumption is introduced to handle the Riemannian case; in the classical Euclidean
setting, Assumption 3.3.4 follows from Assumption 3.3.3. Assumption 3.3.4 is mild since it holds

if f € C3, as shown in Lemma, 3.3.4.

Assumption 3.3.4. There exists a constant cg such that for all x,y € Upn, all & € Ty M with
R, (&) € Ugen, and all & € Ty M with Ry(&y) € Uy, it holds that

| Hess f,(€,) — Ts, Hess fo(€)T5 | < colllgyll + €1 + lInl).
where = Ry\(y), fo = f o Ro, and f, = f o R,.

The next assumption corresponds to [BKS96, (A2)]. It implies that no updates of By are
skipped. In the Euclidean case, Khalfan et al. [KBS93] show that this is usually the case in

practice.

Assumption 3.3.5.

\Q(Sk,yk — Bksk)‘ > VHSk”Hyk - BkSkH

The next assumption is introduced to handle the Riemannian case. It states that the iter-
ates eventually continuously stay in the totally retractive neighborhood U, (the terminology is

borrowed from [ATV13, Definition 2.8]). The assumption is needed, in particular, for Lemma 3.3.5.
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Assumption 3.3.6. There exists N such that, for all k > N and all t € [0,1], it holds that
ka (tSk) S utrn-

The next lemma is proved in [GQA12, Lemma 14.1].

Lemma 3.3.1. Let M be a Riemannian manifold, let U be a compact coordinate neighborhood in
M, and let the hat denote coordinate expressions. Then there are co > ¢ > 0 such that, for all
x,y €U, we have

cil|Z = gll2 < dist(z,y) < cof|@ — g2

Lemma 3.3.2. Let M be a Riemannian manifold endowed with a retraction R and let T € M.
Then there exist ag > 0, a1 > 0, and dq,,q, > 0 such that for all x in a sufficiently small neighborhood
of & and all &, € Ty M with ||€|| < day.a; and |[n]] < bag,a,, it holds that

aoll§ —nl < dist(Re(n), Rz (§)) < a1fl€ —nl|.

Proof. Since R is smooth, we can choose a neighborhood small enough such that R satisfies the

condition of [RW12, Lemma 6], and the result follows from that lemma. O
The following lemma follows from Lemma 3.3.2 by taking n = 0. We state it separately for
convenience as we will frequently invoke it in the analysis.

Lemma 3.3.3. Let M be a Riemannian manifold endowed with retraction R and let T € M. Then
there exist ag > 0, a1 > 0, and dqy,q, > 0 such that for all x in a sufficiently small neighborhood of
Z and all § € Ty M with ||€|| < 0q4g.,a,, it holds that

aoll€]] < dist(z, Ry(€)) < ar&]l-
Lemma 3.3.4. If f € C3, then Assumptions 3.3.3 and 3.3.4 hold.

Proof. First, we prove that Assumption 3.3.3 holds. Define a function h : M x M x TM —
TM, (z,y,&) — Ts, Hess f(:L")TS;l&y, where n = R;1(y). Since f € C3, we know that h(z,y,&,)
is C!. Therefore, there exists by such that for all z,y € U, Ey € Ty M, [|&l =1,
17(y,y, &) — Mz, y, &) < bodist({y, y, &y} {9, )
< bill{9.9:&} = {2.9,,} 2 (by Lemma 3.3.1)
=b1[|g — 2|2
< by dist(y, z), (by Lemma 3.3.1)
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where bg, by and by are some constants. So we have

b2 dlSt(y7$) 2 Hh(y7y7£y) - h($7y7£y)”
= ||(Hess f(y) — Ts, Hess f(«)Tg,)[&,]]

Choose &, ||&y|| = 1 such that

|(Hess f(y) — Ts, Hess f ()T )& = ||(Hess f(y) — Ts, Hess f ()T ")||-
We obtain
| (Hess £(y) — Ts, Hess f(x)T5 )| < ba dist(y, o).

To prove Assumption 3.3.4, we redefine h as h(y,z,&;) = Ts, Hess fx(fx)’];wzl Based on the de-
scription of coordinate expressions in Section 1.2.7, we use orthonormal vector fields to obtain the
coordinate expression of h, denoted by h. Therefore, the manifold norm and the Euclidean norm

of coordinate expressions are the same and we have

| Hess f, (&) — Ts, Hess fo(€2)Tg, | = | Hess fy (&) — Ts, Hess fo(€:)Tg, [l2- (3.3.4)

Since f € C3, we know that h is also in C. Hence there exists a constant bs such that

A~ ~

18 (5, 9, &) — M@, 2, )12 < b3|{9, 9. &} — {9, 2, o

Therefore

| Hess f,(&,) — Ts, Hess fo(€) T M2 = 10(9, 9, &) — 1@, &, &)l2
< bs{9, 9, &} — {9, &, &3 o
< ba([1g = 2ll2 + 1€y ll2 + 1€ 12)
< bs(dist(z,y) + [[€y |2 + |xll2) (by Lemma 3.3.1)

< be([[nll + €yl + 1€l (by Lemma 3.3.3)
This and (3.3.4) gives us Assumption 3.3.4. O

The next lemma generalizes [BKS96, Lemma 2.2]. The key difference with the Euclidean case is
the following: in the Euclidean case, when s, is accepted, we simply have ||sg|| = ||zx+1 — 2k ]|, while

in the Riemannian generalization, we invoke Assumption 3.3.6 and Lemma 3.3.3 to deduce that
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skl < % dist(xg41, k). Note that Assumption 3.3.6 cannot be removed. To see this, consider
for example the unit sphere with the exponential mapping, where we can have z = xj; with

skl = 2.
Lemma 3.3.5. Suppose Assumption 3.3.6 holds. Then either

A —0 (3.3.5)
or there exist K >0 and A > 0 such that for all k > K

Ay = A. (3.3.6)
In either case s — 0.

Proof. Let A = liminf Ay and suppose first that A > 0. From line 11 of Algorithm 1, if Ay is
increased, then |[[sgx|| > 0.8Ay and xp1; = Ry, sk, which implies by Lemma 3.3.3 and Assump-
tion 3.3.6 that dist(xg, k1) > ap0.8Ak. The latter inequality cannot hold for infinitely many
values of k since x, — z* and liminf A, > 0. Hence, there exists K > 0 such that Ay is not
increased for any k > K. Since A > 0, this implies that Ax > A for all £ > K. In view of the trust
region update mechanism in Algorithm 1 and since A = liminf A, we also know that, for some
K, > K, Ak, < %A. If the trust region radius were to be decreased we would have Ay, 11 < A,
which we have ruled out. Since neither increase nor decrease can occur, we must have Ay = A for
all k > K;.

Suppose now that A = 0. Since x; — x*, for every € > 0 there exists K. > 0 such that
dist(zg41,25) < € for all k > K. Since liminf Ay = 0, there exists j > K. such that A; < e. But

. .o . 1 1 . € . .
since Ay, is increased only if Ay < ggl|skll < gggo dist(zk+1,2) < 555, and the increase factor is

T2, we have that Ay, < g for all k > j. Therefore (3.3.5) follows.

To show that ||sg]| — 0, note that if (3.3.5) is true, then clearly ||sx| — 0. If (3.3.6) is true,
then for all k£ > K, the step si is accepted and ||si|| < % dist(zg41, k) (by Lemma 3.3.3), hence

|Isk|| — O since {xj} converges. O

Lemma 3.3.6. Let M be a Riemannian manifold endowed with two vector transports T1 and Ta,
and let T € M. Then there exist a constant ay and a neighborhood U of T such that for all x,y € U
and all £ € Ty M,

175,16 = T3, €l < aaliélllnll,
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where n = R;'y.

Proof. Let Ty(#,7) and T»(Z,7n) denote the coordinate expression of ﬂ;l and 75;1, respectively.
We have

173,16 = T3, €l < boll(Th(2,9) —
< bollEl2 |1 (&, 9) — To(2, 1) |2
< bl||£||2\|77||2 (since T1(Z,0) = T(Z,0) and both T} and T are smooth)

< by i€l

for some constants by, b1, and bs. O

The next lemma is proved in [GQA12, Lemma 14.5].

Lemma 3.3.7. Let F be a C' vector field on a Riemannian manifold M and let T € M be a
nondegenerate zero of F'. Then there exist a neighborhood U of T and as,ag > 0 such that for all
relU,

as dist(z, z) < [|[F(z)]] < agdist(z, T).

In the Euclidean case, the next lemma holds with a; = 0 and reduces to the Fundamental

Theorem of Calculus.

Lemma 3.3.8. Let F' be a C' vector field on a Riemannian manifold M, let R be a retraction on
M, and let T € M. Then there exist a neighborhood U of T and a constant a7 such that for all
T,y €U,
1
1P Ply) = Fla) = (| PADRG0) P dt < el

where n = R;'(y) and P, is the parallel translation along the curve v given by v(t) = Ry (tn).

Proof. Define G : [0,1] - T, M : t — G(t) = P,?‘_tF(y(t)). Observe that G(0) = F(x) and
G(1) = P,?‘_lF(y). We have
d
G'(t) = —G(t+€)|e=o
de
d

= PO PICR( (¢ + )]emo

= PYDR( () [+ lecs

= PYT'DE(y(8)[Thy,nl,
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where we have used an expression of the covariant derivative D in terms of the parallel translation

P (see, e.g., [Cha06, theorem 1.2.1]), and where Tg,, n = 4 (R(tn)). Since G(1) —G(0) = fol G'(t)dt,

we obtain
1
IPYFw) = Pla) = | PAIDR(G(0)PL
1
=1 [ YD 0) Tayn = P ]
1
< [ IPEDRGO)PL NP Tiyn = i
1
S/O |PY DE(y () PN (P Theyn — Ty Treyn) |t
< bo||n||* (by Lemma 3.3.6)
where by is some constant. O

Lemma 3.3.9. Suppose Assumptions 3.3.2 and 3.3.3 hold. Then there exist a neighborhood U and

a constant a7 such that for all x1, T1, x2, and Ty € U, we have
19(Ts:€1,92) — 9(Ts,y1,82)| < ar max{dist(z1, "), dist(w2, 2"), dist(21, 27), dist (T2, ) }[|§1 || [|§2]] s

where ( = R, MNx2), &1 = RyNZ1), & = R} (2), y1 = 73_511 grad f(Z1) — grad f(z1), and yo =
73_521 grad f(Z9) — grad f(x2).

Proof. Define 3 = Pf/)f_l grad f(21) — grad f(z1) and g2 = P%‘_l grad f(Z2) — grad f(x2), where P
is the parallel transport, v1(t) = Ry, (t£1), and v2(t) = Ry, (t§2). From Lemma 3.3.8, we have

171 — Hi(z1,210)& | < boll&l]* and |72 — Ha(zo, Z2)| < boll&2|?, (3.3.7)

where Hi(r1,%1) = fol PO Hess f(71(t)) PLVdt, Ho(xg, 2) = fol PY Hess f(v2(t)) P 0dt, and
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bo is a constant. It follows that

19(Ts:61,92) — 9(Ts.y1, &)

<19(Ts.61,92) — 9(Ts 91, €2)| + 19(Ts. €1, y2 — T2) — 9(Ts (y1 — 71), &2

<9(Ts.&1, Ha(w2, T2)&2) — g(Ts Hi(z1, 71)€1, )| + b ([l ]| + 20D [ llI€2]l (by (3.3.7))
+19(Ts.61, T, grad f(Z2) — Py~ grad f(22))|
+19(Ts, (Tg | grad f(71) — P grad £(71)), &)

< |9(Ts &1, Ha(w2, B2)&2) — g(Ts, Hi(w1, #1)&1, &) + bi(1n ]| + [[€al) €[]Izl

+0a[lEalllIE2lll grad f(Z2)[l + bsll€alI€2]l]| grad f(z1)]], (by Lemma 3.3.6) (3.3.8)

where b1, by and b are positive constants. Since average Hessian is self-adjoint, we have

19(Ts &1, Ha(w2,22)€2) — g(Ts, Hi(a1, 1)1, &o)| = |g(Ha (22, 72) Ts &1, 62) — 9(Ts Hi(1,21)61, &)

(3.3.9)
By Lemma 3.3.3 and 3.3.7, we have
ball&1[[[|€2l|l grad f(22)[| + bsl[&1]|[|€2ll|l grad f(Z1)|
< b4”€1H|’€2H(di$t(£1,f1) + diSt(xQ,fg) + diSt(fg,x*) + dist(a?l,a;*)) (3310)

where by is a positive constant. Applying (3.3.9) and (3.3.10) to (3.3.8) and using the triangle

inequality of distance, we have
’9(7;-9@*517 y2) - 9(73‘<y17 52)‘
< bs||&1 ]| ]]€2]| max{dist(xy, x™), dist(ze, ), dist(Z1, x™), dist(z2, %)} (by )

+ |g(Ha (22, 22)Ts. &1, £2) — 9(Ts Hi (1, 21)&1, &2) (3.3.11)

where b5 is a positive constant. Using coordinate expressions, T'(Z1,Z2) to denote T and G, to

denote the matrix expression of the Riemannian metric at xs, we have

|g(Ha (2, 72)Ts 61, &2) — 9(Ts Hi(z1, 1)1, &)
= ’gT(ila332)Tﬁ2(332,532)TGx252 - é{ﬁl(i’l,9261)TT(§51,332)TG@§?2!

< NNE 2T (@1, 22) T Ho(d2, 22)T — Hi(d1,21) T(d1, 22)7 [|2]|Gs |21 E2]|2- (3.3.12)
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Define a function

J(81,%1, 82, 22) = T(&1, &2)" Ho(2o, 20)" — Hy(d1,21) T (1, 82)7 .

T T

We can see that when (2],27) = (23, 23)

,J = 0. Since, in view of Assumption 3.3.3, J is Lipschitz

continuous, it follows that (3.3.12) becomes

9(H2Ts.61,6) — 9(Ts Hi&1, &) < bell(2],27) — (23 ,23) 2111 [l2 /1€ )2

< br||&]|[|€2]] max{dist(x1, xz2), dist(Z1, Z2)},
where bg, by are some constants. Combining this equation with (3.3.11), we obtain
19(Ts:€15y2) — 9(Ts.y1,62)| < bs|§1]|[|€2]| max{dist(z1, z*), dist(z2, %), dist (1, 2*), dist (T2, )},
where bg is a constant. O

Lemma 3.3.10. Let M be a Riemannian manifold endowed with a vector transport T with asso-

ciated retraction R, and let T € M. Then there is a neighborhood U of T and ag such that for all

T,y €U,
||id —72_1777_172H < ag max(dist(z, T), dist(y, T)),
|lid —72._17;772\\ < ag max(dist(z, z), dist(y, T)),
where € = Rz x, n = R;'y, ¢ = R;'y, and || - || is an induced norm.

Proof. We choose coordinate expression such that the matrix expression of the Riemannian metric
at z is the identity. Let L(z,y) denote Tp-1,. We have
1id =T Ty Tl = I = L@, ) L, y) L&, )|
Define a function J(z,&,¢) = I — L(Z, Rz(£)) "' L(Rz(¢), Rz(¢)) "1 L(Z, Rz(¢)). Notice that J is a
smooth function and J(z,0z,0z) = 0. So
17(Z, & Ol = [[7(2,€¢) — J(Z,0z,0z)|

= Hj('%7 év é) - j('i'7 05737 0:7:)”2

< bo([[€]l2 + [I¢]l2) (smoothness of .J)

< by(dist(x, z) + dist(y, z)) (by Lemma 3.3.3)

< be max(dist(z, z), dist(y, x)),
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where bg, by and by are some constants. So
||id —72_17:7_17Z|| < by max(dist(z, T), dist(y, T)).

This concludes the first part of the proof. The second part of the result follows from a similar

argument. O

The next lemma generalizes [CGT91, Lemma 1]. It is instrumental in the proof of Lemma 3.3.13
below. In the Euclidean setting, it is possible to give an expression for ag and aqg in terms of ¢ of
Assumption 3.3.3 and v of Assumption 3.3.5. In the Riemannian setting, we could not obtain such
an expression, in part because the constant by that appears in the proof below is no longer zero.
However, the existence of ag and ajo can still be shown, under the assumption that {x} converges

to z*, and this is all we need in order to carry on with Lemma 3.3.13.
Lemma 3.3.11. Suppose Assumptions 3.3.1, 3.5.2, 3.3.3, and 3.3.5 hold. Then
y; — Bjt1s; =0 (3.3.13)
for all j. Moreover, there exist constants ag and a1g such that
lyj = (Bi)jsill < agary’ e s (3.3.14)
forall j, i > j+ 1, where €; j = max<p<; dist(zy, 2*) and
(B); = 5! BiTs,,
with (j; = R;Jl(a:,)
Proof. From (3.2.2), we have

- (y; — B;s;)(y; — Bjs;)’
Bii1s; = (B; +
181 = (B 9(sj,y; — Bjsj)

)Sj = ;-

This yields (3.3.13), as well as (3.3.14) with ¢« = j 4+ 1. The proof of (3.3.14) for i > j + 1 is
by induction. We choose k& > j + 1 and assume that (3.3.14) holds for all i = 5+ 1,...,k. Let
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e = Yr — Brsi. We have

19(rs Ts,, , )| = |g(uk = Brsk, Ts,, 55

<9k, Tse,, 55) = 9(sn: Ts, vl + 19(sw, Ts,, (yj = (Br)js;))|
+19(sk, Ts, , ((Br)js;)) — 9(Brsk, T, ;)]

<lg(yr: Tsc, , 53) — 9(s: Tse,  uil + 1 T, , (5 — (Br)jsi) sl
+19(sk: BTs, , 85) — 9(Brsk: Ts,, 85l

< lglyr: Ts,, 53) — 9(sn: o, v3)| + boasary”er sl sl

(By; self-adjoint and induction assumption)

k—j—2
< boagayg e jlls;llllskll + brextizllsklllls;ll, (by Lemma 3.3.9)

where by and by are some constants. It follows that

1y — (Brt1) 555l
= |ly; — 73_%_1’“13%1739,“1 sill
=lly; = Ts.) . To, BenTs, Ts ., 5l
< |ly; — EZJ{kBkHTScj,ij” + \|7f9_<]_1ykl§k+17f9<jyksj - 7?9;_1yk+17t93k5k+17t9::7t9<jyk+1 sl

1 () ()’
S 1195 = (B + Ty lop ) S 53l + b2k slssl

(by Lemma 3.3.10, Assumption 3.3.1, and (3.2.2))
’g(rka’]g'(j’k 3])‘
skl

f—j—2 k—j
< agayy’ " “ep jlls5ll + bsboagayy’

+ bo€xt1,5]|s5]| (by Assumption 3.3.5)

2
€k,jl185 1l + bsbier sl + baekya,5ls5l
< (agaly ™% + bsbpaga’s 7™ + bsby + b : h <
< (agayy” ™" + bsboagayy’ ™" 4 b3bi + ba)ext1,]/s5]|, (note that e ; < €xt15)
where by, b3 are some constant. Because bg, b1, by and b3 are independent of ag and aig, we can
choose ag and ajg large enough such that

k—j—2 k—j—2 ft1—j—2
(agajy? ™" + bsboagayy’ ™~ + baby + ba) < agajy .

for all j, k > j + 1. Take for example, ag > 1 and a9 > 1 + bgby + b3b; + bs. Therefore

k4+1—j5—-2
ly; — Brsn)gsill < agald ™ e sl

This concludes the argument by induction. O
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Lemma 3.3.12. If Assumption 3.3.3 holds then there exist a neighborhood U of x* and a constant
a1y such that for all x1,x9 € U, it holds that

|y — Ts,, Hess f(a:*)’]tg_cllsﬂ < aq1]|s]| max{dist(x1, z*), dist(zo, ")},
where (1 = R (x1), s = RyHw2), y = 7}:1 grad f(x2) — grad f(z1).

Proof. Define 3 = PVO‘_l grad f(x2) — grad f(z1), where P is the parallel transport along the curve
v defined by 7(t) = Ry, (ts). From Lemma 3.3.8, we have

1y — Hsl|| < bolls||*, (3.3.15)
where H = fol PY*! Hess f (’y(t))PV“_Odt and by is a constant. We then have

lly — TS<1 Hess f($*)7;~_<118||
< lly =9l + 11y = Hs|| + [ Hs — Ts,, Hess f(a")T5 5|
— HTSZI grad f(z2) — P9 grad f(w2)| + bolls|” + | H — Ts,, Hess f(:v*)Ts;lH sl
< by||s|| max{dist(z1,z*), dist(z2, 2*)} + bo||s||* (by Lemma 3.3.6)

+ (] /01 Pff)‘_t Hess f(v(t))P,’;FOdt — Hess f(z1)||

+ || Hess f(21) — Ts,, Hess f($*)73*23‘|)‘|5‘|

< bolls|| max{dist(x1,x™), dist(z2,2")}, (by Assumption 3.3.3)
where by and by are some constants. O

With these technical lemmas in place, we now start the Riemannian generalization of the se-
quence of lemmas in [BKS96] that leads to the main result [BKS96, Theorem 2.7], generalized here
as Theorem 3.3.2. For an easier comparison with [BKS96], in the rest of the convergence analysis,
we let n (instead of d) denote the dimension of the manifold M.

The next lemma generalizes [BKS96, Lemma 2.3], itself a slight variation of [KBS93, Lemma 3.2].
The proof of [BKS96, Lemma 2.3] involves considering the span of a few s;’s. In the Riemannian
setting, a difficulty arises from the fact that the s;’s are not in the same tangent space. We overcome

this difficulty by transporting the s;’s to Ty« M.
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Lemma 3.3.13. Let s, be such that Ry, (sx) — «*. If Assumptions 3.3.1, 3.3.2, 3.3.3, and 3.3.5
hold then there exists K > 0 such that for any set of n+ 1 steps S = {skj K <k <...<kpi1},

there exists an index ky,, with m € {2,3,...,n+ 1} such that

| (Bk,,, — Hr,, )5k, |
(e

1
k +1—k1—2 — oy
< (a12a18 + a12)€§,

where €g = maX1San+1{diSt($kj,$*),diSt(kaj (8k;),7%)}, Hy,, = Eékm Hess f(x*)fg_ci s Cy =

R;*1$k a12,a12 are some constants, and n is the dimension of the manifold.

Proof. Given S, for j =1,2,...,n+ 1, define

§k1 §k2 gk‘j

R B
RS e

where 55, = TS_C; Sk;,t=1,2,...,7. The proof is organized as follows. We will first obtain in (3.3.24)
that there exists m € [2,n + 1] and u € R™™! w € T,+ M such that 3y, /||5k,, || = Sm_1u — w,
Si—1 has full column rank and is well conditioned, and ||w|| is small. We will also obtain in (3.3.26)
that (’Ezim Bkm’]:qckm — Hess f(2*))S),—1 is small due to the Hessian approximating properties of
the SR1 update given in Lemma 3.3.12 above. The conclusion follows from these two results.

Let G, denote the matrix expression of inner product of T, M and Sj denote the coordinate
expression of Sj, for j € {1,...,n}. Let x; be the smallest singular value of Gi/ 2§j and define
kn+1 = 0. We have

12512/12...2/1”4_1:0.

Let m be the smallest integer for which

Km L
<€z, 3.3.16
1 €s ( )
Since m < n+ 1 and k1 = 1, we have
o K2 Rm—1 (m—2)/n (n—1)/n
Km—1 = Kl(/i_l) R Hm_g) > €g > €g . (3317)

Since zy — 2* and Ry, (s;) — 2*, we can assume that eg € (0, (3)") for all k. Now, we choose
z € R™ such that
1GY 28,212 = |22 (3.3.18)

and



where u € R™™1. (The last component of z is nonzero due to that m is the smallest such that
(3.3.16) is true.) Let w = S,z and its coordinate expression @ = Sy,z. From the definition of

G1/2S and z, we have
G238, iu— GV = G5, (3.3.19)
o ) 1G5, ]l -

where §km is the coordinate expression of 5, . Since k,,—; is the smallest singular value of

Gi/zs’m_l, we have that

1 GV G0, +1  fw| +1
fulls < —— G2 8p-sull = —— G2+ S S, < 1S Ol 1 Ju
Fim— fim—1 1G""Sk, 12 fim—1 fim—1
(3.3.20)
1/2 .
|G "2 +1  fw]| +1
o = ey (P (33.17)) (3.3.21)
€s €s
Using (3.3.18) and (3.3.20), we have that
1/2 1/2 &
lwll? = G203 = 1G22 Sz (13 = w2113 = 2 <1 + [Jull3)
< K2, 4+ (2 (|G b + 1)% = K2, + (—2)2 ([ + 1)2.
Km—1 RKm—1
Therefore, since (3.3.16) implies that x,, < eg/n, using (3.3.16),
w]? < €™ + ™ (wl| +1)? < 4™ (w]| + 1)2. (3.3.22)
This implies
1/n 1/n
lw][(1 —2e4 ") < 2eg ",
and hence ||w|| < 1, since eg < (3)". Therefore, (3.3.21) and (3.3.22) imply that
2
lulls < 57 (3.3.23)
€s
w]| < 4ed™. (3.3.24)

Equation (3.3.24) is the announced result that w is small. The bound (3.3.23) will also be invoked
below.
Now we show that H(TS By, 73< — Hess f(2*))S;—1|| is small for all j € [2,n+ 1] (and thus in

particular for j = m). By Lemma 3.3.11, we have

fj—i—2 T 1 —k1—2
yi — (Bi,)isill < agay " “ex, illsill < agayg™ " esllsill, (3.3.25)
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for all i € {k1,ka,...,kj—1}. Therefore,
—1 * §i
||(7t9<kj By 73%_ — Hess f(z ))m [

1 1 _
TSCZ- Yi— TS% Bkj%‘% Si 7o 'yi — Hess f(2*)5

I+l

<

<| Bl Bl |
1 -1 _

7;:(2' yl - %ij Bkj,]gzk S’i

J

< | + bies (by Lemma 3.3.12)

5l
1 1 1

— || + bies
l|5]]

[(yi — (B, )isi)ll
4]
kn4+1—k1—2

< (bsayg + b3)es (by (3.3.25))

< by

+ bseg (by Lemma 3.3.10 and Assumption 3.3.1)

where bo, b3 and by are some constants. Therefore, we have that for any j € [2,n + 1],
H(Tsz; BijS‘(kj — Hess f(2%))Sj-1llg,2 < bses, (3.3.26)

where bs = \/ﬁ(b4alf8“_k1_2 +b3) and || - ||g,2 is the norm induced by the Riemannian metric g and
the Euclidean norm, i.e., [|All42 = sup || Av||g/|v]l2.
We can now conclude the proof as follows. Using (3.3.19) and (3.3.26) with j = m, (3.3.23) and
(3.3.24), we have
(T B Ts,,, — Hess f(a))snl
[15ml

- H(’TS_C: Bkm’]:qckm — Hess f(2%))(Spm_1u — w) ||
<75 B Ts,,, — Hess F@)Smolgellull + (T B T, — Hess f(*)

< bses — + (M + Hess f(x*))4eé/n (by Assumption 3.3.1)

2
Egn—l)/

< (2b5 + bﬁ)ﬁls/n

where bg is some constant. Finally,

1By, — Hi, )i, | 1B = Tsc, Hess f@) T s
5| Tsmn]
I(Ts.! B, Ts,,, —Hess f(z*))sp, |
15k

< (2[)5 + b@)eg/n
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completes the proof. O

The next lemma generalizes [BKS96, Lemma 2.4]. Its proof is a translation of the proof
of [BKS96, Lemma 2.4], where we invoke two manifold-specific results: the equality of Hess f(z*)
and Hess(f o Ry+)(04+) (which holds in view of [AMSO08, Proposition 5.5.6] since z* is a critical
point of f), and the bound in Lemma 3.3.3 on the retraction R.

Lemma 3.3.14. Suppose that Assumptions 3.3.1, 3.3.2, 8.3.8, 8.3.4, 3.8.5 and 3.3.6 hold and the
trust region subproblem (3.2.1) is solved accurately enough for (3.3.2) to hold. Then there exists N
such that for any set of p > n consecutive steps Si41,Sk41,- -, Sk+p With k > N, there exists a set,
Gk, of at least p — n indices contained in the set {i: k+1 <i <k+ p} such that for all j € Gy,
B; — H;)s; 1
(B, )8l < aysel,
B
-2, o\ —1 -1
where a13 = aipaly ” + a2, Hj = ngj Hess f(z )’ngj , (=R -z, and
€ = k+11;1?%<k+p{dist(a:j, x*), dist(Ry, (s5), 2")}.

Furthermore, for k sufficiently large, if j € Gy, then
551l < aa dist(aj, z"), (3.3.27)

where ai4 s a constant, and

pj > 0.75. (3.3.28)

Proof. By Lemma 3.3.5, s, — 0. Therefore, by Lemma 3.3.13, applied to the set

{8k7 Sk4+1y---5 Sk-i-p}v (3329)

there exists IV such that for any k > N there exists an index [y, with k+ 1 <y < k + p satisfying

B, — Hj,)s; 1

(B — Fi)sull 4
st

where a13 = a12a11)52 + aj2. Now we can apply Lemma 3.3.13 to the set {sg,skt1,...,Sk+p} — S

to get l. Repeating this p — n times, we get a set of p — n indices Gy = {l1,12,...,l,—n} such that
if j € G, then

B — H:)s.: 1
w < aiel (3.3.30)
5]
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We show (3.3.27) next. Consider j € G. By (3.3.30), we have
1
g(sj, (Hj = Bj)s;) < |IslI[|(H; — Bj)s;ll < anzeg; |1s5]*.
Therefore,

1
9(sj, Bjs;) > g(sj, Hjs;) — arse) |55

> bo||s;]|?, (choosing k large enough)

where by is a constant and we have

1
0 < m;(0) —my(s;) = —g(erad f(z;), 5;) — 59(s5, Bjs;)
1
< |lgrad f(z;)l|ls;l — §b0H3j|!2
1
< by dist(xj, )]s — §b0\|sj\|2, (by Lemma 3.3.7)

where by is some constant. This yields (3.3.27).
Finally, we show (3.3.28). Let j € G, and define f,(n) = f(Rz(n)). It follows that

[f(@5) = f(Rae,(s5)) — (m;(0) —my(s;))]
= £(a) ~ F(Ra,(57)) + glawad £ (), 55) + 59(s5, Bys;)]

= ‘ij(oscj) - ij(sj) + g(gradf(xj)vsj) + %g(sijij)’

1 1 .
= \ig(sj, Bjsj) — /0 g(Hess fy;(755)[s5],8;)(1 — 7)dr| (by Taylor’s theorem)

< 5005555~ patsss sl + 3o Hysy) — [ oFes oy ()l o)1 — 71|

= Iég(sw (Bj — Hj)s;)|
+yA%m%ﬂ@gﬁ$fuwﬁ§%>—mH%aﬁmm»@Lw»u—TMﬂ

< 1512 /0 1 (7, Hess fy- (Om*)TSTle — Hess f,(15;))[|(1 — 7)dr (by [AMS08, proposition 5.5.6])
+ 5 IssI0CB; — Hy)ss

1
< bs||s;||*(dist(z;,2*) + ||s;]]) + bal|s;]/%€p (by (3.3.30), Lemma 3.3.3 and Assumption 3.3.4)
1

1 1
< byl|sj||%€ep, (by (3.3.27) and dist(x;, z*) is smaller than €] eventually)
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where by, bs and by are some constants. In view of (3.3.27) and Lemma 3.3.7, we have

[[s;ll < bsll grad f(z;)l,

where b5 is some constant. Combining with ||s;|| < A, we obtain

IslI* < b5l grad f(x;)l| min{A;, bs|| grad f(z;)|}.

Noticing (3.3.2), we have

F(@3) = F(Ray (7)) = (m5(0) = m ()] < b (m(0) = mys,)).
where bg is a constant. This implies (3.3.28). O

The next result generalizes [BKS96, Lemma 2.5] in two ways: the Euclidean setting is extended
to the Riemannian setting, and inexact solves are allowed by the presence of d;. The main hurdle
that we had to overcome in the Riemannian generalization is that the equality dist(zy + sg,2*) =

Isk — &k|| does not necessarily hold. As we will see, Lemma 3.3.2 comes to our rescue.

Lemma 3.3.15. Suppose Assumptions 3.5.2 and 3.3.3 hold. If the quantities

| (B — Hy)sg|l

e = dist(zg, ™) and
skl

are sufficiently small and if Bys, = — grad f(zg) + 6 with |6 < || grad f(zg)||* Y, then

B, — H min
dist(Ry, (sk), 2") < (115%@€ + a16€]1€+ {9’1}, (3.3.31)
k
By, — Hy)s .
h(Ra (51)) < axr ! T ) gm0 ), (333
and
algh(azk) < €L < agoh(xk) (3333)
where a15,a16,a17 and aig are some constants and h(z) = (f(z) — f(x*))%
Proof. By definition of si, we have
S = Hk_l[(Hk — Bk)sk — grad f(a:k) + 5k] (3334)
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Define &, = R;klm*. Therefore, letting v be the curve defined by v(t) = Ry, (t&), we have
st — &kl
= ||H; ' [(Hy — Br)sk — grad f(zx) + 6p — Hel |
1
< bo([|(Hy, — Br)skll + || Py grad f(«*) — grad f(ax) — (/ P Hess f(y(t)) Py dt)&|
0
1
+I( / PJ" Hess f(y()) Py %dt)&, — Hess f(w)& + || Hess f(wr)€r — Hirll + [10%]])
0
< bo(||(Hp — Bi) sk + b]|&x] ™1} (by Lemmas 3.3.7 and 3.3.8)

1
+I( /0 P9 Hess f(v(t)) P 0dt)&y, — Hess f(xp)&x| + || Hess f(z) — Hl|1€k]))
< bol|(Hx, — Br)sil| + bobr [|&[|* ™ 4 bobs 1€ ]|* (by Assumption 3.3.3)

< bol| (Hy — Br)sil| + bal| |1 (3.3.35)

where b1, be, b3 and by are some constants. From Lemma 3.3.2, we have

dist(Ry, (sk), 2") = dist(Rg, (sk), Ra,, (§k)) < bs||sk — &klls (3.3.36)
where b is a constant. Combining (3.3.35) and (3.3.36) and using Lemma 3.3.3, we obtain

. % T 1+min{6,1}

dist(Rg, (sk), ") < bobs||(Hy — By)sk|| + babsey, . (3.3.37)

From (3.3.34), for k large enough such that ||H, '||||(Hx — Bg)sk|| < lIsk|l, we have
1 _
il < 5 llsell + 11 (1l grad f (@)l + [l grad £ (2e)[|7).

Using Lemma 3.3.7, this yields

skl < bg dist(zg, "),

where bg is a constant. Using the latter in (3.3.37) yields

|(Hg — Bg) skl
(EA

1+min{6,1}

dist(Ry, (sk), 2") < bobsbes dist(zx, 2*) + babse, ,

which shows (3.3.31).
We next show (3.3.33). Define f,(n) = f(R.(n)) and let ¢, = Rj1'x,. We have, for some
t e (0,1),
For (Ge) = fur (00+) = glerad f(27), i) + g(Hess for (6k) [Ge, k)
= g(Hess fo= (tC)[Ch], k),
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where we have used (Euclidean) Taylor’s theorem to get the first equality and the fact that 2* is a
critical point of f (Assumption 3.3.2) for the second one. Therefore, since Hess f,- = Hess f(z*) is
positive definite (in view of [AMS08, Proposition 5.5.6] and Assumption 3.3.2), there exist b7 and
bg such that

b7 (fur (Ci) — For (02+)) < [ICkl* < bs(far (Go) — For (05+))

Then, using Lemma 3.3.3, we obtain that there exist bg and b1 such that

bo(f () — f(2")) < dist(zp, 2)* < bio(f (zx) — f(2)).

In other words,

boh? (1) < €3 < bioh®(w),

and we have shown (3.3.33). Combining it with (3.3.31), we get (3.3.32). O

With Lemmas 3.3.14 and 3.3.15 in place, the rest of the local convergence analysis is essentially

a translation of the analysis in [BKS96]. The next lemma generalizes [BKS96, Lemma 2.6].

Lemma 3.3.16. If Assumptions 3.3.1, 8.8.2, 8.5.8, 8.8.4, 8.3.5, and 3.5.6 hold and the subproblem
is solved accurately enough for (3.3.2) and (3.3.3) to hold then,

where hy, = h(xy).

Proof. Let p be the smallest integer greater than 2n +n(—1In7/In 72), where 71 and 79 are defined
in Algorithm 1. Then
R > 1, (3.3.38)

Applying Lemma 3.3.14 with this value of p, there exists N such that if £ > N, then there exists
a set of at least p — n indices, G C {j : k+ 1 < j < k + p}, such that if j € Gy, then

. . . 1
IB; = Bpsill e (3.3.39)
[ g
Pj > 0.75.
We now show that for such steps,
hj+1 1 hj
< - 3.4
Ajy1 T T2 A (3.3.40)



If ||sj]| > 0.8A;, then since from Step 12 of Algorithm 1, Aj;1 = mA; and since {h;} is decreasing,
(3.3.40) follows. If on the other hand ||s;|| < 0.8A;, then from Step 14 of Algorithm 1, we have
that Aj 11 = A;. Also since the trust region is inactive, by condition (3.3.3), we have that Bjs; =
—grad f(z;) + 6k, ||0k]] < |lgrad f(x;)||*T%. Therefore, in view of (3.3.32) in Lemma 3.3.15 and
of (3.3.39), if N is large enough, we have that

1

This implies that (3.3.40) is true for all j € G;, where k > N.

In addition, note that for any j, hj41 < h; and Aj 1 > 7 A; and so

hj1 < 1h

. 3.3.41
Aj+1 T A]’ ( )

Since (3.3.40) is true for p — n values of j € G and (3.3.41) holds for all j, we have that for all
k> N,

hk+P é(l)n(i)p—nﬂé 1 nﬂ’
Aprp — 117 T AN PRAV

where the second inequality follows from (3.3.38). Therefore, starting at k = N, it follows that

hntip
Anyip

— 0

as | — oo. Using (3.3.41) again, we complete the proof. O
The next result generalizes [BKS96, Theorem 2.7].

Theorem 3.3.2. If Assumptions 3.53.1, 3.3.2, 3.8.83, 3.8.4, 3.3.5, and 3.3.6 hold and the subproblem
is solved accurately enough for (3.3.2) and (3.3.3) to hold then, the sequence {xy} generated by
Algorithm 1 is n + 1-step g-superlinear (where n denotes the dimension of M); i.e.,

dist(zg+n+1,27)

— 0.
dist(zg, z*)

Proof. By Lemma 3.3.14, there exists N such that if ¥ > N, then the set of steps {sxi1,. .., Sktni1}

contains at least one step sy, 1 < j < n+ 1, for which

B. — H.)s. 1
(B, P < ayze].
(B
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By (3.3.27) in Lemma 3.3.14 and (3.3.33) in Lemma 3.3.15 (when checking the assumptions, recall
the standing assumption made in Section 3.3.3 that ey, := dist(xg,x*) — 0), there exists a constant

bo such that

k451l < bohiyj-

Therefore, by Lemma 3.3.16, if N is large enough and k > N, then |[s; ;|| < 0.8Ax4;. By (3.3.3),

‘1+9

this implies By jsk+; = — grad f(2x45) + 045, with [[0p;|| < || grad f(zs4;)[|" 7. Thus by inequal-

ity (3.3.32) of Lemma 3.3.15, if N is large enough and k > N, then

+ in{6,1
Py = h(Ray, ;(8k+5)) < (ar7a1ze) + a18h?f}{ Nhit;.

The first equality holds because (3.3.28) implies that the step is accepted. Since the sequence {h;}

is decreasing, this implies that

1 .
" min{6,1
higns1 < (a17013€] + alSh;H_j{ N

By (3.3.33),

Chtnt1 < a20Nktnt1
1 .
P min{6,1}
< ago(arrarse + arshy ;7 )he

1 €k \mi ek
< ago(arrarze] + a18(a—m)mm{0’1})a—m-

This implies n + 1-step g-superlinear convergence. O

It is also possible to extend to the Riemannian setting the result [BKS96, Theorem 2.8] that
the percentage of By being positive semidefinite approaches 1 provided that By, is positive semidef-
inite whenever ||sg|]| < 0.8A. In the proof of [BKS96, Theorem 2.8], replace Lemma 2.6 by
Lemma 3.3.16, Lemma 2.4 by Lemma 3.3.14, (2.14) by (3.3.27), and (2.9) by (3.3.33).

3.4 Limited Memory Version of RTR-SR1

In RTR-SR1 (Algorithm 1), storing By11 = Ty, © B~k+1 o 7:7;1 in matrix form may be inefficient
for two reasons. The first reason, which is also present in the Euclidean case, is that Bk-{-l = B +

—B —Bs)” . . . . . .
(e g(s’f’;i(f’%ksk’c)sk) is a rank-one modification of Bj. The second reason, specific to the Riemannian

setting, is that when M is a low-codimension submanifold of a Euclidean space &, it may be
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beneficial to express 7T, as the restriction to T, M of a low-rank modification of the identity,
e.g., (9.2.17) and (9.2.20). Instead of storing full dense matrices, it may then be beneficial to store
a few vectors that implicitly represent them. This is the purpose of the limited memory version of
RTR-SR1 presented in this section.

The proposed limited memory RTR-SR1, called LRTR-SR1, is described in Algorithm 2. It
relies on a Riemannian generalization of the compact representation of the classical (Euclidean)
SR1 matrices presented in [BNS94, §5]. We set By = id. At step k > 0, we first choose a basic
Hessian approximation Bg, which in the Riemannian setting becomes a linear transformation of
Ty, M. We advocate the choice

B = id,
where

9(Yk—1,Yk—1)
9(Sk—1,Yk—-1)’

which generalizes a choice usually made in the Euclidean case [NWO06, (7.20)]. As in the Eu-

clidean case, we let Sy, and Y}, contain the (at most) m most recent corrections, which in the

Riemannian setting must be transported to T, M, yielding Si ,, = {8,@5, sé’?uv ceey 8,@1} and
Yim = {y,i’i)é,y,gli)é+l, - ,y,il?l}, where ¢ = min{m, k} and where s) denotes s transported to

T, M. We then have the following Riemannian generalization of the limited-memory update

based on [BNS94, (5.2)]:
By = BE + (Y — BESkm) Pim — SimBESkm) ™ Yiem — BESkm)’s k>0,

where Py = Dyon+ L+ L s D = diag{g(sk—t; Ye—0), 9(@r—r41, Ye—t11)5 - -+ 9(sk—-1, yh—1)},
and

(L )is = 9(Sk—tyio1, Yk—tj—1), ifi>j;
hanlbg 0, otherwise.

Moreover, letting Q ,, denote the matrix S,ZmSkm, we obtain

Bi = e id +(Yieon — Y6Skm) Pran — Qum) " Yen — %Sem)’s k> 0. (3.4.1)

For all n € T,, M, Bin can thus be obtained from (3.4.1) using Yy m, Skm, Pem and Qg m-
This is how By, is defined in Algorithm 2, except that the technicality that the B update may be

skipped is also taken into account therein.

49



Algorithm 2 Limited-memory RTR-SR1 (LRTR-SR1)

Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector trans-

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

ports Tg; smooth function f on M; initial iterate zg € M;

: Choose an integer m > 0 and real numbers Ag > 0, v € (0,1), ¢ € (0,0.1), 71 € (0,1) and

o> 1; Set k<0, £+ 0, 79 < 1;
Obtain s; € T, M by (approximately) solving

1
Sp = serﬁi,?/v( my(s) = 861%1;:1 f(zk) + g(grad f(xg),s) + 59(3, Bis),s.t. ||s]] < Ag,

where By, is defined in accordance with (3.4.1);
f@r)—=f(Ray, (sk)) .

Set P = T O ma )
Set y < 73% grad f(Rq, (si)) — grad f(zk);
if [g(sk, yk — Brsk)| = vliskllllyx — Brsk| then
Vi1 ggz: :Z:; Add S]ik) and y,(f) into storage; If £ > m, then discard vector pair {s,(f_) o y,i’i)é}
from storage, else ¢ <— /+1; Compute matrices Py, ,, and Qi ,, by updating Pr_1 ,, and Qx—1.m
if available;
else
Set Yer1 < W Priim Pk ™ Qk+1,m ~  Qrm and {Sk 7y(k)} —
AR N {Sl(ck—)z—i-l’yk 1)} {51y -
end if
if pr, > c then
Tpt1 < Ry, (si); Transport S]i )é+17 s,(f)Hz, ,Slik) and y,(f)@rl,y,(C )é+2, . ,y,(gk) from T,, M
to Ty, M by Ts;
else
Th41 < Tk,
end if
if pp > % then
if ||nk]] > 0.8A% then
Apy1 < T2A;
else
Apg1 + Ap;
end if

else if p; < 0.1 then
Agyq < T1Ag;

else
AVERIE SAVE

end if

k < k41, goto 2 until convergence.

50



CHAPTER 4

A BROYDEN FAMILY OF QUASI-NEWTON
METHOD

4.1 Introduction

In the classical Euclidean setting, the Broyden class (see, e.g., [NW06, §6.3]) is a family of
quasi-Newton methods that depend on a real parameter, ¢. Its Hessian approximation update
formula is Byy1 = (1 — (bk)BEflGS + ¢kB,?flp, where BE’E?S stands for the update obtained by the
Broyden—Fletcher-Goldfarb-Shanno (BFGS) method and Bl?ff for the update of the Davidon—
Fletcher—Powell (DFP) method. Therefore, all members of the Broyden class satisfy the well-known
secant equation, central to many quasi-Newton methods. For many years, BFGS, ¢ = 0, was the
preferred member of the family, as it tends to perform better in numerical experiments. Analyzing
the entire Broyden class was nevertheless a topic of interest for the insight given into the properties
of quasi-Newton methods; see [BNY87] and the many references therein. Subsequently, it was
found that negative values of ¢ are desirable [ZT88, BLN92] and recent results reported in [LVO7b]
indicate that a significant improvement can be obtained by exploiting the freedom offered by ¢.

The idea of quasi-Newton methods on manifolds is not new, however, the literature of which
we are aware restricts consideration to the BFGS quasi-Newton method. Gabay [Gab82] discussed
a version using parallel translation on submanifolds of R™. Brace and Manton [BMO06] applied
a version on the Grassmann manifold to the problem of weighted low-rank approximations. Qi
[QGA10] compared the performance of different vector transports for a version of BFGS on Rie-
mannian manifolds. Savas and Lim proposed a BFGS and limited memory BFGS methods for
problems with cost functions defined on a Grassmann manifold and applied the methods to the
best multilinear rank approximation problem. Ring and Wirth [RW12] systematically analyzed a
version of BFGS on Riemannian manifolds which requires differentiated retraction. Seibert et al.
[SKH13] discussed the freedom available when generalizing BFGS to Riemannian manifolds and
analyzed one generalization of BFGS method on Riemannian manifolds that are isometric to R"™.

In view of the above considerations, generalizing the Broyden family to manifolds is an appeal-
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ing endeavor, which we undertake in this chapter. For ¢ = 0 (BFGS) the proposed algorithm is
quite similar to the BFGS method of Ring and Wirth [RW12]. Notably, both methods rely on the
framework of retraction and vector transport developed in [ADMO02, AMS08]. The BFGS method
of [RW12] is more general in the sense that it also considers infinite-dimensional manifolds. On the
other hand, a characteristic of our work is that we strive to resort as little as possible to the deriva-
tive of the retraction. Specifically, the definition of y; (which corresponds to the usual difference
of gradients) in [RW12] involves Dfg,, (sk), whose Riesz representation is (DRy, (s5x))"V f|r,, (s),
where R is the retraction and V is the Levi-Civita affine connection. In contrast, our definition of
Yy relies on the same isometric vector transport as the one that appears in the Hessian approxi-
mation update formula. This can be advantageous in situations where R is defined by means of a
constraint restoration procedure that does not admit a closed-form expression. It may also be the
case that the chosen R admits a closed-form expression but that its derivative is unknown to the
user. The price to pay for using the isometric vector transport in y; is satisfying a novel “locking
condition”. Fortunately, we show simple procedures that, given either an isometric vector trans-
port or a retraction, can produce a retraction or an isometric vector transport such that the pair
satisfies the locking condition. As a result, efficient and convergent algorithms can be developed.
Another contribution with respect to [RW12] is that we propose a limited-memory version of the
quasi-Newton algorithm for large-scale problems.

Chapter 4 is organized as follows. The RBroyden family of algorithms and the “locking condi-
tion” are defined in Section 4.2. A convergence analysis is presented in Section 4.3. Two methods
of constructing an isometric vector transport and a method of constructing a retraction related to
the "locking condition” are derived in Section 4.4. The limited-memory RBFGS is described in
Section 4.5. Experiments illustrating the performance of the methods for several applications are

presented in later appropriate chapters.

4.2 RBroyden Family of Methods

The proposed RBroyden family algorithm is described in Algorithm 3 where the isometric vector

transport Tg is not necessarily smooth. Instead, the required properties are Tg € C° and for any
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Algorithm 3 RBroyden family method

Input: Riemannian manifold M with Riemannian metric g; a retraction R; isometric vector trans-

1:
2:
3:
4:

8:
9:

port Tg, with R as associated retraction, that satisfies (4.2.6); continuously differentiable real-
valued function f on M, bounded below; initial iterate xy € M; initial Hessian approximation
By which is a linear transformation of the tangent space T,, M that is symmetric positive
definite with respect to the metric g; convergence tolerance ¢ > 0; Wolfe condition constants
0<61<%<62<1;
k<« 0;
while || grad f(zx)|| > ¢ do

Obtain n, € Ty, M by solving Byn,, = — grad f(zx);

Set z41 = Ry, (agni) where ag > 0 is computed from a line search procedure to satisfy the

Wolfe conditions

f(@rr) < f(g) + cragg(grad f (o), ), (4.2.1)
IR =y > 2 (Rl s (1.2.2)

Set Tp11 = Ry (armi);
Define s = Ts,, ., axi and gy = B ' grad f(zg41) — Ts,,,, grad f(az), where B =

[lov e : ; : ;
[T and Tg is the differentiated retraction of R.

Define the linear operator By 1 : Ty, , M — Ty, M by
s g(sk, Brp) 9(yr,p .
By y1p = Byp — (7~)Bk3k + gyk + o 9(sk, Besk)g(vk, p) vk,
g(Sk‘7 Bk‘sk) g(yk‘7 Sk‘)
for all p € Ty, ,, M or equivalently
- Bise(Bisk)” . ukyl 5
Byt1 =By, — ~*( o ) T+ drg(sk, Brsk)urvy, (4.2.3)
(Bjsk)’ sk, Y5k
where -
Uk By.sg
U = - ~ )
9k sk)  g(sy, Brsk)
¢r is any number in the open interval (¢7,00), ¢f = 1/(1 — pp), e =

(g(yk,l?,;lyk)g(sk,lg’ksk))/g(yk,sk)2, By = 73%% o By o 7;:11’7]@7 * denotes the adjoint with
respect to g 1
k< k+1;

end while
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T € M, there exists a neighborhood U of  and a constant ¢y such that for all z,y € U

175, = Tr, || < collnl (4.2.4)

175," = T, 1 < collnl (4.2.5)

where n = R;!(y). In the following analysis, we use only these two properties of isometric vector
transport.

In Algorithm 3, we require the isometric vector transport Tg to satisfy the locking condition

€]l
I Tre€N

for all £ € T, M and all x € M. Practical ways of building such a Tg given a retraction and

Tse€ = BTrE, B = (4.2.6)

vice versa are discussed in Section 4.4. Observe that, throughout Algorithm 3, the differentiated
retraction Tg only appears in the form 7Tg.§, which is equal to %R(t{)h:l. Hence Tg,,, ,, akni s
just the velocity vector of the line search curve a — R(any) at time oy, and we are only required to
be able to evaluate the differentiated retraction in the direction transported. The computational
efficiency that results is also discussed in Section 4.4.

The isometry condition (1.2.1) and the locking condition (4.2.6) are imposed on Tg notably
because, as shown in Lemma 4.2.1, they ensure that the second Wolfe condition (4.2.2) implies
9(Sk,yr) > 0. Much as in the Euclidean case, it is essential that g(sk,yx) > 0, otherwise the secant
condition Byy18, = yx cannot hold with By, 1 positive definite, whereas positive definiteness of the
By’s is key to guarantee that the search directions 7 are descent directions. It is possible to state
Algorithm 3 without imposing the isometry and locking conditions, but then it becomes an open
question whether the main convergence results would still hold. Clearly, some intermediate results
would fail to hold and, assuming that the main results still hold, a completely different approach
would probably be required to prove them.

When ¢ = 0, the updating formula (4.2.3) reduces to the Riemannian BFGS formula of [QGA10)].
However, a crucial difference between Algorithm 3 and the Riemannian BFGS of [QGA10] lies in
the definition of yi. Its definition in [QGA10] corresponds to setting i to 1 instead of %
Our choice of B allows for a convergence analysis under more general assumptions than those of
the convergence analysis of Qi [Qill]. Indeed, the convergence analysis of the Riemannian BFGS

of [QGA10], found in [Qill], assumes that retraction R is set to the exponential mapping and
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that vector transport 7Tg is set to the parallel translation. These specific choices remain legitimate
in Algorithm 3, hence the convergence analysis given here subsumes the one in [Qill]; however,
several other choices become possible, as discussed in more detail in Section 4.4.

Lemma 4.2.1 proves that Algorithm 3 is well-defined for ¢y, € (5, 00).

Lemma 4.2.1. Algorithm 8 constructs infinite sequences {x}, {Bx}, {Bi}, {ouw}, {si}, and {yi},
unless the stopping criterion in Step 2 is satisfied at some iteration. For all k, the Hessian approz-

imation By is symmetric positive definite with respect to metric g, nx # 0, and

9(8k; y) > (ca — Dagg(grad f(zk), nk)- (4.2.7)

Proof. We first show that (4.2.7) holds when all the involved quantities exist and 7, # 0. Define
my(t) = f(Rg, (tne/lInk]])). We have

9(3ksUk) = 9(TS0, 0 ks By, " grad f(wp41) — Ts,, ., grad f(zr))

= (TS0, ks B grad f(2411)) = 9(T50, 0, WkTks Ty, @rad f (1))
= (B, Tsapn, s grad f(z41)) — gk, grad f(zy)) (by isometry)
=g(

9(TRaymy, Tl grad f(2k41)) — g(on, grad f(zy)) (by (4.2.6))

dmy (o dmyg (0
zaankH< k(dl;HUkH) B ;t( )>_

(4.2.8)
Note that guaranteeing (4.2.8), which will be used frequently, is the key reason for imposing the
locking condition (4.2.6). From the second Wolfe condition (4.2.2), we have

dinvg (o [|nk ) C2dﬁ%k(0)
dt - dt

(4.2.9)

Therefore,

dig (o llne ) dimg(0)
dt dt

> (- )Y — (e - ) glamad Sl (4210

The claim (4.2.7) follows from (4.2.8) and (4.2.10).

When By, is symmetric positive definite, 7 is a descent direction. Observe that the function
a — f(R(ang)) remains a continuously differentiable function from R to R which is bounded below.
Therefore, the classical result in [NW06, Lemma 3.1] guarantees the existence of a step size,qy,

that satisfies the Wolfe conditions.
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The claims are proved by induction. They hold for £ = 0 in view of the assumptions on By of
Step 3 and of the results above. Assume now that the claims hold for some k. From (4.2.7), we

have

9(sks k) > (1= c)apg(grad f(ar), —mk) = (1 — ca)arg(grad f(xy), By, ' grad f(xy)) > 0.

Recall that, in the Euclidean case, szyk > 0 is a necessary and sufficient condition for the exis-
tence of a positive-definite secant update (see [DS83, Lemma 9.2.1]), and that BFGS is such an
update [DS83, (9.2.10)]. From the generalization of these results to the Riemannian case (see [Qill,
Lemmas 2.4.1 and 2.4.2]), it follows that By is symmetric positive definite when ¢ = 0.
Consider the function h(¢r) : R — R? which gives the eigenvalues of By, 1. Since Bjyi; is
symmetric positive definite when ¢ = 0, we know all entries of h(0) are greater than 0. By

calculations similar to those for the Euclidean case ([BLN92]), we have

g(yk7sk)
det(B = det(B) —————
et(Bit1) = det( k)g(3k78k3k)

So det(By+1) = 0 if and only if ¢, = ¢} < 0. In other words, h(¢s) has one or more 0 entries if and

(1 + ¢(ur — 1)).

only if ¢, = ¢f. In addition, since all entries of h(0) are greater than 0 and h(¢y) is a continuous
function, we have that all entries of h(¢y) are greater than 0 if and only if ¢ > ¢f,. Therefore, the

operator By is positive definite when ¢ > ¢}. The symmetry of By is easily verified. O

4.3 Global Convergence Analysis

In this section, global convergence is proven under a generalized convexity assumption and for
or € 10,1 — 0], where § is any number in (0, 1]. The behavior of the Riemannian Broyden methods
with ¢ not necessarily in this interval is explored in the experiments. Note the result derived in

this section also guarantees local convergence to an isolated local minimizer.

4.3.1 Basic Assumptions and Definitions

Throughout the convergence analysis, {z1}, {Bx}, {Br}, {ax}, {5k}, {yr}, and {1}, are infinite
sequences generated by Algorithm 3, Q denotes the sublevel set {z : f(x) < f(x0)}, and z* is a
local minimizer of f in the level set ). The existence of such an z* is guaranteed if 2 is compact,

which happens, in particular, whenever the manifold M is compact.
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The convergence analysis depends on the property of (strong) retraction-convexity formalized

in Definition 4.3.1 and the following two additional assumptions.

Definition 4.3.1. For a function f : M — R : x — f(z) on a Riemannian manifold M with
retraction R define my,(t) = f(Ry(tn)) for x € M and n € T, M. The function f is retraction-
convex with respect to the retraction R in a set S if for all x € S, alln € T, M and ||n|| = 1,
May(t) is convex for all t which satisfies Ry(tn) € S. Moreover, f is strongly retraction-convex in

S if gy (t) is strongly convex for all x € S and all ||| = 1 such that R,(n) € S.
Assumption 4.3.1. The objective function f is twice continuously differentiable.

Assumption 4.3.2. There exist 7 > 0 and p > 0 such that, for each y € Ry (B(0y+,7)) =: Q, we
have Ry(B(0y,p)) D Q and R,(-) is a diffeomorphism on B(0,, p). The iterates xy stay continuously
in Q, meaning that Ry, (tny) € Q for all t € [0, ag]. Moreover, f is strongly retraction-convex with

respect to the retraction R in the closure of Q.

Lemma 4.3.1. If Assumption 4.53.1 holds, then f is retraction-convex with respect to the exponen-
tial mapping in an open set S if and only if Hess f(x) is positive definite for all x € S. Moreover,
f is strongly retraction-convex with respect to the exponential mapping in an open set S if and only

if there exists a constant ag > 0 such that Hess f(z) — agid is positive definite for all xz € S.

Proof. First, suppose f is retraction-convex with respect to the exponential mapping in a set S.

d*1z,n(0) M, (0)

Therefore, ="~ > 0 and since dQT = g(Hess f(x)n,n), we have that

g(Hess f(z)n,n) > 0,

for all n € T, M. Thus Hess f(z) is positive definite.
Second, suppose f is strongly retraction-convex with respect to the exponential mapping in a

set §. By the same idea, we have

dt2 — Qg > 0.

Since by definition we have g((Hess f(z) — agid)n,n) = g(Hess f(z)n,n) — ap and when using the

1,5 (0)

exponential mapping dQT = g(Hess f(x)n,n) it follows that

g((Hess f(z) — agid)n,n) >0
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and Hess f(x) — agid is positive definite.
Conversely, suppose Hess f(x) is positive definite for all z € S. Note that for the exponential

mapping, we have
Exp, (tn) = Exp, (Py0((t — to)n)),

where z € M, n € T, M, y = Exp_(ton), v is the geodesic from z to y such that v(0) = x and
v(1) = y, and th_o,u denotes parallel translation of u € T, M along the geodesic. The curve on
the manifold defined by

Ma(t) = f(Exp,(tn) = f(Exp, (Py°((t — to)n))) = 1y preop)(t — to)

satisfies

deM(t)| _ @iy preogy (¢)
dez "=t d2

li=0 = g(Hess f(y) P} °(n), P} %(n)) > 0.

Since ty can be arbitrary such that R, (ton) € S, the proof of retraction-convexity is complete.

Furthermore, if Hess f(x) — agid is positive definite for all z € S, then

AP 1y (t &y, prooy (t) :
T”;’J( ity — a0 = =0 — a0 = g((Hess f(y) — aid) P}~"(n). P}~*(n)) = 0
completing the proof for strong retraction-convexity. ]

Lemma 4.3.2. Suppose Assumption 4.3.1 holds and Hess f(x*) is positive definite. Define my ,(t) =
f(Rx(tn)), where ||n|]| = 1. Then there exists a neighbor N of x* and two constants 0 < ag < a;

such that

d* 1y
- dt?
for all x € N and t which satisfies R, (tn) € N.

ap (t) < ay,

Proof. First, the left inequality is proved. Define u(z,&,) = f(Rz(£,)) where the coordinate ex-
pressions are chosen by using orthonormal vector fields. Therefore, the matrix expression G, of the
metric at z is identity. Since x* is a critical point, the Euclidean Hesss u(2*,0) is equivalent to the
Riemannian Hess f(z*) that is assumed to be positive definite, where Hesss u(z, ¢ ) denotes the Hes-
sian respect to the second variable. In addition, f is assumed to be twice continuously differentiable,
therefore, Hessy u(#, &) is continuous and there exists a neighborhood N x V of (2*,0) such that the

smallest eigenvalue of Hessy u(Z, 7)) is uniformly greater than some positive number ag. By Lemmas
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3.3.1 and 3.3.3, N can be made small enough so that f €V where ¢ = R;ll(ajg) for any 21,29 € N.
Let A denote the non-coordinate expression of A" and let 7, ,(t) denote f(Ry(tn)) = u(i,t)). By

computing the second derivative for m, ,(t) and noticing |||z = |]G510/277H2 = ||n]] = 1, we have
d*m d?u(z,th . FPRNR
Lo () = LU ) = Hessg (o 1) > ao,

for all ¢ such that R, (tn) € N.

To prove the right inequality, we note that A can be chosen to be bounded and then N is also
bounded. Therefore, the closure of A/, A, is compact and the largest eigenvalue of Hessy u(#, é) for
all z € N and R,(¢) € N is bounded by a number a;. Thus,

d*g 5
dt?

for all ¢ such that R,(tn) € N. O

(t) = ﬁT Hesso u(z, tn)n < aq,

4.3.2 Preliminary Lemmas

The lemmas in this section provide the results needed to show global convergence stated in
Theorem 4.3.1. The strategy generalizes that for the Euclidean case in [BNY87]. Where appro-
priate, comments are included indicating important adaptations of the reasoning to Riemannian
manifolds. The two main difficulties are the lack of Taylor’s Theorem for a function defined on a
Riemannian manifold and the use in some Euclidean proofs of an average Hessian on a straight line
that generalizes only to lines defined by the exponential mapping and parallel translation and not
to lines defined by retractions and vector transports.

The first result, Lemma 4.3.3, is used to prove Lemma 4.3.5.

Lemma 4.3.3. If Assumptions 4.5.1 and 4.3.2 hold then

Saollsell® < (er — Daglarad f(zi), me). (43.1)

Proof. In Euclidean space, Taylor’s Theorem is used to characterize a function around a point.
However, there is no Taylor’s Theorem for a function f on Riemannian manifold due to the lack of
addition. This difficulty is overcome by defining a function on a curve on the manifold and applying
Taylor’s Theorem. Define m(t) = f(Ra, (ti/||7x]])). Since f € C? is strongly retraction-convex

on a compact set, there exist constants 0 < ag < a1 such that

a S —p—— S a1
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From Taylor’s theorem, we know

dn d*n
Flanan) — Flax) = gl — g 0) = T oy 4 LMD (2
¢
= glerad (o), aame) + 2 T o )2
> glarad f(ee), anne) + gao(a ), (432)

2
where 0 < p < ag||ng||. Using (4.3.2), the first Wolfe condition (4.2.1) and that ||sg| = ag||nkl], we
obtain
(e1 — glgrad f (o), anme) 2 aollsi?

completing the proof. O
Lemma 4.3.4 generalizes [BNY87, (2.4)].

Lemma 4.3.4. If Assumptions 4.3.1 and 4.5.2 hold then there exists two constants 0 < ag < ay
such that

aog(sk, sk) < 9(sk, yx) < a19(Sk, Sk), (4.3.3)

for all k.

Proof. In the Euclidean case of [BNY87, (2.4)], the proof follows easily from the convexity of the
cost function and the resulting positive definiteness of the Hessian over the entire relevant set. The
Euclidean proof exploits the relationship y;, = G5k, where G, is the average Hessian and that G,
must be positive definite to bound the inner product s;*gyk using the largest and smallest eigenvalues
that can in turn be bounded on the relevant set. We do not have this property on a Riemannian
manifold but the locking condition, retraction-convexity and replacing the average Hessian with a
quantity derived from a function defined on a curve on the manifold allows the generalization.

Define my(t) = f(Rg, (tne/lInkl|)). Using the locking condition (4.2.8) and Taylor’s Theorem
yields

98k, yr) = || me|(

din(ag|mell) — dm(0), /aknnkn &2
dt ot ) = a[nxl . W(S)ds

and since g(sg, si) = ai|ng||*, we have

9(sk, k) 1 /ak||77k|| d2m( \
- —5 \S)as.
g(Sk,Sk) OzankH 0 dt2
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By Assumption 4.3.2, it follows that

ao < JmYE)

= 9(sk, sk)
Lemma 4.3.5 generalizes [BNY87, Lemma 2.1].

Lemma 4.3.5. Suppose Assumptions 4.3.1 and 4.8.2 hold. Then there exist two constants 0 <
as < ag such that

az| grad f(wg)| cos O < [|sk|l < asl| grad f (k)| cos O, (4.3.4)

_ —g(grad f(zx),m)
for all k, where cos ) = Terad 7o) s

Proof. Define my(t) = f (R, (tnx/||nkl)). By (4.2.7) of Lemma 4.2.1, we have
9(sk,yk) = o(ca — L)g(grad f(ar), mk) = ar(l — o)l grad f (i) l[|n]] cos O
Using (4.3.3) and noticing ||agnk|| = ||k, we know
skl = azl| grad f ()] cos O,

where ag = (1 — ¢2) /a1 proving the left inequality.
By (4.3.1) of Lemma 4.3.3, we have

(e1 — Dglerad f(z2), ) > aollsil.
Noting that ||sg|| = a||nk|| and by the definition of cos 6, we have
skl < as|| grad f(zx)]| cos b,
where ag = 2(1 — ¢1)/ag. O

Lemma 4.3.6 is needed to prove Lemmas 4.3.7 and 4.3.10. Lemma 4.3.6 gives a Lipschitz-like

relationship between two related vector transports applied to the same tangent vector.

Lemma 4.3.6. Let M be a Riemannian manifold endowed with two vector transports T, € C°

and Ty € C™ where Ty satisfies (4.2.4) and (4.2.5) and both transports are associated with a same
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retraction R. Then for any & € M there exists a constant aqg > 0 and a neighborhood of , U, such

that for all x,y € U
171,€ = T2,&ll < aalilllInl],
where n = R;'y and € € Ty,.

Proof. Lg(%,7) and La(%,7) denote coordinate form of Tg, and 7, respectively. We have

71,6 = T2, €1l = 1T1,€ = Tr,§ + Tr,& — T2, €l
< bollnllliEl + 1Tr,& = T2,£ll

< bol[nlll€ll + b1 ]| (Lr(2,9) — La(2,9))E|2

< bollnllll€l} + br €Nl Lr(E,7) — La(@, )12
< bollnlll€]} + b2 1€ ]l2[1All2 (since L (#,0) = La(#,0))
= b||¢]l[|nl
where by, b1, be, b3 are positive constants. O

Lemma 4.3.7 is a consequence of Lemma 4.3.6.

Lemma 4.3.7. Let M be a Riemannian manifold endowed with a retraction R whose differentiated
retraction is denoted Tgr. Let T € M. Then there is a neighborhood U of T and constant ay > 0
such that for all z,y € U, any § € T, M with ||£]| = 1, the effect of the differentiated retraction is
bounded with

7R, €Il = 1] < aallnll,
where n = R y.
Proof. Applying Lemma 4.3.6 with 73 = Tr and 73 be isometric, we have
TR, & = T2, €Il < boll€]HInll;

where by is a positive constant. Noticing [|£]| =1 and || - || is the induced norm, we have

bollnll = 1Tr,€ = 72,8l = I Tr, &l — 72,1l = [ TR, &l — 1.
Similarly, we have

bollnll = 172, = Tr,&ll = T2, 6l = TR, &l = 1 = | Tr, £l

to complete the proof. O
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Lemma 4.3.8 generalizes [BNY87, (2.13)] and implies a generalization of the Zoutendijk Con-
dition [NW06, Theorem 3.2], i.e., if cos 6y does not approach 0, then according to this lemma, the

algorithm is convergent.

Lemma 4.3.8. Suppose Assumptions 4.3.1 and 4.3.2 hold. Then there exists a constant as > 0
such that for all k
f(@rg) = f(2*) < (1= a5 cos” 0) (f (xx) — f (%)),

_ —g(grad f(zx),mk)
where o8 Ok = Torad fz )il

Proof. The original proof in [BNY87, (2.13)] uses the average Hessian. As when proving Lemma
4.3.3, this is replaced by considering a function defined on a curve on the manifold. Let z; =

|R ]| and ¢ = (R, ak)/ 2k Define my(t) = f(Ry+(t¢k)). From Taylor’s Theorem, we have

(0 — 2,) + %%(0 — )2 (4.3.5)

dmk(zk)

mk(O) — mk(zk) = dt

where p is some number between 0 and zj. Notice that z* is the minimizer, so my(0) — my(zx) < 0.

According to Assumption 4.3.2, we have

dmy(z5) _ 1
—_— > = . 4.3.
g 2 300% (4.3.6)
Still using (4.3.5) and noticing that d272;’“2(p) (0 — 2)? > 0, we have
N dmy(z
flo) - 7y < T, (13,7
Combining (4.3.6) and (4.3.7) and noticing that dm’fiigzk) = g(grad f(zx), Tr.,, Ck), We have
2
flag) = f@*) < —g*(grad f(zr), Tr., o, Ck)-
ao
and
* 2 2 2
flak) = f(a7) < a—0||grad Fa) P Tr, ¢, Skl
< bo|| grad f(xz)||?, (by Lemma 4.3.7) (4.3.8)

where by is a positive constant. Using (4.3.4), the first Wolfe condition (4.2.1) and the definition

of cos 8y, we obtain

f(@rgr) = fzr) < —bill grad f(zx)|* cos® O,
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where b; is some positive constant. Using (4.3.8), we obtain

faepn) = f@*) < (1 — as cos® ) (f (xx) — f(¥)).

where a5 = by /by is a positive constant. O
Lemma 4.3.9 generalizes [BNY87, Lemma 2.2].

Lemma 4.3.9. Suppose Assumptions 4.3.1 and 4.8.2 hold. Then there exist two constants 0 <

ag < a7 such that

(s, Brsk) 9(sk, Brst,)

<ar <ary 4.3.9
e e (4.3.9)

ae

for all k.

Proof. Note that this proof does not depend on the use of the average Hessian as in original proof

of [BNY87, Lemma 2.2] since Lemma 4.3.3 is applied. We have

(1 — ca)g(sk, Brsr) = (1 — c2) g, By
= (1 — c2)g(arnk, arBrm)
= (1 — ca)g(arnr, arBmk)
= (c2 — 1)agg(nk, grad f(zy))

< agg(sk, yx) (by (4.2.7) of Lemma 4.2.1)

< agar|si|* (by (4.3.3)).

Therefore, ~
9(sk, Brsk)

> ag
sk

Qg
where ag = (1 — ¢2)/a; giving the left inequality.
By (4.3.1) of Lemma 4.3.3 and since ||sg|| = ak||nx||, we have
1 2
(e1 = Doagg(grad f(wr),m) = Faollskl™-

By Step 3 of Algorithm 3,

(e1 — Dagg(grad f(zx), me) = (1 — c1)9(Brmk, owmi)

1-— C1 =
= 9(sk, Bisi).

oy
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Therefore, ~
9(sk, Brsk)

ay,
Is&]®

where a7 = (1 — ¢1)/ap giving the right inequality. O
Lemma 4.3.10 generalizes [BNY87, Lemma 3.1, Equation (3.3)].

Lemma 4.3.10. Suppose Assumption 4.3.1 holds. Then, for all k there exists a constant ag > 0
such that

9k, k) < agg(sk, Yr)- (4.3.10)

Proof. Define yb' = grad f(zp+1) — Pﬁ}k‘_ Ograd f(z), where P is parallel translation and ~(t) =

R, (tagny), i.e., the retraction line from xj to z441. From Lemma 3.3.8, we have
| PSSy — Hyawi | < bollawni | = bollse,

where Hy, = [} POt Hess f(y,(t)) P 0dt and by > 0. It follows that
0~k Tk

lyell < Ny = wi L+ i | = Ny — v |+ 1P i
= llyr — i | + 125 "y — Hyomell + | H o |
= || grad f(zx+1)/Br — TSeyn, grad f(z) — grad f(zr1) + Pvllz_o grad f(zy)||
+ | Hyanmi || + bol|sk||?
< || grad f(wr+1)/Br — grad f(apsa) | + 125,70 grad f(ar) — T, grad f (x|
+ || Hycoemr || + boll skl

< by||sk]|, (by the continuity of Hessian and Lemmas 4.3.6 and 4.3.7)

where b; > 0. Therefore,

(ks k) 9k i) (by Lemma 4.3.4)
9(Sk:Yk) — aog(Sk, Sk)
b2
< 1
= %
giving the desired result. O

Lemma 4.3.11 generalizes [BNY87, Lemma 3.1] and as with the earlier lemmas the proof does

not use an average Hessian.
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Lemma 4.3.11. Suppose Assumptions 4.3.1 and 4.3.2 hold. Then there exist constants ayy >

0, a11 > 0, ais > 0 such that

B

M S a9 (4311)

g(Skvyk)

[;’ spl|? (0%

1Bisel” -, i (4.3.12)
9(sk, Bis) cos® by
9@k, Brs)l o (4.3.13)
9k, Sk) cos b

for all k.
Proof. By (4.2.7) of Lemma 4.2.1, we have

9(sk, k) = (c2 — 1)g(grad f(z), cene)-
So by the Step 3 of Algorithm 3, we obtain

G c2)9($k,l§8k)

>
9(Sk, yr) > o

and therefore R
9(sk, Brsk)
9(sk> Yr)
where ajg = 1/(1 — ¢2) proving (4.3.11).

< aipay,

Inequality (4.3.12) follows from

3 o 12 2 d 2
”BkSNkH = oill grad £ (zy)| (by Step 3 of Algorithm 3 and the definition of cos 6)
9(si, Besi)  kllsellll grad f(w) | cos by
_ ayllgrad £
[[skl| cos O,

A
>a11——5— 4.3.4
2 a1 cos2 0y, (by (4.3.4))

where a1 > 0.
Finally, inequality (4.3.13) follows from
|9(yk, Brsi)| < kllyx [ grad f(zs)||
9(sk,06) 9(5%, Ur)
1/2
ay/* o | grad £ (zs)|
91/2(%7:%)
1/2
_ b/ grad £ ()]
= 1/2
ag [kl

(073
< . 4.3.4
= amcosﬁk’ (by ( 3 ))

(by Step 3 of Algorithm 3)

(by (4.3.10))

(by (4.3.3))
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where a19 is a positive constant. |

Lemma 4.3.12 generalizes [BNY87, Lemma 3.2].

Lemma 4.3.12. Suppose Assumptions 4.3.1 and 4.3.2 hold. ¢ € [0,1]. Then there exists a

constant a3 > 0 such that
k
[ > als. (4.3.14)
j=1
forallk > 1.

Proof. The major difference between the Euclidean and Riemannian proofs is that in the Rieman-
nian case, we have two operators By, and By, as opposed to a single operator in the Euclidean case.
Once we have proven that they have the same trace and determinant, the proof unfolds similarly
to the Euclidean proof. The details are given for the reader’s convenience.

Use hat to denote the coordinates expression of the operators By, and By in Algorithm 3 and

consider trace(B) and det(B). Since they are independent of basis, we know they are well defined.

Since Tg is an isometric vector transport, we have that ’73%% is invertible for all k, and thus

trace(By,) = trace(’f@am Bk’fg;ink) = trace(By),

det(By) = det(Ts,, Bk@;i%) = det(By).

From the update formula of Bj in Algorithm 3, the trace of update formula is

5 5 llyell? lyell> g(sk, Brse)
trace(BB = trace(B) +
(Ber1) (Be) 9Wese) gk sk) 9(uk, sk)
Brsi||? . Bys
- &) 1Bk _2¢k9(yk kSk) (4.3.15)
g(skuBkSk) g(yk‘ysk‘)

Recall that qSkg(sk,Bksk) > 0. If we choose a particular basis such that the expression of the
metric is the identity, then the Broyden update equation (4.2.3) is exactly the classical Broyden
update equation, except that By is replaced by l’;’k, and by [BNY87, (3.9)] we have
(By) 9(rs )

9(8k, Brsk)
Since det and g(+, ) are independent of the basis, it follows that (4.3.16) holds regardless of the
chosen basis. Using (4.3.10), (4.3.11), (4.3.12) and (4.3.13) for (4.3.15), we obtain

det(Byy1) > det (4.3.16)

a1 (1 — dp)ag | 2¢rainay,
cos? 0, cos 0,

trace(l’;’kﬂ) < trace(Bk) + ag + dragaigoy — (4.3.17)
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Notice that

ap__ ogllgrad f (@) lllm |
cos 0y, —g(grad f(zk), k)
_ o Bysi|lllsk]
(s, Brsk)
11Brsklloullsel®
B skl g(SmBkSk)

< a Hﬁfﬁ” (by (4.3.9)). (4.3.18)
k

Since the fourth term in (4.3.17) is always negative and cos 6y, < 1, (4.3.18) and (4.3.17) imply that

. R Bys
trace(By11) < trace(Bk) + ag + (¢ragaro + 2¢raizar) H H;ﬁ” )
Consider HBng, where || - || denotes the induce norm from the vector norm of ||ully = VuT Gu.
It follows that
B . ; B
H Hksﬁ” < ||Bk|| = |1Bk|l = |1 Bllg = | Hk‘THg (there exists a v such that this equality holds)
Sk v|g

TBTGLB TGLBLB R .
= \/v véinv R \/U zﬂ]kav ik (since By is self-adjoint, then BgGk = GBy)
k k

0T

_ \/@TG;”QBgG}j?G,ﬁ”éﬁ,;”%: [T MT Mo
0T 0Ty

< ||M |2 < trace(M) = trace(By)

_ \/ 06y By ey B ¢ TGy PGB Gl BuGy

0T

where G}, is the matrix expression of inner product of T,, M, v = G,lf/2v, M = G,lf/2[;’£G;1/2.

Therefore,
trace([S’kH) < ag+ (1+ ¢ragaig + 2¢rai2a7) trace(Bk).

This inequality implies that there exists constant by > 0 such that

trace(Bpy1) < bE. (4.3.19)

Using (4.3.11) and (4.3.16), we have

N N N 1
det(Bjy1) > det(Bk)aloak > det(B1) [ | —
j=1""""

(4.3.20)
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From the geometric/arithmetic mean inequality? applied to the eigenvalues of Bk+17 we know

A trace B
det(By) < (T2 Brt)y

where d is the dimension of manifold M. Therefore, by (4.3.19) and (4.3.20),

—~

k A~
H 1 < 1 trace(BkH))d < 1 (o)
aloey; — det(By) d

< ——7——(bp
det(Bl)dd

Thus there exists a constant a;3 > 0 such that

k
k
H @;j 2 413,
J=1

for all £ > 1. O

4.3.3 Main Convergence Result

With the preliminary lemmas in place, the main convergence result can be stated and proven

in a manner that closely follows the Euclidean proof of [BNY87, Theorem 3.1].

Theorem 4.3.1. Suppose Assumptions 4.3.1 and 4.3.2 hold and ¢y, € [0,1—0]. Then the sequence

{z} generated by Algorithm 3 converges to a minimizer x* of f.

Proof. Inequality (4.3.17) can be written as
trace(l’;’kﬂ) < trace(l’;’k) + ag + tpay, (4.3.21)

where

aii(1 — o) n 2¢rai2

ty = Pragaig — .
cos? 0y, cos 0

The proof is by contradiction. Assume cos#, — 0, then t, — —oo. So there exists a constant
Ky > 0 such that t; < —2ag/aq3 for all £ > Ky. Using (4.3.21) and that Bk+1 is positive definite,

we have

k
0 < trace(Bj11) < trace(Br,) + ag(k + 1 — Ko) + Z Lo

Jj=Ko
249 o
< trace(Bg,) + ag(k + 1 — Kp) — = Q. (4.3.22)
a3
Jj=Ko

*For z; > 0, (H?:l xi)l/d < Z?:l zi/d.
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Applying the geometric/arithmetic mean inequality to (4.3.14), we get

k
Zaj > ka3
i=1

and therefore

Z aj > kaz — Za] (4.3.23)

J=Ko

Plugging (4.3.23) into (4.3.22), we obtain

2a, 2a Kol
0 < trace(Br,) + ag(k + 1 — Ko) — —kayz + —> g
ais a3 =1
Ko—1
= trace(B 1k Ko+ 2%
race(Bg,) + ag( 0) —|— s 2 Q.

For large enough k, the right-hand side of the inequality is negative, which contradicts the assump-
tion that cos 6 — 0. Therefore there exists a constant § and a subsequence such that cos 6y, > 6 >0
for all j, i.e., there is a subsequence that does not converge to 0. Applying Lemma 4.3.8 completes

the proof. O

4.4 Constructing Isometric Vector Transport or Retraction

In order to apply an algorithm in the RBroyden family method, we must specify a retraction
R, an isometric vector transport Tg and § that satisfy (4.2.6). Exponential mapping and parallel
translation satisfy condition (4.2.6) with 8 = 1. However, for some manifolds, we do not have
the analytical form of exponential mapping and parallel translation. Even if a form is known
its evaluation may be unacceptably expensive. Two methods of constructing an isometric vector
given a retraction and a method for constructing a retraction for any isometric vector transport
are discussed in this section. In practice, the choice of the pair must also consider if an efficient

implementation is possible.

4.4.1 Method 1 of Constructing an Isometric Vector Transport

Given a retraction R, if an associated isometric vector transport, 7y, for which there is an efficient
implementation, is known then 77 can be modified so that it satisfies condition (4.2.6). Consider

reM,ne T, M,y = Ry(n) and define the tangent vectors {1 = Tr,n and { = BTr,n with
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the normalizing scalar § = ||7L27||U||' We need P,, a linear isometric operator on T, M, such that
n

& = Py&i. Given P, the operator
Ts = PyTh. (4.4.1)

clearly satisfies condition (4.2.6). The natural idea is to use a Householder reflector, i.e.,

b

P, =id-

V7
where v = & — &. Unfortunately, 7g defined with a Householder reflector for P, does not satisfy
the consistency condition of vector transport.

P, can be defined by using two Householder reflectors. Let w € Ty M, |w|| = ||&1]] = ||€2]], be

some tangent vector and define

2w 1/l 2u1 1
P, = (id - =22 -4,

where 11 = § —w and v» = w — §. w could be any tangent vector in T, M which satisfies
lwll = |&]] = [|&2]]. If w = =& or =& then P, is the well-known direct rotation from & to &
in the inner product that defines the b. The use negative sign avoids numerical cancelation as &;
approaches &, i.e., near convergence.

Since P, approaches id when x approaches y, it is easy to check that 7g satisfies consistency
condition of vector transport. Recall, that we have relaxed the definition of vector transport for
Ts by requiring conditions (4.2.4) and (4.2.5) rather than smoothness. This is verified in Theorem
4.4.1.

Theorem 4.4.1. The isometry

2w, 20117
Ts = (id ——22)(id - )T, (4.4.2)
Vol mr

where 1) = & —w and vp = w — & and w, & and & are as defined above, satisfies (4.2.4) and
(4.2.5). Specifically, for any T € M, there exists a neighborhood of T, U, a constant cy such that
forallx,y €U

175, = Try || < collnl

175, = Ta, I < collnl

where n = R;1(y).
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Proof. By Lemma 4.3.7 there exists a constant by > 0 such that
1
|z — 1| < bolln]l- (4.4.3)

B(n)
. 1Tz, Trynll 1. . . .
Since S(n) = 0 T'L" o= Ijlz%z 1:7'“ and TRnl is a smooth function, by using the same idea as Lemma
n n

4.3.7, there exists a constant b; > 0 such that

1B(n) — 1] < balln]l- (4.4.4)
Also, since
& = ﬁ(ﬁ)TRnﬂ;l&
1
= — T, Tp &,
4 By M R
we have

& —& = (B(nTr, Ty, —id)é&

1 1.
§1— &= (Mﬁ"TRW —id)&a.
Since Tg, ’TR_l, Tt and 7}_1 are all C!, by (4.4.3), (4.4.4), and the definitions of v; and v, we have
[v2 + vl < ballnll[lv ] (4.4.5)
[v2 + 01| < bafinll|lv2]l (4.4.6)

Consider the difference of Tg and 77,

7s, = Tn, |l
41/2V5V11/§ 214 2V11/§

= H b b R T ),TL,H

21/21/51/11/§ — 2V21/51/§1/1 2V21/gl/11/1{ - 2V11/§1/51/2
< b3(|| — |+ | > ) (by Lemma 4.3.7)

Vo111 Vo1

9 b b 2 b b
:bS(H HV2||H(VI72V1 - V1V2)V1||”_’_” ||V1H||(Vb2yl - V1V2)V2||H) (since ”H is an induced IlOI‘IIl)
< by [ (ot + vord — vord — vid)lllvall Il lll(vard + vord — vovd - VlVg)HHVzH)
o Vg ) 1/? V1 1/5 2 Vli %1
< 2y I ll(lvary + vavsll + llvavh + vivslDllvall | llvall(llvar} + vavdll + llvavs + i3l llvall )
- [ )12 |ve? [ 12 |ve|?
o Aalllivalllivr + vall + llvellllve +alDllvell | lalllivelllive + vall + [lvellllve + val)v2ll
= 2bs( 2 2 2 2 )

[ 12 [|v2]] [l [|v2l

< by||n|l (by (4.4.5) and (4.4.6))
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where b3 and b, are positive constants. Finally, we have

175, = Tryll < 1Ts, = T, Il + 1171, = T,

< ballnll + bs|In[| (by Lemma 4.3.6)

proving the first inequality. The second inequality follows from a similar argument. O

4.4.2 Method 2 of Constructing an Isometric Vector Transport

Method 1 modifies a given isometric vector transport. In this section, a method is presented
to construct directly an isometric vector transport that satisfies the condition (4.2.6). Method 2
requires a function that constructs an orthonormal basis of T, M. Let d denote the dimension of
manifold M and let the function giving a basis of T, M be B : © — B(z). For our earlier results
that relax the smoothness requirement on vector transport, B need only be C*.

Consider z € M, n,§ € T, M, y = R;(n), B1 = B(xz) and By = B(y). Then the isometric

vector transport we want can be written as
Ts,& = BoTBiE, (4.4.7)

where T is an orthogonal matrix constructed so that Tg satisfies the desired condition.

Since B; and By are bases, we know
n = Bicy, 8Tr,n = Baca,

where ¢;, ¢y € R? contain the coordinate of 7 and BTr,n relative to the basis formed by the columns

of By, By. By (4.2.6): 8Tr,n = Ts,n, we have
BQCQ = BQTB?BlCl,

which is

Cy = Tcl. (4.4.8)

For any orthogonal matrix T satisfying (4.4.8), Tg defined by (4.4.7) satisfies condition (4.2.6).

Using the same idea as Method 1, we obtain the desired isometric vector transport

20901 20107
Ts,€ = Bo(l — —22)(I — —5—1)Bhe, (4.4.9)
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where v; = Bl —w, vy = w — BB} Tr,n. w can be any vector such that |lw[| = |[[e1]| = ||c2| and
choosing w = —c; or —cy yields a direct rotation.

The problem therefore becomes how to build the function B. Absil et al. [AMSO08, p. 37] give
an approach based on (U, ), a chart of the manifold M that yields a smooth B. E;, the i-th
coordinate vector field of (U, p)on U defined by

(Bif)(z) = 8i(f oo™ ") (@) = D(f 0 o) ((x))[es].

These coordinate vector fields are smooth and every vector field £ admits the decomposition
£=Y (pi)Ei
i

on U. The function

B:x — B(z) = {Fs,Es,...,Ey}

is a smooth function that builds basis on &. Finally, any orthogonalization method, such as Gram-
Schmidt algorithm or a QR decomposition, can be used to get an orthonormal basis giving the
function

B:z — B(z) = B(z)Q(x),
where Q(x) is a upper triangle matrix with positive diagonal terms.

4.4.3 Constructing a Retraction

In this section, it is assumed that an efficient isometric vector transport is given. This vector
transport may have been derived from a particular choice of associated retraction but that combi-
nation may not satisfy condition (4.2.6). However, a vector transport may be associated with more
than one retraction and we propose a method to construct a retraction so that the combination
satisfies condition (4.2.6).

Given Tg consider the differential equation

d

o Baltn) = Tsn, (4.4.10)

R.(0) = x.

The solution R, (tn) is a retraction such that its differentiated retraction satisfies the locking con-

dition with Tg. This is easily seen by letting n be an arbitrary vector in T, M. By definition we

74



have

d d
T Ra(tn)li=ry = 2= Ra (700 + 7)) |r=0-

The right side is by definition vector transport of n by differentiated retraction and we therefore

have

d
ERI(TOW +70))|r=0 = TRTM??.

The locking condition (4.2.6) of differentiated retraction and 7g is

TRegn = TSrguM

which is the same as (4.4.10) with g = 1.

For an embedded manifold, %Rx(tn) € R™ is the vector whose components are the derivatives
of the coefficient of R,(tn) with respect to some chosen basis of R™. In this case, the retraction
R can be obtained by solving the differential equation (4.4.10). Note that n and z are given and
fixed, Ts,,n is then a function of R;(tn) and therefore it can be rewritten as F'(R.(tn)).

If F(R,(tn)) is a linear function, then there exists a constant matrix M such that F(R,(tn)) =
MR,(tn). Thus, (4.4.10) becomes

d

ERm(tn) = MR,(tn), (4.4.11)

R.(0) = =z,

which has a closed solution R (tn) = exp(tM)x. An isometric vector transport that satisfies (4.4.11)

exists for many manifolds. For example, isometric vector transport by parallelization (9.2.19)
Ts,& = BaBi¢, (4.4.12)

is such a choice for the compact Stiefel manifold, where 7, £, By and By are the same as those
in (4.4.7). Note that the corresponding matrix M for this choice has substantial structure that
can results in the retraction and transport having computational complexity similar to those based
on orthogonal factorization. This choice is also easily adapted to the Grassmann manifold when
it is represented as a submanifold of the compact Stiefel. For quotient manifolds constructing a
retraction must carefully consider the representation and horizontal distribution used. Since our

experiments are on an embedded manifold we discuss quotient manifold no further here.
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4.5 Limited-memory RBFGS

In the form of RBroyden family methods discussed above explicit representations are needed
for the operators By, By, ’7'3%%, and TS;ink These may not be available. Furthermore, even if
explicit expressions are known, applying them may be unacceptably expensive computationally,
e.g., the matrix multiplication required in the update of Bj. Generalizations of the Euclidean
limited-memory BFGS method can solve this problem for RBFGS. The idea of limited-memory
RBFGS (LRBFGS) is to store some number of the most recent s; and y; and to transport those
vectors to the new tangent space rather than the entire matrix H.

For RBFGS, the inverse update formula is
Hir1 = Vz’}:lkvk + pksksz,

where
1

g(ykv Sk)

If the m + 1 most recent s; and y; are stored then we have

Pr = and Vj, =id —pkyksi.

Hiy1 = 171'292_1 T vli—m,}:[g-i-lf}k—m T f%-ﬂ%
o - k1) (k+1)°+ S
+ 0k VIVE 1 V1S St Ykt -+ Vi1 Vi

k+1) (k+1
F prafIs

9

~ b ~
where V; = id —piygkﬂ)sgkﬂ) and 7-[2 41 is the initial Hessian approximation for step k + 1. Note

that 7:12 41 is not necessarily Hy—m. It can be any positive definite self-adjoint operator. Similar to

the Euclidean case, we use

w0 Ik YR 45.1
M (ks i) (4.5.1)

It is easily seen that ngio = —Hpgy1 grad f(zrs1) which yields the Step 3 to Step 12 of Algorithm
4 and the explicit form of 7g is not required.

The following is a limited-memory algorithm based on this idea.

Note Step 17 of Algorithm 4. The vector s,(fk_ti) is obtained by transporting sgc__g D 1 times.

If the vector transport is insensitive to finite precision then the approach is acceptable. Otherwise,

(k+1)

S M. Care must be taken to avoid this situation. One possibility is to

may be not in Ty,
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Algorithm 4 LRBFGS

Input: Riemannian manifold M with Riemannian metric g; a retraction R; isometric vector trans-

1:
2:

13:
14:

15:
16:

17:

18:

0. w< pigly; 7

port Tg that satisfies (4.2.6); smooth function f on M; initial iterate o € M; an integer m > 0.

k=0,e>0,0<c1<co<1l,v=1,1=0.
H) = ;. id. Obtain n € T, M by the following algorithm:
3: ¢ < grad f(zy)
4: fori=k—-1,k—2,...,l do
5 & pig(si”, q);
6 g q— s
7: end for
8 14— ’ng;
9: fori=1I1,l+1,...,k—1do
") r);

11: r<—r+s§k)(&—w);
12: end for

set g = —r;

find «y, that satisfies Wolfe conditions

f(xrg1) < for) + cragg(grad f(xr), me)

@ Rl > 2 F(R ) o

Set g1 = Ry, (axmy). If || grad f(zg+1)|| > €, then break.

Define pj, = 1/g(sk, yk), sy = Tso,, o and yi ) = grad f(wx11) /B — T, erad f(zx),

k+1 k+1 k+1 k+1 k+1
o= 1/g(s" "V yf ) and i = gl ) VR, where g = sl
Let | = max{k — m,0}. Add slgk+1), y,ikﬂ) and p, into storage and if k > m, then
discard vector pair {sl(ﬁ)l,yl(ﬁ)l} and scaler p;_; from storage; Transport Sl(k),sl(i)l,...,s,(f_)l
and yl(k),yl(i)l, .. 7y](€k_)1 from T, M to Ty, ., M by Tg, then get sl(kﬂ),sl(f{l), ... 7S](€I~c_+11) and
(k+1)  (k+1) (k+1)
! Y s Ypq -

k=Fk+1, goto 2.
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project Sgkﬂ),yi(kﬂ),i = 1,1+ 1,...,k — 1 to tangent space T}, , M after every transport. The

other possibility is to store z;y1,z1y9,..., 2k, Sl(l+1)73l(i+12)7 e ,s]gkﬂ) and yl(lﬂ),yl(ﬁm, e ,ylgkﬂ)

and transport SEHI), ygi“) from T, , M to Ty, , M during Steps 3 to 12.

Tp41

4.6 Ring and Wirth’s RBFGS Update Formula

In Ring and Wirth’s RBFGS [RW12] for infinite dimensional Riemannian manifolds, the direc-

tion vector 7, is chosen to define a function on T,, M that satisfies the equation

B (m: §) = D fr,, (0)[§] = g(grad f(z), €)

for all £ € T, M.
Ring and Wirth’s update is

_ Bi(sr, O)Bi(s1:6) | yk(Qye(E)
By (sk; sk) Yr(sk)
where s, = R;kl(xkﬂ) € T;, M and yy, = D fr,, (sk) — D fr,, (0) is a cotangent vector of at x,

ie., D fr,, (sk)[¢] = glgrad f(Ry,(sk)), Tr,, §) for all § € Ty M. If the dimension of the manifold

Bk-i—l(%aknk ¢, Eaknk g) = Bk(<7 6)

is finite then using coordinates yields the following form of the update to the matrix that defines
the bilinear function . .

- 5 4 s BeSuSiBr | gwii

TT Bk 17TSQ = Bk - A b N Ak )

Secny, —HF Tk §£Bk§k ygSk

where 9, satisfies yx(n) = g7 for all n € T,, M and Bi((,€) = (TBE for all ¢, € € Ty, M. In

contrast, the bilinear function defined by our methods is g(¢,Br&) = fTGkBké where Gy, is the

(4.6.1)

matrix expression of the metric in T,, M. Note that By in Ring and Wirth’s update plays the
same role as GyB), in our RBFGS. Ring and Wirth’s expressions absorb the matrix Gy, implicit
in the definition of their inner product, into the definitions of By and yj. Therefore, their RBFGS
update and our RBFGS update forms are the same. The difference between the algorithms is the
definitions of si and yy.

Ring and Wirth do not derive an inverse Hessian approximation for their RBFGS. However, the

following coordinate expression of the inverse Hessian approximation update can be derived from

(4.6.1)

A AT ~ AT &, o1
73‘_1 7:lk+1(7?; 7 )l = (1 - fl;ng VAL (T — ?{isﬁ )+ fI;SAk ) (4.6.2)
g KMk Y Sk Y. Sk Yi. Sk

Finite dimensional versions of Ring and Wirth’s RBFGS based on these two updates are easily

implemented. Our experiments include the more efficient inverse Hessian approximation form.
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4.7 Property of RBroyden Family Method

The Euclidean Broyden family algorithms with different ¢, are equivalent if the line search
algorithm is exact [NW06]. However, Riemannian Broyden family does not have this property in

general. The next theorem shows that the property holds if and only if gy = 1.

Theorem 4.7.1. If the line search is exact and a same local minimizer is chosen when search
directions are the same, same By and xg is used, xo or x1 is not a local minimizer, ’73%% grad f(xg)
is not equal to grad f(zxy1), then all methods in RBroyden family method with ¢, > ¢ generate

the same sequence of iterates if and only if B = 1.
Proof. Without losing generality, we analyze the update formula H; = B,;l rather than B;. The
update formula, is

- My (Hiyr)  sis)
Hi+1 = Hi — ~*( ]T) ) ; .
(Hiye)ye  Siyk

+ kg (yrs Hiyr)urus, (4.7.1)

Y —1
where Hy, = Ts,,,, ©Hg o TSaknk’

wp = —k T (4.7.2)

9k, uk)  g(yr, Hayr)

& is an arbitrary number greater than qNSz where qNSz =1/(1 — ), and

vie = (9(yk, Hiyi)9 (s, Hyy "si)) /9 (ks 51)°

If the line search is exact, we have that

EF(Raltmi)) = =0,

which is
g(grad f(zx+1), sk) = 0. (4.7.3)

Use gj41 to denote g(grad f(z41), Hi grad f(xp41)) and hy, to denote g(grad f(xx), Hy, grad f ().
Noticing that

yi = grad f(zx+1)/ By — TSa,n, erad f(zr) (4.7.4)

sk = —axHiTs,,, grad f(zx), (4.7.5)
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we have

g(grad f(xkﬂ),?:lﬂ@aknk grad f(zg)) =0 (4.7.6)
9(Sks Yr) = akhy, (4.7.7)
9(Hryr, yk) = g1/ B> + .. (4.7.8)

Using (4.7.1), we have

—Mkt1 = Hpy1 grad f(zpy1)

ﬁkykg(ﬁk?{m grad f(zx+1)) n skg(sk, grad f(zg41))
9(Hryr, Yx) 9(sk, Yr)

+ Okg(Yrs Hiyre)urg(u, grad f(zx41))

= Hy grad f(zpi1) —

Using (4.7.3), (4.7.2), (4.7.5), (4.7.7) and (4.7.4), we obtain

¥ H
— N1 = Hi grad f(zp41) — kYK k41
9(Mryr, Yi)
—arHiTs,,,, erad f(zk)

aghy

+ b9k, Hiyr)g(ur, grad f(z11))]

B Hi(grad f(z41)/ Bk — Ts,,, erad f(l’k))]
9, Hiyr)

Using (4.7.8) and (4.7.4), we obtain

2
- g
e Ir+1/Bj; § Jr+1/Br E arad (o) 4+ —T
9(Mryr, Yi) 9(Hryr, Yi)
Hi TS, grad f(z)
hy,

7:[k7:qam grad f(xy)

— &g (Y, Hiyn) g9(uk, grad f(zps1))|

N Hy(grad f(2x11)/ B — Tsu,, erad f(xk))]
9(yk, Hiyr)

Finally, we use (4.7.8) and obtain,

1 ~ -
—Mk+1 = m(gkﬂﬁk%aw grad f(zx) + (9k+1/5% — Grr1/Br + ha)Hy grad f(x11))
(4.7.9)

5, 9L rad f(Th4)) (9k+1HTs,, ,, grad f(z) + BrhiHy grad f(zp41)).  (4.7.10)

— Ok
B2 hy,
We can see that once f; # 1, the vectors in parenthesis of (4.7.9) and (4.7.10) are different since
(gr11/B?% = gr+1/Br+hi) = Brhy requires giy1/8% +hy = 0. However, gx11/8% +hi = g(Hryr, yr) #
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0 if the iterates do not terminate. Once ¢y, changes, the direction n;1 changes. Therefore, iterates
change for different ¢y.

Once B = 1, the vectors in parenthesis of (4.7.9) and (4.7.10) are the same. The different ¢y,
only make the length of 7y, different and the direction are the same. Since the same minimizer
is used by assumption, the identical iterates are obtained for all RBroyden family methods with

o > &5 m
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CHAPTER 5

RIEMANNIAN DENNIS-MORE CONDITIONS

5.1 Introduction

Superlinear convergence analyses of Euclidean quasi-Newton methods for the problems of finding
zeros of a vector field and optimizing a cost function are based on versions of the well-known Dennis-
Moré condition [DM74, DM77, DS83]. The relevant two Euclidean forms of Dennis-Moré condition

are given in Theorems 5.1.1 and 5.1.2.

Theorem 5.1.1 (Euclidean Dennis-Moré Condition 1 (EDM1) [DM74, Theorem 2.2]). Let F :
R™ — R"™ be continuously differentiable in the open, convexr set D in R™, and assume that for some
T in D, F'(T) is nonsingular. Let { By} be a sequence of nonsingular matrices and suppose that for

some xg in D the sequence {xj} where
Ti1 = xx — By ' F(xy)

remains in D and converges to T. Then {x} converges g-superlinearly to T and F(Z) = 0 if and

only if

1By, — F'(@))skll _

lim
k—o0 (B

where Sy, = Tpr1 — Tk

Theorem 5.1.2 (Euclidean Dennis Moré Condition 2 (EDM2) [DM77, Theorem 6.4]). Let f :
R™ — R be twice continuously differentiable in an open set D and consider the iteration xpy1 =
T + appr, where pg is a descent direction and oy satisfies the Wolfe conditions. If the sequence
{z} converges to a point T such that Hess f(Z) is positive definite, and if the search direction
satisfies

o mad £ + Bess Fpl _

k—o0 x|

then there is an index ko > 0 such that o, = 1 is admissible for k > ko. Moreover, grad f(z) = 0

and if ax =1 for all k > ko, then {xy} converges superlinearly to .
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EDM1 is a necessary and sufficient condition for superlinear convergence of a sequence of a
particular form to a zero of a vector field '. EDM?2 is the corresponding form for optimizing a
real-valued function on a Euclidean space 2.

Both of these Euclidean conditions have been generalized. Gallivan et. al. [GQA12] generalize
EDMI1 to a Riemannian manifold. In fact, their requirement of F' € C? can be relaxed to F' € C'.
Ring and Wirth [RW12] prove a Riemannian version of EDM2 by considering the lifted function
fz(n) = f(Rs(n)) where R is a retraction and n € T, M.

In this chapter, a Riemannian version of EDM1 that subsumes the version in [GQA12] is derived.
The generalization of Euclidean Hessian to a Riemannian manifold is not unique and the choice
made determines the Riemannian version of EDM2. One possibility is to use the Euclidean Hessian
of the lifted function, Hess fm(n), as Ring and Wirth used. The more rigorous and more natural
possibility used here is the uniquely defined Riemannian Hessian, Hess f(z) discussed in Chapter 1
for which, in general, Hess ka (0) # Hess f(x). In Chapter 6, our Riemannian version of EDM2
is used to prove the superlinear convergence of the RBroyden family method for optimization of
Chapter 4.

Chapter 5 is organized as follows. Section 5.2.1 derives a Riemannian Dennis-Moré condition
for finding the zeros of a vector field, Theorem 5.2.2, and associated Riemannian and Fuclidean

results. Section 5.2.2 derives a Riemannian Dennis-Moré condition for optimization, Theorem 5.2.4.

5.2 Riemannian Dennis-Moré Conditions

5.2.1 Riemannian Dennis-Moré Conditions for a Vector Field

For completeness, we state the Riemannian Dennis Moré condition given by Gallivan et al.
[GQA12]. Note that the generalizations of By and F'(Z) on a Riemannian manifold are linear
operators on tangent spaces and vector transport is required to move tangent vectors into the same

tangent space when comparing or performing linear combination.

!The proof of EDM1 in [DM74] was incorrect. The authors fixed the problem in [DM77] by requiring the vector
field satisfy F' € C'. The proof in [DS83, Theorem 8.2.4] requires F' to be Lipschitz continuously differentiable, i.e.,
F € C" and the derivative is Lipschitz continuous. This is not necessary since [DS83, Eq. 8.2.18] in the proof can be
replaced by o(||ek|| + |lex+1]]), which does not require Lipschitz continuously differentiable, and the proof still holds.

2The statement of [DM77, Theorem 6.4] is not complete since it does not mention choosing oy, = 1 when k > ko.
The statement of [NW99, Theorem 3.5] requires f € C* which is too strong. In addition, grad f(z*) = 0 is given as
an assumption, but it should be a consequence. The first problem is fixed in [NW06, Theorem 3.6] but the second
remains. [DS83, Theorem 6.3.4] requires Hess f to be Lipschitz continuous. Requiring f € C? is enough, which is the
original condition given in [DM77, Theorem 6.4].
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Theorem 5.2.1 (Riemannian Dennis Moré Condition 1 (RDM1) [GQA12, Theorem 14.1]). Let
M be a Riemannian manifold endowed with a C? vector transport T and an associated retraction
R. Let F be a C? tangent vector field on M. Also let M be endowed with an affine connection V.
Let DF(x) denote the linear transformation of Ty M defined by DF (z)[&;] = Ve, F for all tangent
vector & to M at z. Let {By} be a sequence of nonsingular linear transformations of Ty, M,
where k = 0,1,... 2541 = Ry, (i), and gy = =B, F(zy). Assume that DF(Z) is nonsingular,
xp # Z,Vk, and limg_, oo x, = Z. Then {x} converges superlinearly to T and F(Z) = 0 if and only
if

1Bk — Te, DF(@)Tg, Tkl

lim =0, (5.2.1)

k=00 75|
where &, € Tz M is defined by & = R (x1), i.e. Rg(&x) = o

Our main Riemannian result for vector fields is given in Theorem 5.2.2.

Theorem 5.2.2 (Riemannian Dennis-Moré Condition 2 (RDM2)). Let M be a Riemannian man-
ifold endowed with a vector transport T and an associated retraction R. Let F be a C' tangent
vector field on M. Also let M be endowed with an affine connection V. Let DF(z) denote the
linear transformation of Ty M defined by DF (x)[€,] = V¢, F for all tangent vector £, to M at .
Let {ny € Ty, M} be a sequence of nonzero tangent vectors and xpy1; = Ry, (nr). Assume that
DF(z) is nonsingular, x) # z,Vk, and limg_ ooz = T. Then {xp} converges superlinearly to
and F(z) = 0 if and only if

|F(xx) + Te,DF (D) T mell
k—00 [

0, (5.2.2)
where &, € Tz M is defined by & = Rgl(a:k), i.e. Rz(&k) = xg.

Proof. The proof essentially follows the proof in [GQA12, Theorem 14.1]. We simplify the proce-

dures of getting (5.2.8) and (5.2.10).

[T F (g 1)
[E]

that this implies superlinear convergence of the sequence {z;}. Adding and subtracting terms to

TR_niF(ka) yields

Assume first that (5.2.2) holds. We first show that lim_,, = 0, and then we show

Toe ' Flarin) =(F(ax) + T, DF ()T i) — (=T Flagg) + F(ax) + DF(a)ng)

~ (Te, BF@)T "~ BF () — Te, (DF(@) — DE@)TS e, (5.2.3)
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where DF () denotes the derivative at 0, of the function T, M — T, M : { — E_lF(Rx(C)). By
Taylor’s Theorem, we have

_7-1 n
T (=T, F($k+1)JT’:?‘%)JFDF(%)%)H o (5.2.4)
—00 L

Because F is C!, we have

Te DF T_ —DF
i (e, DF(Z) (1))l o (5.25)
k—00 ||77kH

Since limg_yo o = &, we have limy_, o ||7%|| = 0 by Lemma 3.3.3 and thus
Jim (| Te, DF(2)Te "] = 0.

From (5.2.2), we know limy_,o ||F'(zx)|| = 0. So F(z) = 0. Since F(z) = 0, we have that
DF(z) = DF(Z), (by [AMS08, Page 96]), hence
|76, (DF(2) — DF(2)) T, sl
lim =
k=00 172
Applying (5.2.4), (5.2.5), (5.2.6) and (5.2.2) to (5.2.3) yields
1T, F (@)l

lim —% """ — 5.2.7
O Tl (5:27)

(5.2.6)

and it follows that

1T Fep)l| = ||T—1F<xk+1>u — [P @rs) | + [ F s
> | F )l = 175 F @) | — [F @)l
> | F(wp)lI(1 = bodist(wp, 7i41)) (by [GQA12, Lemma 14.3))

> by ||€ks1||(1 — bp dist(xg, xx+1)), (by Lemmas 3.3.7 and 3.3.3) (5.2.8)

where by, b; are some positive constants. We also have, by Lemma 3.3.3

< b (|[€kl + [[€k+11l)

ba|lne |l < dist(zg, zy1) < dlst(a;k, z) + dist(zgy1,7) <
7] < E(Hik” + [|€+111),

where bo and bs are positive constants. Therefore, we obtain

T E ()| . b1l €kl .
0= lim —% """ > lim — > —"(1 — by dist(xy, zx
S T 0 gl (1 o stk Ti)
b€kl o b1 E |
lim —=""" > lim
k—oo  2|nk|l T k—oo 203/ba ||k + |€k+1]l)

li .
k00 203 /ba (1 + €1 |1/ &I

Y
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Thus, we have

o Bt _ o
oo 1]

which implies the superlinear convergence.
Conversely, assume that {xp} converges superlinearly to & and F(z) = 0. By using (5.2.3),

(5.2.4), (5.2.5) and (5.2.6), we need only to show that
T 1F(x
T F )

li =0.
k00 [l
Noting that
1 . 1 .. _ . _ b3
7]l > b dist(zg, Tt1) > E(dlst(%x) —dist(z41,7)) > E(H&H = [|€k11D)
1 . 1 . B . B b
7]l > b dist(zg, Tt1) > E(dlSt(xk+lvx) — dist(zy, 7)) > b—z(H&mH = 1€k,
we have
b3
= b €k+11 — €kl
2
It follows

1T F )l = I T F (@) | = I1F @pe) |+ [ F (2p)|
< F@rs) |+ [T Flare) | = [F @)l
< ||[F(zke1)]|(1 4 by dist(zg, z11)) (by [GQA12, Lemma 14.3])

< bs|€k41 (1 4 by dist(xg, xk+1)), (by Lemmas 3.3.7 and Lemma 3.3.3) (5.2.10)

where by and bs are some constants. We obtain

i 1T F(xr41) | = i Bll (1 by dist(an, 24))
k=00 17 T koo B 1€kl = N€rsalll
2b5][ k11|
koo B(]|€k]| — 1€kt ll)
2bsb
< lim 2502 _lSell/lSell
koo by 1 — ||kt l/11€kl
completing the proof. O

When F(zy) = —Bng, e.g., for a quasi-Newton method, RDM2 implies RDM1 but is, in fact,
more general since only F € C! is assumed. If RDM2 is placed in a Euclidean setting the Dennis-

Moré condition given in Theorem 5.2.3 results.
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Theorem 5.2.3 (Euclidean Dennis Moré Condition 3 (EDM3)). Let F : R™ — R™ be continuously
differentiable in the open, convexr set D in R™, and assume that for some T in D, and F'(T) is

nonsingular. Suppose that for some xq in D the sequence {xy} where
Th+1 = Tk + Sk

remains in D and converges to T. Then {x} converges g-superlinearly to & and F(z) = 0 if and

only if

F F'(z
iy @) + F'(@)sill _
k=00 skl

If 55, in Theorem 5.2.3 is chosen to be —Bk_lF(xk), Theorem 5.2.3 reduces to Theorem 5.1.1.

0.

Also note that since F € C', F'(Z) can be replaced by F'(x;) by the triangle inequality of the
norm to give an inexact Newton result for zeros of a Euclidean vector field. Finally, since F' is a
C' vector field and 7 is smooth, a similar Riemannian generalization for inexact Newton for zeros

of a vector field given in the following corollary of Theorem 5.2.3 follows.

Corollary 5.2.1 (Riemannian Dennis-Moré Condition 3 (RDM3)). Let M be a Riemannian man-
ifold endowed with a retraction R. Let F be a C' tangent vector field on M. Also let M be
endowed with an affine connection V. Let DF (x) denote the linear transformation of T, M defined
by DF (x)[&:] = Ve, F for all tangent vector & to M at z. Let {n, € Ty, M} be a sequence of
nonzero tangent vectors and w41 = Ry, (n). Assume that DF(Z) is nonsingular, xj # ,Vk, and
limg oo x = T. Then {x} converges superlinearly to T and F(z) = 0 if and only if

iy @) + DE@g)me]| _
k=00 17

where &, € Tz M is defined by & = R (x1), i.e. Rg(&x) = o

0,

5.2.2 Riemannian Dennis-Moré Condition for a Real-valued Function

Our work needs a generalization of Lipschitz continuously differentiable on a manifold. Absil
et. al. provides two generalizations, i.e., [AMSO08, Definitions 7.4.1 and 7.4.3]. [AMSO08, Definition
7.4.1] defines radially Lipschitz continuously differentiable for a function on the tangent bundle of
a manifold. [AMSO08, Definition 7.4.3] defines Lipschitz continuously differentiable for a function
on a manifold. The latter relies on the exponential mapping and parallel translation. We propose
Definition 5.2.1 which is more general than [AMSO08, Definition 7.4.3] in the sense that an arbitrary

pair of a retraction and a vector transport is used.
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Definition 5.2.1 (Lipschitz continuously differentiable with respect to a vector transport). Let
M be a Riemannian manifold endowed with a vector transport T and an associated retraction R.
A function f : M — R is Lipschitz continuously differentiable with respect to T in U C M if it is

differentiable and if there exists a number k > 0 such that, for oll x,y € U, it holds that

I grad f(y) — Te grad f ()] < sl€]l;
where £ = Ry 1y.

Lemma 5.2.1 shows that a twice continuously differentiable function is Lipschitz continuously
differentiable with respect to a given vector transport locally. This property is similar to the

Euclidean definition.

Lemma 5.2.1. If a function f : M — R is twice continuously differentiable, then for x € M,
and for any given vector transport T, there exists a neighborhood of T, U, such that f is Lipschitz

continuously differentiable with respect to T in U.

Proof. Choose U to be small enough such that I/ is a subset of a totally retractive neighborhood
of Z. Therefore, for any x,y € U, R; 'y is well-defined.
Define 2 = grad f(y) — P %grad f(x), where P is parallel translation and 7(t) = R.(t), i.e.,

the retraction line from z to y. From Lemma 3.3.8, we have
[Py — He| < boli€]1%,

which yields
1271 < 1EE] + boll€]1%,
where H = fol PY" Hess f(y(t))PL~"dt and by is a positive constant. It follows that
lgrad f(y) — T grad f ()] = [|=" + Py"grad f(z) — T¢ grad f(2)]
< |I127) + 1Py ° grad f(z) — Te grad f(z)|
< |[HE| + boll€lf* + b [[€]l]| grad f(2)[| (by Lemma 4.3.6)

< bl + boH£||2 + b1b3]|€|| (since H and || grad f(z)| is bounded)

which completes the proof. O
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Lemma 5.2.2 is needed for the proof of Theorem 5.2.4.

Lemma 5.2.2. Let M be a Riemannian manifold endowed with an isometric vector transport Tg
and an associated retraction R. Assume that Tg € C© satisfies (4.2.4) and (4.2.5) and, along
with Tr, the differentiated retraction of R, satisfies the locking condition (4.2.6). If a function
f: M —= R is generalized Lipschitz continuously differentiable in U, then there exists a number

k1 > 0 such that, for all x,y € U, it holds that

15" grad f(y) — Ts, grad f(z)|| < s €],
where € = Ry and 3 = H&

Proof. We have

157" grad f(y) — Ts, grad ()| < |87 grad f(y) — grad f(y)|| + || grad f(y) — Tr, grad f(z)|
+ || 7R, grad f(z) — T, grad f(z)||
< boll€]lll grad f(y)|| (by Lemma 4.3.7)
+ b1||€]| (since Tg is a regular vector transport)
+ bol|€]l| grad f(z)|| (by (4.2.4))

< bs|€]| (since grad f(x) is bounded)
where by, b1, bo and b3 are positive constants. O
The main result can now be stated and proven.

Theorem 5.2.4 (Riemannian Dennis Moré Condition 4 (RDM4)). Let M be a Riemannian mani-
fold endowed with a retraction R. Let f: M — R be twice continuously differentiable and consider
the iteration x41 = Ry, (axn), k. € Tq, M, where ny is a descent direction and oy, satisfies the
Wolfe conditions (4.2.1) and (4.2.2). Assume the sequence {x} converges to a point T such that

Hess f () is positive definite. If the search direction satisfies

i erad f(zx) + Hess f(zp)m] _
k=00 721

0, (5.2.11)

then there is an index ko > 0 such that o = 1 is admissible for k > ko. Moreover, grad f(z) = 0

and if o =1 for all k > ko, then {xx} converges superlinearly to T.
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Proof. The proof is generalized from [DS83, Theorem 6.3.3 and Theorem 6.3.4]. Lemmas 5.2.1 and
5.2.2 show that if f is C2, then it is Lipschitz continuously differentiable with respect to a given
vector transport. This property reduces to well-known fact in the Euclidean setting.

First, we show limy_,o(g(grad f(zx),mx))/(|Inkl]) = 0. Applying the first Wolfe condition
(4.2.1), we have

j—1 Jj—1
—00 < f(x5) = f(wo) = > _(f(wrs1) = f(ar)) <1 glgrad f(ax), agmi) <O,
k=0 k=0
which yields .
— ) glgrad f(x), i) < oo. (5.2.12)
k=0

By results in Chapter 4, there exists an isometric vector transport Tg € C¥ associated with R that
satisfies (4.2.4) and (4.2.5) and along with Tg, the differentiated retraction, satisfies the locking
condition (4.2.6). Define sy = 7Ts,,,, cxni and yj, = B terad f(xpq1) — TSeyn, grad f(zx), where
Be = 128l Fyom the second Wolfe condition (4.2.2) and (4.2.8), we have

— TRay ny, @x7k

(c2 — Vagg(grad f(zr), mk) < 9(sk, Yk)

and combining with the Cauchy Schwarz inequality, it follows that

(c2 — Vagg(grad f(zr), me) < lIskllllyxll- (5.2.13)

By Lemmas 5.2.1 and 5.2.2, we have ||yx|| < bpl|sk||, where by is a positive constant. Plugging it
into (5.2.13), we have
(c2 — Dagg(grad f(zr), ) < bollskll”.

From (5.2.12) and above inequality, we have

-1 d
0= lim g(grad f(z), axm) < lim = (g(gra f(xk)’o%nk))2 <0.
k—oo k—oo bo ”Sk”
Since ||sk|| = ||axnk||, we have
i d(erad f(z),m) _ 0.
k=00 17|

which is desired result.

The next step is to show [|ng|| — 0. We have

_ 9lgrad f(ax), ) _ g(m, Hess f(zx)im)  g(np, grad f(zx) + Hess f(zp)m)

(17 B (17 17
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Let p~! = || Hess f(Z)~!|. When z, close to Z enough, we have u~!/2 < || Hess f(zx) Y| < 2u~t.

Using (5.2.11) and k large enough,

rad f(zg), 1 rad f(zy) + Hess f(x 1
- glerad Fn)ome) o, (L, Nerad flo) +Bess flouelly s Ly 219
725 2 7k 4

which implies ||nx|| — 0.
Now, we can show the main results of the theorem. Consider the lifting function. fk denotes

foR,, and f* denotes f o Rz. By Taylor’s Theorem, we have

N

Su(ne) = fr(0) = g(grad f(zy), i) + %9(% Hess fi.(px) [11])

where py, = tny, for some ¢ € [0, 1]. Let & denote R;klzi. It follows that

Fe(m) = fr(0) — %g(grad f(@r)sme)

g(grad f(zg), mk) + %9(% Hess f.(px) 1))

1
2
1
= §g(g1"ad f(xk) + Hess f(zx)nk, mk)
_I_

50((Tsy, Fless /()T — Hess £ ()] me)

1 A .
+ 59((Hess Jr(or) = Ts,, Hess f*(O)’TS;)[nk], ni) (by [AMSO08, Proposition 5.5.6])

lrad /() + Hoss Fymel o 1)) + oy (el + or e e 2 (5:2.15)

< 1(
]

=2
where 0y (t) denotes o(1) with respect to t, i.e., limy_g01(t) = 0. Since Hess f(x) and Hess f.(n,)

are continuous, (5.2.15) holds. Choosing kg large enough so that for all k& > kg, (5.2.14) and

e ) e LI 4oy (1) 4 on(lm) + or(lal) < Jremineas 1~ 221) (5210

hold and using (5.2.15), we have

F(Rey (i) — fk) = filme) — fr(0)

< %g(grad fxk)me) + éu(l —2¢1)||nx|* (by (5.2.16))
£(1— (1~ 2e1))glerad f(a),me) (by (5.2.14)

IN

= c1g(grad f(zk), k),
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which means oy, = 1 satisfies (4.2.1). Similarly, we have

d
af(ka () le=1

= %fk(tnk”t:l
= & u(tmleco + gl Hess fuany)) o)) where a € [0,1
= g(grad f(z), k) + g(nk, Hess fk(ank)[nk])

< (” groc f(xk)\;jess flowl + o1 (I€k[) + o1 ([lmkll) + o1 1€k 1)) Ime || (similar to (5.2.15))
ica

TII%H2 (by (5.2.16))
< —cag(grad f(xr),nr) (by (5.2.14))

_ —CQ%f(ka (t71)) 0.

IN

Therefore, oy, = 1 satisfies the Wolfe conditions eventually. Superlinear convergence can be obtained

by applying Corollary 5.2.1 with F' taken to be grad f. ]
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CHAPTER 6

CONVERGENCE RATE ANALYSIS OF THE
RIEMANNIAN BROYDEN FAMILY METHOD

6.1 Introduction

In the Euclidean setting, the history of the investigation of quasi-Newton method is rich and
there are many important papers such as Dennis and Moré [DM74] [DM77], Stoer [Sto75], Powell
[Pow76] [Pow86], Schnabel [Sch78], Ritter [Rit79] [Rit81], Stachursky [Sta81], Griewank and Toint
[GT82], Byrd, Nocedal and Yuan [BNY87] and Byrd, Liu and Nocedal [BLN92]. However, in the
Riemannian setting, the literature on convergence analysis of quasi-Newton methods is still limited.
Riemannian quasi-Newton methods have been used for various applications (see Chapter 4) without
systematic convergence analysis. There are two recent attempts to provide a complete analysis of
the convergence of Riemannian quasi-Newton methods. Qi [Qill] analyzes the convergence of
RBFGS with exponential mapping and parallel translation and Ring and Wirth [RW12] provide
convergence analysis for their particular version of RBFGS.

Since the global convergence is shown in Chapter 4, the analyses in this chapter assume the
iteration is converging to an isolated minimizer z*. Additional assumptions need only hold in a

neighborhood of x*, denoted by S. The following notation is added to that of Chapter 4:

ex = max(dist(zp 1, %), dist(zg, 2*)), Hy = Hess f(z*), C = R a,

_ _ 1/2 _ 2
Hk = %CkH*’]TSC)j’ Sk = Hk_/i_lska Yk = Hk-+{ Yk,

By = H,, '*ByH, %, ¢ = H [ PBuH, P, cos By =

9(3k, Cr51)
15k IICre5kll”

1/2 . . 1/2 1,1/2 . -
where H,’” denotes a linear operator on T,, M that satisfies H,'"H,’" = H}, and is self-adjoint.
The existent of H ,1/ ? follows by Lemma 6.2.3.

This chapter contains two main results on the rate of convergence of Algorithm 3. In Section
6.2.1, it is shown to be R-linear convergent. Using this result and a slightly strengthened assumption

on the continuity of the Hessian, superlinear convergence is shown in Section 6.2.2.
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6.2 The RBroyden Family Convergence Rate Analysis
6.2.1 R-Linear Convergence Analysis
Since we consider a general retraction, a generalization of the Euclidean triangle inequality in

S must be assumed. As shown in Lemma 6.2.1, choosing the exponential mapping for R implies

Assumption 6.2.1.

Assumption 6.2.1. There is a constant cs such that for all x,y € S,

m[gol(} dist(Rz(tn), 2™) < c3 max(dist(z, 2¥), dist(y, ")),
telo,

where n = R y.
Lemma 6.2.1. Let U be an open set of a Riemannian manifold M such that for any p,q € U,
there exists a unique minimum geodesic v from p to ¢ and v CU. If x,y and z are U, then the
inequality

m[zonf] dist(Exp,(tn), z) < 2max(dist(z, z), dist(y, z))

telo,

holds, where n = Exp, .

Proof. Let p(t) denote Exp,(tn). Since the distance function satisfies the triangle inequality, we

have

dist(p(t), z) < dist(p(t),x) + dist(zx, 2)

dist(p(t), z) < dist(p(t),y) + dist(y, 2).
By adding above inequalities, we have

dist(p(t), z) < %(dist(p(t), x) + dist(x, z) + dist(p(t), y) + dist(y, 2))
%(dist(x, y) + dist(x, z) + dist(y, z)) (since p(t) is on the shortest geodesic.)
< %(dist(x, z) + dist(z,y) + dist(z, z) + dist(y, 2))

= dist(x, 2) + dist(y, 2)

< 2max(dist(z, z), dist(y, z))

94



The R-linear convergence analysis in the Euclidean case, given in [BNY®87, §4], relies on the
change of variables from z to z* + (Hess f(z*))'/?(x — 2*). Such a change of variables is not
legitimate when the Euclidean space is replaced by a general Riemannian manifold. For this and
other reasons, notably the presence of B rather than By, in the Broyden update equation (4.2.3),
the generalization of the analysis in [BNY87, §4] to the Riemannian case requires considerably
more effort than a mere “mutatis mutandis” modification. The differences are highlighted in the
following proofs.

Lemma 6.2.2 generalizes [BNY87, (4.3)].

Lemma 6.2.2. If Assumptions 4.3.1 and 6.2.1 hold, then equation

lyx — Hirasell = [lskllon(er)
holds, where 01(t) denotes o(1) with respect to t, i.e., limy_,g01(t) = 0.

Proof. Define y¥' = grad f(wp41) — Pﬁ}k‘_ Ograd f(zx), where P is parallel transport and ~, is the

retraction line from xy to xgy1. From Lemma 3.3.8, we have
I1PYyy — Hyangel| < bollomi||* = bol skl

where Hy = fol Pt Hess f (1, (t))PL0dt and by is a positive constant. It follows that

lyk — Hyt15||
<lye —yi | + 1PYT yy — Hyagnel| + | PO H PSS P gy — Hieya Ts,, 0k |
< |lgrad f(zr11)/Bk — grad f(zp1)l| + |23 0 grad f(xx) — Ts,, ., grad f(z)]|
bollsal + [P OIS Y Py — PO PITs, o]
+ | Py H PY T TS, ke — Hi TS, il
= || grad f(zg+1)|/|1/Br — 1| (using Lemmas 3.3.7 and 4.3.7)
+ HPﬁ}k‘_O grad f(zx) — Ts,,,, erad f(zx)| (using Lemmas 3.3.7 and 4.3.6)
+ bollsll® + [ Hp || P ovemy — TSy, k|| (using Lemma 4.3.6)
+ \|P¢:OHkP$;_1 — Hy11||||sk|| (using Assumption 6.2.1)
< breg|[skll + baerl[skll + bsellskll + or(ex)lls| (6.2.1)

= o1(ex) |5kl
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where b1, by, b3 are positive constants. Therefore, we have

lyx — Hi1skll = [Iskl|o1(ex),
]

If a matrix B is symmetric positive definite for Euclidean metric, then it is easily seen that there
exists a symmetric positive definite matrix B'/2 such that B = BY/2B/2. Lemma 6.2.3 shows that
this property holds as well for an arbitrary metric. This property allows a decomposition of the

Hessian at z*, i.e., H, = Hi/zHiﬂ, Hi/2 is self-adjoint.

Lemma 6.2.3. Let (u,v) = uTGv be an inner product of R, where G is a symmetric positive
definite matriz. If B is positive definite and self-adjoint with respect to this inner product, in other
words,

(Bu,v) = (u, Bv) and (Bu,u) >0
for all u,v, then there exists a matriz A such that B = AA and A is self-adjoint.

Proof. Let P = GB. Since B is positive definite and self-adjoint with respect to the inner product,
P is a symmetric positive definite matrix. Therefore, there exists a matrix L such that LTL = P.
Because G is a symmetric positive definite matrix, there exists a symmetric matrix G/2 such that
GY2GY? = G. Let U and V be from singular value decomposition: LG~Y2 = USVT. We will
show that

A=G12vUTL.

First, we have

AA = G V2vUuTLa 1\ 2vuTL = G V2vuTtusvivoTn = G Y2vsuTL

— G V22T, — g lp = B.

In order to show A is self-adjoint, we only need to show GA is symmetric. Noticing that UTL =

SVTGY2, we have

GA—ATG=G'?VvUTL - L"UVTGY? = GVPVSVTGY2 — G2V sy TGlY2 = .
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Lemma 6.2.4 generalizes [BNY87, Lemma 4.1].

Lemma 6.2.4. Suppose Assumptions 4.53.1, 4.3.2 and 6.2.1 hold. For any 0 < € < 1, there is a

neighborhood N (z*) of x* such that if xy and xpq generated by Algorithm 3 are in N(x*), then

9Tk, i) 9(Sk, Cr51) 29(17k,Ck§k) < Quaeay
9 k> 5k) 9Tk 5k) 9(Tk,5k) — cosB’

where a14 18 a positive constant.

Proof. From Lemma 6.2.2, we know that

9k — 3kll = o1(ex)I5k]], (6.2.2)

Therefore, we have

7%l = (L + o1(ex))5k- (6.2.3)

By squaring (6.2.2) and using (6.2.3), we have

(1 + o1(er))?(I5k1* — 29(Tk, 1) + 115611 = T I” — 29(Fw, 5x) + I5%]* = (o1(ex)) |5k,

and therefore

9(Tk5k) = (1 + o01(ex))[|5x > (6.2.4)
Thus, we know
g(y_’“i’sj) =1+ 01 (ex) (6.2.5)
15k

Combining (6.2.3) and (6.2.5), we obtain

AR

PN =14 o1(eg). (6.2.6)

Let N(Z) be sufficiently small, meaning take €5 small enough so that

(T Te) <14ecand g — 3kl

—— — <e€ 6.2.7
R 5l (6.2.7)
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Observe that Cj, is positive definite, given the positive-definiteness of By. It follows that

9Tk Tx) 9(5k, Ck51) 29(@7k,Ck§k)

9k, 5%) 9Tk Sk) 9(Uk» 5x)
_ 9k Tk) o 9Gk:CiS) 9 — Sk, ChSr)
9(Gr» 5%) 9(Gr» 5%) 9(Gr» 5k)
Sk, Crs 2¢||5%||||Cr 3
<(e—1 g(Sk_’ ’fsk) EHSkHﬂ k;kH (by (6.2.7) and Lemma 4.3.4)
9(Ur» 5k) ao|| Sk
2¢||Cr5
< % (since € < 1, Cy is positive definite and g(5x, Jx) = g(sk, yx) > 0)
ag||Sk
—1/2
2||H., d . _
< | Heak”gra f @)l (by definitions of Cj and 5y)
aol|5||
= a14ec_yk’ (by Lemma 4.3.5)
cos 0y,
—1/2
where a4 = 2||H, 7| /(apa2). O

Lemma 6.2.5 proves the same results as Lemma 3.3.10 but does not require the vector transport

to be smooth.

Lemma 6.2.5. The isometric vector transport Tg € C° and Tg satisfies (4.2.4) and (4.2.5). Let
T € M. Then there is a neighborhood U of T and a14 such that for all x,y € U,

|lid _7;_517;‘;171% || < @14 max(dist(z, z), dist(y, z)),
|lid —7;‘(1737]7@{ || < @14 max(dist(z, z), dist(y, x)),
where £ = R;lzn, n=R,'y and ¢ = Rgly.
Proof. By applying Lemma 3.3.10 for the differentiated retraction Tg, we obtain
||id —7}{517}{771’7]3( | < bp max(dist(z, z), dist(y, )).
where by is a positive constant. It follows that
. —17—1
lid ~ T, 75 T |
< id =T T, Trell + I T, T, Tre = Ts, T, Trell
1T Tr, Tre = Tog Ts, Tr | + 1T 75, Tre = To ' Ts, Tscl
< bo max(dist(z, z), dist(y, Z)) + b1[|€]] + ba|nl + bs[[C]| (by (4.2.4) and (4.2.5))

< by max(dist(z, z), dist(y, ))
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where by, by, ba, bg and by are positive constants and the first inequality follows. The second is

shown by a similar argument. O

In the R-linear convergence analysis, the Frobenius norm is used. However, this norm is not
independent of basis of the tangent space. Lemma 6.2.6 shows that the Frobenius norm is equivalent

to the norm induced by the Riemannian metric of the manifold in a compact set on the manifold.

Lemma 6.2.6. Let M be a Riemannian manifold endowed with a metric g. Let T € M and U be
a compact neighborhood of . Then there exist constants M > m > 0 such that for all x € U and

all linear transformations A, of T, M, we have
ml Azl < | AzllF < M|l Agl.

Moreover, if the chosen basis of T, M is orthonormal with respect to the Riemannian metric g (so

that the matriz expression of the metric at x is the identity), then the bounds hold with m =1 and

M =+/d.

Proof. Let G, denote the matrix expression of inner production, i.e. g(wy,v,) = uﬁngff)x. For any

vy € T, M, we have

[Azva]? trace(6L AT G, A, 0,)

lvgl2 —  trace(0LG,0,)
_ trace(d TGy TP ATGIPGY? 4,6y P ay) : 1/2
1 gy = G’ "0y
trace(aTay) (letting U, = G “0y)
_ 1652 AuGr a3
H%H%
On one hand, let v, satisfy ” = || Azl Using || Azll2 < Azl (JGV96, (2.3.7)]), we have

[ Azve] HGWA Gy a2

lvall [t |2

~ _ _ R 1 .
<G NallAell2 1G5 N2 < 1GY 2 121GZ 2 ol Aell < I AsllF,

Az = <GP AGT

where m = L — . On the other hand, let u, satisf
mascoc (167 221Gz 72 2) v PR

||G1/2A G—1/2 Am||2

[t 2

= [|GY2 A, G2,
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Using || A.||r < Vd||ALll2 ([GV96, (2.3.7)]), we have

Mallr < VAl Aellz < VAIGZ 22| G2 AuG 2121162

1/2 ~1/24

G ;p — T YT

_ \/F_H(;——1/2|’ H(;1/2|’ ‘|(; fﬁ |’ ‘|2 \/F_”(; 1/2|’ H(;1/2|’ ||TT 1]]”
< VA|IGE ]G o Asll < M Ax)

where M = vdmaxyey(||GY?2]|Gz ). O

We can now show R-linear convergence as stated in the following theorem that generalizes

[BNY87, Lemma 4.2].

Theorem 6.2.1 (R-linear convergence). Suppose Assumptions 4.3.1, 4.3.2 and 6.2.1 hold. ¢ €

[0,1 — d]. Then there is a constant 0 < ay5 < 1 such that

flaper) = f(a) < afs(f(a1) = f(2)), (6.2.8)

holds for all sufficiently large k.

Proof. By pre- and post- multiplying the update formula in Algorithm 3 by H, J:{ , we have

“1/25 S ~1/2
Hk+{ Bksk(Bksk)ka+{

B goV2E g2 S
k+1 = k+1 N | (stk)bsk
1/2 1/2
H, CywynHy < _
Al TR 4 brg(si, Brsi) Hj, { veop H, L) 2
yksk
g2 gl Hk-i-{ Bysi( k+{ Bysi)’
Hy " BrH 4 X
(Bisk)si
1/2 1/2
H ye(H 3 e . -
el I skH + kg(sk, Besk) kj{%k kajf
Lok

L2 ~1/2 (pr=1/2 —1/2_ \p
g2 g2 k—i—{ BkaH r(Hp i BiH k1 Sk)
k+1 LS| (H 1/215’* 1/2Sk) 5

k+1 BrH

ykyk
yksk
Ce3x(Ci5k)” Ukl
*z Vg +>—b—
(Cisk)’sk U5k

+ + br9(sk, Brs,) k:{%k(HkJ:{%k)

=C) — + ¢9(5k, Crd ) U5, (6.2.9)

where 12 1/2 ~
CHy ue HpBesk g Ci5k

" 9k sk)  g(sk Brse) 9@k 5k)  9(Gk, Cidr)
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Considering the coordinate expression and the trace of (6.2.9), we have

[ I9kl* 9(5k, Crr)
I k I I
9( Tk Sk) 9 ks 56) 9Tk 5k)
ICksill* kg(?jkackgk)
9(Sk, Cr5k) 9(Tr» S1)

trace(ékﬂ) = trace(Cy,) +

— (1= ¢y) (6.2.10)
It follows that

trace(Cp,) — trace(ék)

= trace( ki{Q Hk_j{z) — trace(H _1/2Bkﬁ_1/2)

= trace(7 aknkBkT% . ﬁk+1) trace(BkH h

= trace(7g, - k%amk TSCkH _l’TS ) - trace(Bk’TgC l’TS )

= trace(T i %ak”kBk,]TSa . Eckﬂﬁ* ) — trace(Tg_ BkTgC HY

= trace( EaknkBk%a . 73<k+1ﬁ b — trace(fg Bk%ak7lk7jg<k+1ﬁ_l)

+ trace(TS lBkTSam 7jg<k+1]fl ) — trace(TS Bk']:qck -
S5 Tsan, = To NPIBETS), Toe, e+ 175} T, — T I T, Bl
< bo(IT5) | T, = To MBTE o B

1750, Tse, = Tsg NI 75 Bill) (by Lemma 6.2.6)
< 00175} Tpn s, — TMBRIIE I+ 175 T Tse,, = IHIEH1IBi])

< bi€k, (by Lemma 6.2.5)

where bg, by are positive constants and || - || denotes the Frobenius norm. (6.2.10) becomes
2~ 2~ T i |12 5..CL5
trace(Bysy) < trace(By) + 15x ] 5el” 95k, Crse)
9(Tk, 1) 9k, 5k) 9k, 5k)
Cr 5k ]2 9k, CrSr)
(1 — )RR o Sk TRIE) 6.2.11
( (bk)g(skacksk) (. 55) . ( )

Take € € (0, 1] and, without loss of generality (since the claim to prove is for all sufficiently large

k), assume that, for all k, xj belongs to N(z*) defined in Lemma 6.2.4. Then, from the above
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inequality and exploiting the fact that € < 1, we have

5 5 ar4geay, Cr5kl)?
trace(Bgy1) < trace(Bg) + 2+ ——— — (1 — )% + byeg
(by (6.2.7) with e < 1 and Lemma 6.2.4)
. < 112
= trace(By) + 2 + a14¢e_ak — (1 — p)— Hckka — + b€y
cos O 158 I[|Cr5k| cos O,
N H_1/2l§’ s
= trace(By) +2 + audear _ (1—or) | 1?;1 i kH, + bieg
cos b, HHkHskHcosHk
1/2 ~1/2 5
= trace(By) + 2 + Gagear (1—ox) ”Hkilw HH'H{ Besi| + bieg
0 V22 L sl cos B
(since ||Hyqa|l = [[Hl)
< trace(By) + 2+ 2400 _q gy L Bl (6.2.12)
cos Oy ”Hi/2H2 |Isk|| cos bk

: o : L 1/2 —1/2 3 5 1/2 1/2
Since ||-|| is an induce norm, inequalities HHkilHHHk+{ Bysk|| > ||Brsk|| and ”Hkiﬁku < HHkilHHskH

hold. Therefore, (6.2.12) holds. It follows that

2 1 B
trace(By) + 2 + WaPe: 1— o) 1B sk

cos O, ‘|Hi/2||2 || s%|| cos O},

< trace(ék) +2+ ausdeay _ (1 — ¢r)ba O;k + biex, (by Lemma 4.3.5)
cos 0y, cos? 0y,
< trace(ék) +2+b; + arapeay, (1 — ¢r)ba O;k (let e < 1)
cos 0y, cos? 0y,
where by is a positive constant. We have
0< trace(ékH) < trace(ék) +2+b1 + azke— (a14¢recos Oy — (1 — ¢, )ba). (6.2.13)
cos? 0,

We choose € small enough such that aj4(1 — §)ecos ), — 0by is less than some negative number,
denoted —b3, for k > ko by noting that ajy¢recosfp — (1 — ¢r)ba < ars(1 — d)ecos ), — dby < —bs.
From (6.2.13), there exists a constant by such that

k
0 < trace(Byy1) < trace(By) + (2 + by)k + by — b3 Z %_
— cos* 0;
Therefore, we have
k
(67}

=~ <k bs, 6.2.14
Z cos2f; — ° ( )

~

i=1
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for some positive constant bs. Using the relationship between the geometric and arithmetic means

and (6.2.14), we obtain

Cbl

k
From Lemma 4.3.12, we get

~ a
Hcos 13)k.

It follows that
1/2 ~1/2 5
1Y sl 1 H P Bresl

k
Hcos 0; —Hcos éH szzl 2 HC026 HH ka1

- |5 |[[| B s |
k 1/2 —1/2
_HCOS2 é(H ||Hk—|—1 kH||Hk+1 Bk;sk:H 2 > % k 1 )k‘ —blg
- v —1/2 12 1/2 ;,—1/2 1/2 —1/2 76
P i I H P H sl HY S H L Bl bs "\ HY | HV

where bg = alg/(b5HHi/2HHH;1/2H). By Lemma 4.3.8, we have

k
flaen) = fa®) < T~ ascos® 6:)(f (1) — f(a™)).
i=1

Using the relationship between the geometric and arithmetic means twice, we obtain

k
f(xen) = fa®) < (7D (1 —as cos? 6:)*(f (21) — f(2"))

i=1

e

(1 —as( Hcos 0;) % 1) — f(z*)=(1- asbﬁ)k(f(ﬂfl) - f(z")),
which is
() = f(2¥) < a5 (f(a1) = ("),

where a15 = 1 — asbg. O
6.2.2 Superlinear Convergence Analysis

Assumption 6.2.2 generalizes the Euclidean property of twice Holder continuously differentia-
bility of f at z* to a Riemannian manifold and it is weaker than Assumption 3.3.3. If the z in

Assumption 3.3.3 is restricted to be x*, then Assumption 3.3.3 is Assumption 6.2.2 with p = 1.

Assumption 6.2.2. There exists a constant ¢4 and p such that for all y € S,
| Hess f(y) — Ts, Hess f(a*) T | < callnl”,

where n = R;*ly.
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From the R-linear convergence of Theorem 6.2.1, we obtain the following lemma that is used in

the superlinear convergence analysis.

Lemma 6.2.7. Suppose Assumptions 4.3.1, 4.3.2 and 6.2.1 hold. ¢y € [0,1 —6]. The sequence

{z} generated by Algorithm 3 converges to a minimizer x* of f. Then inequality
(o]
Z dist(zg, x mm(l’p) < 00
k=1

holds.

Proof. Define my(t) = f(Rq-(tCk)), where G = RN (wr) /IRyt (zx)l|. Let 2, = [|R; (a)]. By

Taylor’s theorem, we have

m 2m
Flan) — F(2) = () — g (0) = & ;t<0> s d d;(p) 2

> agz, (by Assumption 4.3.2 and z* is a minimizer)

> bo dist(zy, 2*)? (by Lemma 3.3.3)

where p is some number between 0 and zj and by is a positive constant. According to (6.2.8), we

have

_ ) . * min(p,1)/2
(dist ()PP < min((b=1)/2p(:=1)/2) <f(<b"1) flz )> ,

bo
Since a5 € [0,1), we know (dist(zy,z*))™"(1P) is less than a geometric sequence whose common

ratio is less than 1 and, therefore, the summation is finite,

(dist(ay, 2*))™PEP) < o0,

Nk

e
Il

1

O

Lemma 6.2.8. Suppose Assumption 4.3.1 holds. Let T € M. Then there is a neighborhood U of

T and ayg such that for all x,y € U,
|H (x) — Tg, " H(y)Ts,|| < a16 max(dist(z, 7), dist(y, 7)),

where H(x) = Ts, Hess f(z)(Ts)™", € = R-'z, H(y) = Ts, Hess f(z)(Ts,)™", ¢ = Ry and

n=R;'y.
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Proof. We have

1H (@) = Tg, " H(y)Ts, || = | Ts Hess f(2)Tg." — T, T, Hess (@) T3, Ts, |
= || Hess f(z) — Tg,' Ts, Ts Hess f(2)T5 ' Ts, T |
< |1(id ~Tg.' T, Ts,) Hess f(z)|
+ |75, 75, Ts, Hess f(2)(id — T 75, Ts, )|
< || Hess f(@)II(]|id =75, Tg,  Tsll + [1id =75, Ts, Tse )

< by max(dist(z, z), dist(y, z)) (by Lemma 6.2.5),
where by is a positive constant. O

Lemma 6.2.9. Suppose Assumptions 4.5.1, 4.8.2, 6.2.1 and 6.2.2 hold. Then

gk — 3k < 6176?in(1’p)H§kH (6.2.15)
9@k 51) > (1 — arsep ) 15512, (6.2.16)

where a7 and aig are positive constants.

Proof. We follow the proof of Lemma 6.2.2 modified by replacing (6.2.1) < o1(ex)||sk| by (6.2.1) <

bs€l||sk|| since Assumption 6.2.2 holds. Therefore, we have

15k — 5x]) < cep™ P15, (6.2.17)

where by and ¢ are some constants. It follows that

_ _ in(1,p) - _ _ in(1,p) -
15k ] — N5kl < cer™ P |1s4]| and [|5x] — 7]l < cer™ |51,
which yields
in(1 _ _ in(1 _
(1= ce™ TP 5l < ]l < (1 + ce™ P |15 (6.2.18)

By squaring (6.2.17) and using (6.2.18), we have
in(1, _ o _ _ o _ in(1, _
(1= e ™) l8il* = 29k, 52) + 115> < 176 — 29, 50) + 15> < (e ™) s

and therefore

9k, 58) > (1 — e ™)y 1512 (6.2.19)

completing the proof. O
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Lemma 6.2.10 generalizes [GT82, (45)]. Lemmas 6.2.10 and 6.2.11 show that all Hessian ap-
proximations, By, given by the RBroyden update (4.2.3) are bounded. Corollaries 6.2.1 and 6.2.2

show the key result that the condition numbers of all of the B are also bounded.

Lemma 6.2.10. Suppose Assumptions 4.3.1, 4.53.2, 6.2.1 and 6.2.2 hold. ¢y € [0,1]. Then there

exist constants a1y and a1g such that

1B}y — Broall < (ar7]ICrll + azg)e™0),

where
= C 51 )’ C b 5.(Co5)  Ci5is
By = Co— (1= o SRGIY (y g Conlon ufs_ se(Gmn)” | o
(C5k)° 5k AT A 5,5k 575k

Proof. From (6.2.9), we have

- Ci5(C 5y Cr5;)’s yky U1 (Cre5)° Cksky
Bkﬂzck_(l_%)*(iikbi) 41+ M) k ¢k(yk(_bk_ Dl k),
(Ci8k)" 5k UHETR A Up.5k U5k
= = (Ckgk)bgk Ekgb Ek(CkEk)b Ckgkgb
HBl,f-i-l _Bk-i-lH = ||(1+¢k 5 - ) b,k k 5 - . k)
sksk sksk sksk sksk

= \b
(110, G B,

T (Cr31.)° n Ckgkg;:))n

i Y15k Ur5k Ur.5%
b
SkS yky
< 5=k - 5= (6.2.20)
ksk yksk
(CkSk) Sk 515, (Ck5%)" Sk Uk,
+ || pp = = — g | (6.2.21)
575k YiSk yksk
yk(cksk) 5k(Cr5)’
+ ¢ ———l (6.2.22)
yksk S5k
Cosily,  Crdis,
+ x| s b s, k. (6.2.23)
Since || - || is an induced norm, we have
[ue” || = [[ull[v]]- (6.2.24)
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It follows that

b - b = b
(6.2.20) < || 225 %%n [ ]
sksk SkSk yksk
e D = b
SkS YiS yks yky y yk y yk yky
S\I,I,,k—,b,k\lﬂl k—,l,,k||+| b 252
S1.Sk S5k Sksk S1.Sk k Sk yk yky
L (Br— 003, k(5 — ) Bk Ul ykyk
= | - |+ === H+\_b_ s !H H
S5k S1.Sk S5k Y8k
5 — 5 iullll3n — 7
_ sk 7yk|LH kll N HkaH} : | _'_’ykyk Z{];?ik (by (6.2.24))
(5Kl I3kl S5k UhSk

< by ) (hy (6.2.15) and (6.2.16))

where by is some constant,

(Ckgk)bgk §k§?€ (Ckgk)bgk gk@]bg

(Ck5%)"55 UrTS, 1+ (Ck31)" 5% @k@Z

(6221) < H¢k b _ b - ¢k 5 - _ 5= *b T b —
S5k sksk S5k SiSk S5k kSk Y Sk Y. Sk
Cir5;)" Sk ,, SKS 5 U5, C5%)’ 5k 00 55
< o B85 _f_k B Bk ?5?’%!) o G0 T RS T,
Sksk sksk Sksk Sk 515: 5,5k (y sk) ykyk
§bk§k §bk§k G GRS (rgbgk)2
o (Csk) sk ISk — k|5l HkaHSk — Ul (Ck5k)"Sk pUk _ UrUKS15K
= 5112 5112 )+ P D (75.)2
CA 15kl I3kl 515, 55k (U5k)
(by (6.2.24))
< (ba|Ckl| + b3)e™ ) (by (6.2.15) and (6.2.16))
where by, bg are some constants,
yk(cksk) 51 (Cri51,) 51(Ck3k)"  5k(Chdr)’
(6222)<¢H - —b— ”+¢H —b— - T H
Yis Sk S5k
Sks’“u< SO 4 g -y S
‘b‘ A A
Uk — Skl l1Ck |l 5k k|| 1Ck ||| 5
< ou(t + tae 1B Gl ¢kb5€k|| IG5
[l (A

(by (6.2.18), (6.2.16), (6.2.24))

< (b6|Cx|| + br)er™P) | (by (6.2.15) and (6.2.16))
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where by, b5, bg and by are some constants, and

Ckskyk Gk, I+ CkskSZ Cksksk |

(6.2.23) < ¢l — T orll—
Sksk
Sksk Cksk(yk ) SkSk Cksksk
< g _ |+ ! = 1=
yk Sk SS Sk
Crll|5k L — Sk Ck Skl Sk
et s ne Gl 5 AT s
5% 5%

(by (6.2.18), (6.2.16), (6.2.24))

< (biol|Ck|| + b11)er™ M) (by (6.2.15) and (6.2.16))

where bg, by, b1g and by; are some constants. Combining the above inequalities, we have

Hgl/c—i—l - Bk-l—l” < ((b2 + bg + b10)||Ck|| + b1 + b3 + b7 + bll)eznm(l,p)‘

O

Lemma 6.2.11. Suppose Assumptions 4.3.1, 4.3.2, 6.2.1 and 6.2.2 hold. ¢y € [0,1—5]. Then the
sequence {Bj} = Hk_l/zlf"ka_l/2 from the Algorithm 8 is bounded, i.e., there exists a constant ag
such that

|1Be|l < a1, (6.2.25)

for all k.

Proof. For each tangent space T, M we consider a basis that is orthonormal with respect to the
Riemannian metric g, with x = z*,xg,x1, ..., and we let a hat denote expressions in these bases.
Consequently, for all k, the matrix expression of the inner product g,, is the identity; in other
words, g(u,v) = 4’9 for all u,v € Ty M. Using the notation of Lemma 6.2.10 and by the same
calculation as (47) in the paper of Griewank and Toint (1982), we get

B §£Ckck§k §£Ck6k6k§k B §£Ckck§k

By — 112 = [ICk — I]|% = —(1 — i)((1 2 4 g2k A ok hTh y2
B =11 = 10, = Tl = ~(1 = (1 = LB+ 2ot = (Lre?)
_(bk((l_ "’I‘A ) +2¢k[ A A - ( AT A ) ])
— o (1 — ¢)|( 'ZT ) - ()7 (6.2.26)
Sk Ci.5k Sk Sk
By the Cauchy Schwarz inequality, the terms in brackets are non-negative. We have
1Bi1 = e < |IC — I||e. (6.2.27)
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From Lemma 6.2.6 and Lemma 6.2.10, we know there exist two constants by and b such that

1Bl = Brpallr < (bollCr — 1| + by)er™7).
Combining (6.2.27) and (6.2.28), we obtain

1Bis1r — Il < |1 Bes1 = Brallp + |1 Beyy — Ille

< (14 boep ™ NGy — 1)1 + by

Since
. s r—1/24-1 4 3,771 7 Sl
G Tl = 1T, T Ty BT To PTG T

G125 A gl g
= ||H
1. %Ckﬂrgak"kBkTq%WkT

SCk+1

g*—l/z . IHF

Ar—1/24-1 = 5 A4—1 > 1/2 —1/2 4
< BT %Bk%EH P BIPTG Ts,, BiTs H

U T T BT B BT BT
T BT, 1 1)

”H 1/27:% +17:qak"k (Tgawwﬁ%ﬂ 7:9%) _1/2HF

+”H 1/2(7-54 7:9%% 732 )B’f,]:qc 1/2_1”

+ B P T BTs B2 1| p

—1/2 44— — -1/2
< bylHY 7:q<k+17§aknk3k(7tgaink7§<k+l — Ts., ) Hs 2|l (by Lemma 6.2.6)

—1/2 ) —-1/2
+ bo||HY <775<;1Ts*am ~ Tse, )BiTse Ho /%] (by Lemma 6.2.6)
+1Bx — I||r
-1/2 —1—1 —-1/2
< ball BT s, T, oy Tty — I
—1/2 P —1/2
Pl HDPINTITS) Ty, — THIBAES )
+1Br — I||r
< bl BT Tk Toy,, — 11+ 1Bx — Il
<by(||Bx — I||r + |I||F)ex + ||Br — I||r (by Lemmas 6.2.6 and 6.2.5)
= (1 + b46k)”gk — IHF + b4”[”F6k

we have

1Bir — Ille < (14 bse™™ D) By — I p + el
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(6.2.30)
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(6.2.31)
(6.2.32)

(6.2.33)

(6.2.34)

(6.2.35)



where by, b1, be, b3, by, bs and bg are positive constants. Since Tg is isometric and Gy, = Gy =
G, = I, Ts is orthonormal matrix. Therefore, (6.2.30) and (6.2.31) hold. Since norm is invariant

under isometric vector transport, (6.2.32) and (6.2.33) hold. Using inequality (6.2.35) repeatedly,

we have
A A k . k k . .
1Brst — Illr < 1By — Il JT( + b5e™ M) 406 > T (1 + bsel™ )™ @2 (6.2.36)
i=1 i=1 j=i+1

By the relationship between the geometric and arithmetic means and since, by Lemma 6.2.7,

>y e;-mm(l’p) < 00, , we obtain

k min(1,p)
Zi:lekz; ) < by

k k min(1,p)
Y (1 4+ bre.;
H(l + b5€i) < (22—1( +k562 ))k — (1 + b5

i=1

for some positive constant b7. Using this equation for (6.2.36), we know

k
1Biss = Ip < brl[Br = Il + bebr Y 07 < b,
i=1

where bg is a positive constant. Therefore, using the first inequality of Lemma 6.2.6, we have
1Bit1ll < [1Betallr < 1Brsr = IllF + |7 < bo.
where bg is a positive constant. O

Corollary 6.2.1. Suppose Assumptions 4.53.1, 4.3.2, 6.2.1 and 6.2.2 hold. ¢ € [0,1 —6]. Then
Cr = H,;:fg’kH,;:f, B, are uniformly bounded.

Proof. The corollary follows immediately from Lemma 6.2.11 and that x* is nondegenerate. U
Corollary 6.2.2 generalizes a part of [GT82, Proposition 4].

Corollary 6.2.2. Suppose Assumptions 4.53.1, 4.5.2, 6.2.1 and 6.2.2 hold. ¢y € [0,1 —6]. Then

the condition number of By, Cy for all k in the sequence are uniformly bounded.

Proof. The update formula (4.2.3) of By, corresponds to an update of its inverse H; = Bk_l,

o Hay(Hiue)” | sisy,

Hi1 = Hy, Fr— "t by Yk, Hiyn)uguy,
(Hiye) e Sk

where -
Sk My
9(s1uk)  g(yr, Hiyr)

Uk =
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and

(1 — &%)9> (yk, 51)
(1 — )92 (Yk, 1) + S Wi, Hewn) 9 (51, Brsi)
Tk, Sk, Yk generated by Hj’s formula with the Step 3 in Algorithm 3 replaced by n, = —Hj, grad f(xy)

1, =

e (0,1]. (6.2.37)

are the same as those generated by Bj’s formula. Therefore, the statements of Lemma 6.2.9 still
hold. The proof of 6.2.10 requires the coefficient of combination ¢, € [0, 1] which also holds for <;~Sk

Therefore, we can use the same idea to obtain a similar result. Note that the reason that Lemma

min(1,p)
i

6.2.11 requires ¢y, € [0,1 — 4] is because of the requirement that > -2 € < co. Even though

¢y, is not in [0,1—4], 300, e?in(l’p ) < o0 still holds since the sequence generated by H},’s formula

is the same as those generated by Bj’s formula. Therefore, using the same idea as Lemma 6.2.11,
we obtain B,;l is bounded. Since z* is nondegenerate, we obtain C; ! is also uniformly bounded.

Thus, their condition numbers are uniformly bounded. O

The main convergence result, Theorem 6.2.2, that generalizes a part of [GT82, Proposition 4]

can now be proven.

Theorem 6.2.2 (Superlinear Convergence). Suppose Assumptions 4.5.1, 4.53.2, 6.2.1 and 6.2.2
hold. ¢ € 10,1 — 6] and oy = 1 whenever it satisfies Wolfe conditions (4.2.1) and (4.2.2). Then

xp converges to x* superlinearly.

Proof. For each tangent space T, M we consider a basis that is orthonormal with respect to the
Riemannian metric g, with x = z*,xg,x1, ..., and we let a hat denote expressions in these bases.
Consequently, for all £, the matrix expression of the inner product g, is the identity; in other

words, g(u,v) = a0 for all u,v € Tj, M. We have

1Ck — 1% — 1By — 113

< = T3 + 1Brst — Bieyal 3 = 1Brsr — I3 + 20 Bisr — Byallp 1By — Il

<G = T3 — 1Brss — I13 + by ™) (6.2.38)
(by Lemmas 6.2.10, 6.2.11 and Corollary 6.2.1)

< NG — 113 — 1By, — 13 + 1B — L3 — 1Brsr — I3 + baep™™

< 1By = I = 1Bg1 — II% + bae™ P (by (6.2.34), Lemmas 6.2.11, 6.2.6) (6.2.39)
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where b1, by are positive constants. It follows that

oo o0 o0

~ 2 2 = min(1,
S UGk — 11— 1By — 113 < S (1B = T3 — By — I13) + b2 Y ™)
k=1 k=1 k=1
= 1B~ 1|3 + b2 > ") < oo, (by Lemma 6.2.7)
k=1
Hence, we have

. 5 2 5 2
Jim (G~ 1%~ By — T3 =0,
Noting (6.2.26), if ¢ # 1, we have

lim M =0, lim M =0. (6.2.40)
k—o0 ETCkE k—o0 STCkS
Using (6.2.40), we obtain
o M@ G = Dslle _
koo [(Ch)'/25]lp

Since Lemma 6.2.6 holds, we have

1(C)'*(Cr = D3|l _
I (AR

Since condition number of Cj are uniformly bounded (Corollary 6.2.2), we get

G- D8]

k—o0 IIsl
Since
_ ~1/2 7 pr-1/2 1/2 -
||H1/2||2 H(Ck — I)skH || 1/2 ||2 H( k+1 Hk—l—l o I)Hk-l-lSkH > H(Bk - Hk-l—l)skH
* = k+1 1/2 = ’
el 1H 2 s sl
we have
k—oo IIsk]l ' o

- _ 1
Let 5 = agpng = TSaknk s. It follows that

—1 —1
1Bk — Homell  [Be — Hogel| N BT, — HiTs_ skl

(7% a I3kl a (B
||(7T9aknk3k7‘5§i7, — TSu,m Hi T3, )3kl
a [[skll
B |(By — Hys1 + Hyg1 — TsaknkaTs;ink)SkH
a [EA
1B — Hi)sill | 1FHisn = Toop HiTs, Dol
- sk [[skll

— 0. (by (6.2.41) and Lemma 6.2.8)
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What is more, from the Assumption 6.2.2 and Byn, = — grad f(zx), we know

o llgrad £ (o) + Hess flaiml _

0.
k=00 725

Using the Riemannian Dennis-Moré Condition in Theorem 5.2.4 completes the proof.
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CHAPTER 7

OPTIMIZING PARTLY SMOOTH FUNCTIONS ON
A RIEMANNIAN MANIFOLD

7.1 Introduction

There are applications of interest for which the cost function f is continuously differentiable on
much of the domain of the problem but is not differentiable at one or more of the minimizers. For
example, in the important application area of computational geometry, the bounding box problem
[BA10], and in nonlinear dimension reduction for data analysis and representation, the secant-based
projection approach uses such a cost function [BK05]. Clarke generalized the gradient for a class
of such functions, specifically for Lipschitz continuous functions on an open set, i.e., no boundary,
in [Cla90]. The generalized directional derivative of a Lipschitz continuous function f : R™ — R

evaluated at x in the direction v is given by

fly+ ) — f(y)

fo(x; v) = lim Supy—H&)\JrO A

and the generalized gradient of f at x is the set
Of () ={n e R": f°(x;v) > (v,n) for all v in R"}.

This generalized gradient reduces to a single vector, the standard gradient, when f is differentiable
at = and to the subdifferential if f is convex but not differentiable at z (since a convex function on
an open convex set is locally Lipschitz continuous [RV74]).

For partly smooth functions, the norm of the gradient cannot be used to specify a stationary
point. Clarke defines a generalization of a stationary point to be z* where f°(z*;v) > 0 for all
v € R™, i.e., there is no descent direction in which to move with a positive step size. We will refer
to z* as a Clarke stationary point. This definition is equivalent to 0 € Jf(x*).

Bundle algorithms for nonsmooth locally Lipschitz problems are discussed in Kiwiel’s book
[Kiw85]. They are reasonably efficient and effective for convex nonsmooth problems but become

significantly more complicated for nonconvex nonsmooth problems (see [BLOO05] for a discussion).

114



As an alternative to bundle algorithms for nonconvex nonsmooth problems, Burke, Lewis and
Overton [BLOO05] develop the gradient sampling algorithm (GS), given in Algorithm 5 using the
notation of Table 7.1, which make uses of the gradients of points in the neighborhood of current
iterate and avoids computing any element of the generalized gradient. A convergence analysis is
also given when the cost function is locally Lipschitz and has bounded level sets, but not necessarily
convex. Their numerical results also show that GS algorithm works well even for functions that are
not Lipschitz.

Quasi-Newton methods have been proposed to optimize a nonconvex nonsmooth functions but
the research is still limited. Lewis and Overton [LO13] give a good overview and demonstrate
empirically that BFGS works very well for functions that are locally Lipschitz continuous with
bounded level sets. They do not give a convergence analysis. So far, most of the quasi-Newton work
has considered the Broyden family of methods, especially BFGS. The trust region with symmetric
rank-1 update has not been considered for nonsmooth optimization. Limited-memory BFGS works
well in practice in some cases [ZZA100, Skal0]. However, negative comments on its behavior can

be found in [Haa04, YVGSO08|.

Table 7.1: Glossary of Notation

k: Iteration counter. w: Sampling radius reduction factor.
xg: Current iterate. f: Optimality tolerance reduction factor.
~: Backtracking reduction factor. m: Sample size.
L: {z|f(x) < f(2)}. D: Points of differentiability.
ug;: Unit ball samples. Ty;: Sampling points.
c1: Armijo parameter. gr: Shortest approximate subgradient.
€r: Sampling radius. dy: Search direction.
v: Optimality tolerance. ti: Step length.

Optimization algorithms for problems with a partly smooth function in the Euclidean setting
are the subject of current research while problems on Riemannian manifolds have received little
consideration. RTR-SR1 does not work well for nonsmooth functions and it can stagnate in a
neighborhood where the cost function nonsmooth. The limited-memory BFGS has difficulty in the
Euclidean nonsmooth case, so we do not expect it will work well for Riemannian problems without
more careful consideration of its Euclidean behavior. In this chapter we consider RBFGS and

Riemannian GS (RGS) since their Euclidean versions of them not only work well for nonsmooth
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Algorithm 5 The gradient sampling algorithm on R"
Input: 2o € LD, v € (0,1), ¢; € (0,1), ¢¢ > 0, v9g > 0, u € (0,1], 6 € (0,1], £k = 0, and
me{n+1,n+2,.. .}

Output: Sequence of iterates xy.

1: Let ugy, ..., ugm be sampled independently and uniformly from B, where B = {z|||z| < 1} is
the closed unit ball and || - || is the 2-norm. And set

Tpo = T and T = T + €U, j = 1,...,m.
If for some j =1,...,m, the point x}; ¢ D, then STOP; otherwise, set

Gy = COHV{gI'ad f(xk0)7 gradf(:pkl)) s 7gradf(ka)}7

and go to Step 2.
2: Let gi € Gy, solve the quadratic program mingeg, [|g]/?, i.e.,

llgr|l = dist(0|G%) and gi, € Gy.

If v = ||gk|| = 0, STOP. If ||gx|| < v, set tp =0, vgr1 = Ovg, and €11 = pe, and go to Step
4; otherwise, set Vg1 = Vg, €x11 = €k, and dp = —gi/|lgx||, and go to Step 3.
3: Set
tr = max~® subject to s € {0,1,...} and f(zr +7°dr) < f(zx) — c17®|| gkl

and go to Step 4.
4: If xp + tpdy € D, set xpyq = xf + trdg, k = k+ 1, and go to Step 1. If xy + trdy ¢ D, let Ty
be any point in xp + ;B satisfying &y + tidr € D and

(&g + tedr) < f(xr) — citrllgrll,

(such an 2y, exists due to the continuity of f). Then set xx11 = xf + tpdi, k = k + 1 and go to
Step 1.
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functions but also do not require convexity.

From the per iteration complexity point of view, RBFGS has an advantage over RGS. An
expensive quadratic programming computation, is required in each iteration of RGS while RBFGS
requires it only when close to convergence (see Section 7.3.2). Additionally, RGS, in general,
requires many more gradient evaluations and vector transports in each iteration than RBFGS. We
therefore do not expect RGS to be faster than RBFGS in most cases. However, there are two
main reasons that we consider RGS. First, GS works well even for functions that are not Lipschitz
continuous (see Section 11.4.12 for RGS). Second, it has complete Euclidean convergence analysis
while BFGS does not.

In this chapter we define the Riemannian algorithms RGS and RBFGS for nonsmooth functions
on a manifold. We investigate empirically their behavior in Chapter 11. A convergence theory is
not developed here but is considered in other current research and it appears very likely that a

complete theory is possible for RGS while the likelihood for RBFGS is less clear at present.

7.2 Gradient Sampling Algorithm on a Riemannian Manifold

The proposed generalization of the gradient sampling algorithm to Riemannian manifolds is
given in Algorithm 6. There are two obvious differences from the Euclidean version. First, the
Riemannian version uses retraction and, second, a vector transport is required in Step 1.

The convergence analysis of GS on a Euclidean space has been given by Burke, Lewis and
Overton [BLOO05]. They proved that when the sampling radius e, = € is fixed and the optimality
tolerance vy is 0, iterates eventually stay in a neighborhood of a local minimum and the size of the
neighborhood is dependent on €. In addition, if ¢, and v, are not fixed, in other words, ¢, > 0,
v >0, u € (0,1) and 6 € (0,1), and iterates {xy} converge to some point Z, then with probability

1, z is a Clarke stationary point for f.

7.3 Modifications for RBFGS Algorithms

Significant modifications are required to adapt RBFGS for partly smooth functions. The two
most important are a modification to the line search algorithm to determine a step size and a

modification to the stopping criterion.
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Algorithm 6 The gradient sampling algorithm on d-dimensional Riemannian manifold
IHPUt: Tp € EnD7 € (071)7 c € (07 1)7 €0 > 07 vy > 07 Ty € (071)7 IS (07 1]7 NS (071]7 k= 07
andm e {d+1,d+2,...}.

Output: Sequence of iterates xy.

1. Let wgy,...,urm be sampled independently and uniformly from B, where By = {v|v €
Ty, M, ||v|| < 1} is the closed unit ball of tangent space of zj and || - || is the induced norm.
And set

xro = x and xp; = Ry, (epug;),j =1,...,m.

If for some j = 1,...,m, the point z;; ¢ D, then STOP; otherwise, compute
grad(f(x)) for v = 25,7 =0,...,m.

and use a vector transport to transport the gradients to T, M. Denote the transported
gradients as
Mj € Tpe(M),j =0,...,m.
set
G, = conv{ng;,j =0,...,m},

and go to Step 2.
2: Let g € Gy, solve the quadratic programming problem mingeg, [lg]/?, i-e.,

llgr|l = dist(0|G) and gy, € Gy

If ||gk|l = 0 and vy < 7,,, STOP. If ||gx|| < v, set txp =0, vgr1 = Ovg, and €1 = peg and go to
Step 4; otherwise, set v = vk, €x11 = €k, and dr = —gi/||gx||, and go to Step 3.
3: Set
tr, = max~® subject to s € {0,1,...} and f(Rs, (v°dk)) < f(zx) — c17*||gx ||

and go to Step 4.
4: If Ry, (trpdy) € D, set xp41 = Ry, (tedy), k = k+1, and go to Step 1. If R, (txdi) ¢ D, perturb
tr, and get tj, satisfying R, (tydy) € D and

f(Ray, (tedi)) < f(2r) — citrllgll,

(such an fj, exists due to the continuity of f and R). Set x4 = R, (tydy), k = k + 1 and go
to Step 1.
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7.3.1 Line Search Algorithm for Partly Smooth Function

Lewis and Overton [LO13] provide an inexact line search algorithm for nonsmooth function
optimization in a Euclidean space. They prove that the algorithm always gives a step size that
satisfies the Wolfe conditions under some reasonable assumptions. Since the line search algorithm
on a Riemannian manifold also deals with a function on R, the conclusion of the Euclidean set-
ting guaranteeing the existence of a step size satisfying the conditions is extended to Riemannian
manifolds naturally.

The line search objective function, h(t) = f(R.(tn)) — f(x), is a partly smooth function defined
on R. In order to obtain the desired result, we make the following assumption which is the same

as [LO13, Assumption 4.1].

Assumption 7.3.1. The function h : Ry — R is absolutely continuous on every bounded interval,

and bounded below. Furthermore, it satisfies

h(t)

h(0) =0 and s = limsup — < 0.
tlo 1

If f is differentiable at x, Assumption 7.3.1 is not required and s is g(grad f(x),n).

The Wolfe conditions for a partly smooth function on R are

A(t) :h(t) < c1st,

W (t) :h is differentiable at ¢ with h'(t) > cas,

where 0 < ¢; < ¢2 < 1. Notice that since the second condition requires that the selected step size
t is such that h(t) is differentiable, f is differentiable at each iterate R, (¢n). The Wolfe conditions
for the line search here can be shown to be the same as the Wolfe conditions (4.2.1) and (4.2.2)
derived earlier for Riemannian quasi-Newton line search methods such the Riemannian Broyden
family. The Algorithm 7 is the inexact line search algorithm that determine the step size under the
assumption

lig_l R (t) exists in[—o0, +00] for all £ > 0.
N
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Algorithm 7 Inexact line search for partly smooth function

1: a+0

2: B+ 40

3 t+1

4: loop

5. if A(t) fails then
6: B+t

7. else if W (t) fails then
8: a1t

9: else

10: break

11:  end if

12 if § < 400 then
13: t+ (a+pB)/2
14: else

15: t + 2«

16:  end if

17: end loop

7.3.2 Stopping Criterion of RBroyden Family Algorithms for a Partly Smooth
Function

Since the function is partly smooth, we cannot expect the norms of gradients go to zero. We need
a method to check whether a subsequence of the iterates defines a suitably small region containing
a Clarke stationarity point. There is a Euclidean space method in [LO13, Section 6.3]. Let J be
a positive integer which is greater than the dimension of the Euclidean space and let 7, and 74 be
two small positive user-specified tolerances. Define jo = 1 and Gy = {grad fo} and, for k =1,2,...

define

gk = 1, Gy, = {grad fi.} if |lzg — zp—1] > 7o,
Jk = Jk—1 +1,Gr = {grad fr—j,+1,-..,grad fi} if ||zp — 2p—1]| < 72, and jp_1 < J

gk = J, G = {grad fy_ji1,...,grad fp} if [|[op — 2p_1]| < 72, and jr_y < J.

By construction, Gy is a set of ji < J gradients evaluated at points near xj. The smallest vector

in the convex hull of the set,

dr = argmin{||d|| : d € conv Gy},
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is obtained by solving a convex quadratic program in jj variables. If dy = 0 or ||dk|| is sufficiently
small then a Clarke stationary point is in a region defined by the iterates with gradients in Gj. If
both 7, and 74 are small then this region is also small and zj is near the Clarke stationary point.

We can generalize this idea to a Riemannian manifold. The only difference, the definition of

Gy, is described here. Define jo = 1 and Gy = {grad fy} and, for k = 1,2,... and define

gk = 1,Gy = {grad f.} if dist(xg,xx_1) > 7o,
Jk = k1 + 1.Gy = {grad £, ... grad £} grad £} if dist(a, 2p_1) < 7, and Gy < J
di=J.Gp = {grad £, grad £ grad £} if dist(zy, 25_1) < 7, and jioy < J.
where grad fi(j ) = TR;; ;) grad f(x;). Note that this definition, as given, requires the repeated
transport of the gradients in the set Gy for each new xyy;. The complexity implications of this

depend upon considerations of the possibility of an intrinsic approach for vector transport and

representation of tangent vectors in a set of related tangent spaces (see Chapter 9).
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CHAPTER 8

RIEMANNIAN OPTIMIZATION AND
CONSTRAINED OPTIMIZATIONS ON
EUCLIDEAN SPACE

8.1 Introduction

Constrained optimization considers a problem of the type
min f(z), subject to z € X C R", (8.1.1)
while Riemannian optimization considers
min f(z), subject to z € M, (8.1.2)

where X is compact, M is a Riemannian manifold and R™ denotes an n-dimensional vector space
with the metric unspecified. E” denotes n-dimensional Euclidean space, i.e., n dimension vector
space with the standard Euclidean metric. The domains of (8.1.1) and (8.1.2) are different and,
very importantly, neither domain subsumes the other. Riemannian optimization is more general
in the sense that constrained optimization requires the domain to be a subset of R™, and in some
cases, such as standard nonlinear programming, the domain is characterized by specific algebraic
equality and inequality constraints, while the domain of Riemannian optimization may not be a
subset of R™. It is allowed to be a more abstract structure, e.g., a quotient or infinite dimensional
space, and even when it is a subset of R™ the choice of representation of local tangent spaces can
be chosen to algorithmic advantage. Conversely, constrained optimization is more general in the
sense that the subset X may be not a Riemannian manifold.

In this chapter, we compare the concepts and objects involved in constrained optimization on R”
with the closest form of Riemannian optimization, i.e., when M is a submanifold of R™. The chapter
is organized as follows. Section 8.2 briefly summarizes the ideas of constrained optimization on E™.
Section 8.3 shows possibilities of converting a constrained optimization problem into a Riemannian
optimization problem. Finally, Section 8.4 compares variants of the gradient projection method

with Riemannian optimization methods.
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8.2 Constrained Optimization

Constrained optimization has rich history and the discussion can be found in [Kel99, Ber03,
NWO06] and the references therein. There are many methods, i.e., feasible direction methods,
gradient projection methods, penalty methods, barrier methods and dual approaches. To compare
with Riemannian optimization, we briefly introduce the ideas of feasible direction methods, penalty
methods and barrier methods in this section. Gradient projection methods have some features that
are close in spirit to some Riemannian optimization algorithms and are discussed in Section 8.4.
Dual approaches involve identifying a dual problem for the primal problem and solving the dual or
both in an effective manner. These are not directly related to the Riemannian algorithms of this

dissertation and we therefore defer discussions of potential relationships to later work.

8.2.1 Feasible Direction Methods

A vector x € R™ is called feasible if it is in the set X'. A direction d of x is called feasible if
{xr+ad,a €0,t]} C X for some ¢t > 0. Note that the feasible direction may not exist for arbitrary
constraints, e.g., X = {x € R”\xTa: = 1}. Therefore, feasible direction methods are not applicable
to all problems. The analysis in [Ber03| requires the constrained set X’ to be convex to guarantee
that a feasible direction exists. The discussion in this section follows the requirement of convexity
of X.

A feasible direction method starts with forming a feasible iterate xg and generates a sequence
of iterates {zy} by

Tht1 = T + ody,

where d, is a feasible descent direction of x; and «y is a step size. The descent direction can be
characterized by

grad f(zx)d; < 0.

where grad f(zy) is the gradient with respect to the Euclidean metric.
A sequence of directions {dj} is called gradient related, if for any subsequence {zj}|rexc that

converges to a nonstationary point, the corresponding subsequence {dj }|xcx is bounded and satisfies

lim sup grad f(z) dy, < 0.
k—o0 ek
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Given a direction dj, the step size «y is determined by the line search algorithm associated with the
particular method. Bertsekas [Ber03, page 217] uses the limited minimization rule or the Armijo

rule as the line search algorithm.

Definition 8.2.1 (Limited minimization rule). The step size «y is chosen so that

[z + apdy) = Iél[%n} fzg + ady).

)

Definition 8.2.2 (Armijo rule). Fized scalars f € (0,1) and o € (0,1) are chosen, and we set

ap = B™k, where my, is the first nonnegative integer m for which

flar) — flzg + BMdy) > —oB™ grad f(zy)" d.

Proposition 2.2.1 [Ber03] shows that if the sequence of directions {dy} is gradient related and
ay, is chosen by the limited minimization rule or the Armijo rule, then every limit point of {x}

generated by a feasible direction method is a stationary point.

8.2.2 Barrier Methods

A point x of a set S C R" is called an interior point of S is there exists an open set U of R"
such that € U and U C S. Suppose the feasible set X is X1 N X,. Let Ay denote the set of interior
points of X5. Given any x € X3 and any 0 > 0, if there exists a & € X3 such that || —z||2 < 0, then
barrier methods can be used. In barrier methods, a function called ”barrier function” is defined to
force each iterate in the interior point set of X>. A barrier function B(z) is defined over X° such
that it is continuous and approaches infinity when = goes to Xy \ A3. Barrier methods generate a
sequence {xy} by

xR = arg ;glxnl f(x) + e B(x), (8.2.1)

where € is a given parameter and satisfies ;1 < €, € = 0. We can see by adding the barrier
function, the constraints € A is removed. If X, is the feasible set X', the problem (8.1.1) becomes
a sequence of unconstrained optimization problems. In the more typical case, the use of the barrier
function allows the removal of the constraints from explicit consideration as iterates remain in Xs.
The algorithm concentrates on enforcing explicitly the constraints enforcing membership of the
iterates in X7. Notice that since each iterate xj is an interior point of X5, barrier methods are also

called interior point methods.
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Proposition 4.1.1 [Ber03] proves that every limit point of a sequence {z} generated by a barrier
method is a global minimum of the constrained optimization problem (8.1.1).

If X5 is given by inequalities,
Xo = {z[g;j(z) <0,j =1,2,...,1},
then there are two standard barrier functions, i.e., a logarithmic function

B(z) == In(—g;(x)),
j=1

and an inverse function

The logarithmic barrier function is commonly used in many algorithms (see the descriptions in
[Kar84, NW06, Ber03]).

Finding each iterate (8.2.1) requires the solution of an optimization problem. In practice, it is
not necessary to solve it exactly. In [Ber03], a strategy of solving (8.2.1) approximately is discussed

for the linear programming problem
min ¢’ z, subject to Az = b,z > 0,

where ¢ € R", b € R™, A € R™*", Instead of solving (8.2.1) exactly, some method is applied for a

few iterations, e.g., a Newton method with one iteration.

8.2.3 Penalty Methods

Contrary to barrier methods which force each iterate into an interior point set, penalty methods
allow iterates to be outside the feasible set X. Penalty methods consider a sequence of problems
and find {z} by

zy, = arg min f(z) + cxP(2),
where ¢, is a given positive parameter and satisfies cx11 > ¢, ¢x — 00, P(x) is a penalty function
that is continuous, and satisfies the condition that P(x) > 0 and P(z) = 0 if and only if z € X.
(Note that zj is a global minimum of the problem at step k.) Similar to barrier methods, penalty
methods turn a constrained optimization problem to a sequence of unconstrained optimization

problems.
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There is no convergence proof for general penalty methods. However, the convergence analysis
can be shown under some conditions. Suppose X is given by equalities, the functions in the

equalities are differentiable and f(x) is C!, then the problem (8.1.1) becomes
min f(z), subject to h(x) =0, (8.2.2)

where h(z) : R® — R™ and h(z) € C!. Theorem 17.1 in [NWO06] proves that for the problem (8.2.2)
if the penalty function P(z) is chosen to be ||h(z)|3, then every limit point of the sequence {z} is
a global minimum of the problem (8.1.1).

If the penalty function P(z) is chosen such that it is possible to solve (8.1.1) with one single
unconstrained optimization problem, then P(z) is called an exact penalty function. For the e-
quality constrained problem (8.2.2), Bertsekas [Ber03] discusses two exact penalty functions, i.e., a

nondifferentiable penalty function

P(z) = max |hi(z)],

i=1,....m

and a differentiable penalty function
1 c
P, A) = NTh(z) + 3 [W (@) grad,, L(z, VI + 5 1h()]3,

where L(x,\) = f(z) + ATh(x), A € R™, ¢ is a positive parameter and W (x) is any continuously
differentiable m x n matrix such that the m x m matrix W (x) grad h(z) is nonsingular for all x.
Even though the choices of penalty functions above are based on equality constraints, they are

applicable also to a constraints that contains inequalities. Consider the problem
min f(x), subject to h(x) =0, and g(z) <0,

where g(z) : R® — R". It can be converted to an equality constrained problem by adding new
variables,
min f(x), subject to h(z) =0, and g;(z) + 22 =0,i=1,...,7

A popular variation of a penalty method, that can also be viewed as a dual algorithm, is the

augmented Lagrangian method where for problem (8.2.2), the iterates {xj} are generated by
c
2 = argmin f(2) + ALh(z) + F1|h(@)]3,
reX 2

where A\, € R™. Proposition 4.2.1 in [Ber03] proves that for the augmented Lagrangian method if
Ar are bounded, then every limit point of the sequence {z\} is a global minimum of the problem

(8.1.1).
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8.3 Riemannian Optimization

Riemannian optimization problems of the type considered in this chapter and Euclidean opti-
mization problems have the similarity that in both cases the cost function is independent of the
feasible set and the metric of the space. They have the obvious main difference that in the former
case the feasible set is a submanifold of R™ while in the latter it is merely a subset of R™. However,
there is a key difference that can be exploited to algorithm and computational advantage in the
Riemannian case. The Euclidean metric is global in that it does not depend on the particular
elements of the space at which it is evaluated while the Riemannian metric varies with the element
of the manifold that determines the tangent space in which the metric is to be evaluated. The
flexibility of the metric is often a key computational and analytical aspect of efficiency.

Clearly, not all feasible sets in R™ are manifolds. Nevertheless, it is possible to change non-
Riemannian manifold constraints into a Riemannian manifold constraint by substitution. Example
8.3.1 is a method to check whether an equality constrained set is a Riemannian manifold. It is a
direct consequence of Proposition 3.3.4 in [AMSO08]. Example 8.3.2 shows an idea to turn a non-
Riemannian set into a Riemannian manifold. Example 8.3.3 illustrates a possible approach to turn

an inequality constrained set to be a Riemannian unconstrained set.
Example 8.3.1. A nonempty feasible set defined by equality constraints
X ={z|h(z) =0,h(x) : R" - R™ h(x) € C*}

1s a Riemannian manifold with the endowed metric from the Fuclidean space if the Jacobian matrix

of h(z) has a constant rank for all x € h=1(0).

Example 8.3.2. A feasible set that is a simplex is specified by
n

X = {:E = (33‘1,!172... ,:En)T|ﬂj‘ 2 07Zx2 = 'r'},
i=1

where 1 is a positive constant. However, it is not a differentiable manifold. By substitution yf =
z;, i =1,...,n, we have

Y=A{y= (2 u) vl =1}

which is a sphere.
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Example 8.3.3. A feasible set defined by the upper half plane is
X = {(2,y) € B2y > 0}.

It is a compact set with an inequality constraint. Using the same idea as barrier methods, we

consider the interior points of X,
X% = {(z,y) € R’ly > 0}.

It can be shown that by imposing a metric

UIU2 + V1V

((Ul,vl)a (U2,U2)>(:c,y) = y2 )

X is a hyperbolic manifold, where (x,y) € X and (u1,v1), (u2,v2) € Ty, X°.

It should also be noted that once the manifold is specified the flexibility of the metric that
varies with the point on the manifold is accompanied by the freedom to specify the algebraic
characterization of the local tangent space, e.g., the basis used, and the characterization of the
manifold elements themselves. The approach is not restricted to the particular algebraic constraints

given by the problem only the associated geometry.

8.4 Comparison of Riemannian Optimization and Gradient
Projection Methods

Gradient projection methods project a proposed iterate Zx11 = xx + agdy onto the feasible set
X, which does not require a feasible direction or modify the cost function or change the domain.
Therefore, the features of gradient projection methods are close to those of Riemannian optimization
and we compare them in this section. Feasible direction methods require that search directions are
feasible while Riemannian optimization does not. Both barrier methods and penalty methods add
extra terms to the objective function and change the feasible set while Riemannian optimization
does not change the cost function and the domain. Therefore, we do not explicitly compare these
three kinds of methods with the Riemannian optimizations since they are significantly different.
However, some ideas from feasible direction, barrier and penalty methods appear occasionally and

naturally in the discussion of gradient projection methods and these are mentioned in this section.
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Three frameworks of gradient projection methods are considered. The first, discussed in [LY08,
Chapter 12, is for problems with domains given by nonlinear inequalities and equalities constraints,
ie., X = {x € R"|h(z) = 0,g(x) <0} where h(z) : R* — R™, g(x) : R — R" and g(z), h(z) € C3.
The second is for problems with convex domains and is discussed in [Ber03, Chapter 2]. The
third is discussed in [Kel99, Chapter 5] and is for bounds constrained problems with feasible set
X ={z eR"|L; < (x); <U;}.

8.4.1 Nonlinear Inequalities and Equalities Constraints

The framework of the gradient projection method generalizes the steepest descent method of
unconstrained optimization problems to constrained optimization problems. Luenberger and Ye
[LY08] contains a recent presentation of Luenberger’s 1972 approach to nonlinear inequalities and
equalities constraints. The basic idea is given in the following. Given a feasible iterate xj, the
active constraints can be found and we use iz(x) = 0 € R™ to denote the constraints, where the
active constraints are the constraints given by equations and m < m < m + r. A search direction
dy is obtained by projecting the negative gradient onto the subspace of R" tangent to the surface
iz(x) = 0 at x}. The search direction is not necessarily a feasible direction and a method of pulling
the proposed iterate Zx1+1 = 2k + axdy onto the surface is required.

The basic idea of the gradient projection method for nonlinear inequalities and equalities con-
straints is similar to the Riemannian steepest descent method for a submanifold of E”. If h(z) = 0
defines a Riemannian manifold My in R™ and the metric of the manifold is endowed from E™, then
the subspace of R" tangent to the surface iz(x) = 0 at o}, is T, M}, and the Riemannian gradient of
the cost function f for the manifold My, is Py grad f(xy), where P}, is the projection onto Ty, M.
Therefore, a search direction of a Riemannian steepest descent, a negative Riemannian gradient
— Py grad f(xy), is identical to the search direction dj used in the gradient projection method. A
method of pulling a proposed iterate onto the surface ﬁ(x) = (0 plays a same role as a retraction.

Luenberger and Ye [LYO08] point out two difficulties of the gradient projection method for
nonlinear inequalities and equalities constraints. The first problem is related to the variations
of active constraints when a proposed iterate is returned to the feasible set. Suppose a gradient
projection method has a proposed iterate Tp11 = xx — ap Py grad f(zy) that does not necessarily
satisfy the active constraints {z € R"|h(x) = 0}. Some method is required to pull the Z;; back to

satisfying active constraints. However, even though the new point satisfies iz(a:) = 0, it may not be
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in the feasible set X = {x € R"|h(z) = 0, g(x) < 0} since the active constraints may have changed
and more care must be taken to handle the problem.

The second problem discussed by Luenberger and Ye concerns returning to the feasible set from
points outside the set. They give a method of returning to the set that finds a feasible point 11
such that Zx11 — .41 is perpendicular to the subspace tangent to the surface il(:E) =0 at z;. The
ZTr11 may not always exist but it does when the step size «y, is sufficiently small. Therefore, it

follows that
Tp1 = Try1 + Jj (Tn)v,

for some vector v in R™, which yields
0 = M(@pt1) = h(Zp1 + J; (zp)v).
By linearizing the equation at xj, we have
0= h(Zps1 + J; (T6)v) = h(Fpy1) + Jj (@) J; (2) v

The approximation is accurate when |v|l2 and ||Zx+1 — zx|| are small. Now, we obtain the first

order approximation

™17 (=
v=—(Jy(2)J;(2)" )" W(Tp4),
Tpy1 = Frrr — Ty (@x) (J5 (@) T (@) ) T h(@rp).
In the Riemannian setting, the first problem does not exist since there is no variation of active
constraints. The second problem also does not exist for Riemannian optimization since the function,

called retraction, of pulling a proposed iterate back to the feasible set is defined in a different way.

A retraction R for a submanifold M of E" is defined to satisfy
(i) Ry(0) =z for all z € M,

(ii) delgt") =), for all z € M and all n € T, M.

The properties are sufficient to guarantee many convergence results. For a given Riemannian
manifold, there are more than one retraction (Figure 8.1 ) and the method given by Luenberger
and Ye is a particular retraction. This flexibility of retraction allows us to choose an efficient and

effective one to improve the performance.
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Figure 8.1: Since a retraction only requires local information, R,(0) = =z and
%Rx(tn)]tzo = 1), there are many retractions for a given manifold. Above figure shows 3
retractions R, Ro and R3 as examples.

When Luenberger and Ye analyze the convergence rate of the gradient projection method, they

consider a problem that has only equalities constraints
X = {x € R"|h(z) = 0, Jacobian of h(x) has a constant rank.}

which is a manifold. When defining a geodesic on X, they use the metric from the embedding
space, the Fuclidean space E”. The ”line” in the line search algorithm is the geodesic, which means
the method of returning to the feasible set is the exponential mapping. We can conclude that the
algorithm Luenberger and Ye analyze in their framework of the gradient projection method is the
Riemannian steepest descent algorithm with a retraction chosen to be the exponential mapping.
In fact, this approach is the work that motivated the notion of making Riemannian optimization

efficient by finding a replacement for the generically costly exponential mapping.

8.4.2 Convex Set Constraints

The gradient projection method based on Bertsekas [Ber03] generates a sequence of iterates

{zr} by

Tp1 = Tk + o (T — xp), (8.4.1)
where

Ty = [x), — sg grad f(zp)]",
ag € (0,1], s is a positive number and [z]" denotes arg min,cy ||z — z|]2. Convexity guarantees

the uniqueness of [z]T for all x € R™. In practice, finding argmin,cy ||z — z||2 may be expensive

and therefore X usually has a relatively simple structure such that finding [z]T is cheap.
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Either oy or si can be viewed as a step size in the update (8.4.1). If s; is some fixed number
and aj is set to be a step size, then the gradient projection method is a feasible direction method
with feasible direction dp = T — x. Note that if X is not convex, then T — x; may be not a
feasible direction. If oy is 1 and s is taken to be a step size, then the update of the gradient

projection method is

Tyt = |71 — spgrad f(zp)] T (8.4.2)

This update is working on the projection arc and is similar to Riemannian optimization since a
feasible direction is not required.
The convergence analysis of the gradient projection method is given in [Ber03]. We consider

three line search algorithms used by Bertsekas [Ber03, page 230].

Definition 8.4.1 (Limited minimization rule). sy is chosen to be a constant s and «y is chosen

so that

fop + ap(Te — ) = min  f(og + (T — 21))-
ar€[0,1]

Definition 8.4.2 (Armijo rule along the feasible direction). sy is chosen to be a constant s. Fized
scalars € (0,1) and o € (0,1) are chosen, and then oy = ™k, where my, is the first nonnegative

integer m for which
flaw) = flan+ B (@ — ar)) > —oB™ grad f(z1)" (2 — z).

Definition 8.4.3 (Armijo rule along the projection arc). ay is fized to be a unity, oy, = 1. Fized
scalars 3 > 0, B € (0,1) and o € (0,1) are chosen, and we set s = ™*§, where my, is the first

nonnegative integer m for which

flar) — f([zr — B 5 grad f(zx)] ) > o grad f(zx)” (zx — [z — 85 grad f(zx)] ).

Proposition 2.3.1 in [Ber03] shows that if the step sizes oy, are chosen by the limited minimization
rule or by the Armijo rule along the feasible direction, then every limit point of {xj} is stationary.
Proposition 2.3.2 in [Ber03] proves that if the gradient of f is Lipschitz continuous, i.e., || grad f(z)—
grad f(y)|| < L||lz—y||,Va,y € X, ay is 1, si is a constant s and 0 < s < 2/L, then every limit point
of {x1} is stationary. Proposition 2.3.3 in [Ber03] proves that if s is taken to be a constant, then

the Armijo rule along the projection arc line search algorithm stops in finite steps. Furthermore, if
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the Armijo rule along the projection arc is applied to choose s, then every limit point of {x} is
stationary.

The convergence rates of gradient projection methods are essentially the same as those of
unconstrained steepest descent methods. The local convergence rate depends on the eigenvalues of
the Hessian at the minimum.

The two most important algorithmic aspects that influence the performance difference between
gradient projection methods and Riemannian methods such as Riemannian steepest descent are
the geometric relationship of the direction vector used for the line search with the boundary of the
feasible set and the method of pulling back candidate iterates to the feasible set. If a subspace of
R™ tangent to a point x on the boundary of the convex feasible set X exists then the update in the

Riemannian steepest descent algorithm with line search is defined to be

Tpt1 = Ry, (21 — s Py, grad f(xg)), (8.4.3)

where sy, is a step size and P, (v) is the projection that projects v on to the subspace of R” tangent
to xy. Also, Py, grad f(xy) is the Riemannian gradient when the feasible set X' is a submanifold of
E™. The gradient projection method of Bertsekas projects the point xp — si grad f(zy) (once the
step size of either ay or sy is set) to the feasible set.

While the gradient projection method does not involve a space during the line search the
candidate step sizes are applied to a particular direction vector —grad f(xr). In general this
direction vector is not tangential to the boundary of X. The update formula (8.4.3) is different
from (8.4.2) since the direction vectors — grad f(z) and —P,, grad f(zj) are generically different.

The way in which the candidate iterates are pulled back to X is generically different. The
gradient projection method uses projection []* which projects to the nearest boundary point while
Riemannian optimization uses one of many possible retractions from the tangent space. The pro-
jection [-]T is a unique operation which is not always well-defined for non-convex sets. Its main
characteristic is that it finds the nearest point and the residual vector zx11 — (zx — si grad f(xy))
is perpendicular to an hyperplane that is tangent to the boundary of X at zx41. The direction
vector generically is neither perpendicular to this hyperplane nor tangent to the boundary at xy.
Additionally, when the projection is well-defined, it may still be expensive. In practice, the gra-

dient projection method is usually applied to simple feasible sets, e.g., bounds constraints. As
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discussed in Section 8.4.1, for Riemannian embedded manifolds it is usually possible to choose an
efficient and effective retraction. In practical terms, the lack of tangency in the gradient projection
method’s search direction yields a inappropriate scaling of the step size that often causes line search
procedures that require more time than the corresponding Riemannian line search procedure and
result in smaller step sizes which in turn slow convergence.

Selvan et. al. [SAGQ12] discuss the consequences of two updates (8.4.2) and (8.4.3) for the
oblique manifold when performing independent component analysis. The effects described above
were clearly observed. The search direction — grad f(x) in the gradient projection method suf-
fers from bad performance in the sense that the movement of x;.1 may be arbitrary small even
though a step size is chosen to be infinite while the search direction —FP,, grad f(z) in Riemannian
optimization does not suffer from this problem since it is the scale appropriate for the constraints.

To improve the performance based on the idea of the gradient projection method, the second
order term is considered and this gives the scaled gradient projection method [Ber03]. To derive
the scaled gradient projection method, let Hp be a positive definite matrix and y is defined as

(Hy)~Y?z. The problem (8.1.1) becomes
min iy, (y) = f((H*)7'/2y), subject to y € V), = {y|(Hx)~/*y € X}
Using the same update (8.4.1) for yi, we obtain

Yk+1 = Yk + o (Uk — Yk), (8.4.4)

where
g = lyk — sk grad f(yx)]T, (8.4.5)
[y]" denotes arg min,cy, ||z — yll2. Given the connections between x and y
x = (Hy) Py, 2 = (He) ™y,

Tk = (Hy,) VG, grad hy(yy,) = (Hy)~/? grad f(ax)

(8.4.4) can be written as

Tkt = Tk + Oék(jk — xk), (846)

where Zj, can be derived from (8.4.5) as

T = arg min (grad flz) (@ —ap) + i(:17 —xp)Hi(x — xk)> . (8.4.7)
TEX 25
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The update (8.4.6) defines the scaled gradient projection method. Hy is a second order approxi-
mation. When Hj, is chosen to be Hess f(zy), (8.4.6) is a version of constrained Newton method
[Ber03]. However, if Hess f(xy) is not positive definite, the solution of (8.4.7) may not exist.

Proposition 2.3.4 [Ber03] shows that for the scaled gradient projection method, if ay is chosen
by the limited minimization rule or by the Armijo rule along the feasible direction and there exist
positive ¢; and ¢o such that ¢;||z|? < 27 Hypz < ca/z||?, then every limit point of {z}} is stationary.
Proposition 2.3.5 [Ber03] proves that for the scaled gradient projection method, if f is C?, Hy is
chosen to be Hess f(xy), Hess f(z) is positive definite for all z € X, let z, be a local minimum of
f over X, there exists a § > 0 such that if ||xg — x.|| < 0, then {z;} generated by (8.4.6) with
ar = s = 1 for all k satisfies ||z — .|| < d for all k and z; — x.. Furthermore, ||z — x|
converges to zero superlinearly.

The update (8.4.6) shows the scaled gradient projection method is a feasible direction method.
Therefore, it is not suitable for Riemannian optimization generally since a manifold is not necessarily
a convex set and a feasible direction may not exist. If ay is chosen to be 1, then the line search step
is skipped and the method turns a nonlinear constrained optimization problem to be a sequence
of constrained quadratic problems (8.4.7). This idea sounds like a trust region method but a trust
region method builds a local quadratic model while the constrained quadratic problem (8.4.7) is
not necessarily local. More work has to be done to solve the constrained quadratic problem. When
a Riemannian optimization method makes use of a second order information, the Hessian is defined
on the tangent space. However, the scaled gradient projection method considers the Hessian on

the embedding space E™.

8.4.3 Bounds Constraints

Kelley [Kel99] discusses a gradient projection method when the feasible set is determined by
bounds constraints, i.e., X = {x € R"|L; < (z); < U;}. This feasible set is convex and the line
search algorithms of Bertsekas and their convergence analyses are applicable. However, Kelley

defines a different line search algorithm.

Definition 8.4.4 (Line search algorithm [Kel99, p. 91]). Fized scalars 5 € (0,1) and o € (0,1)

are chosen, and oy = ™k, where my, is least integer m for which
m nd m=
f(lox — 8™ grad f(ax)] ") — flax) < 5—,”\\95 — [ox — "5 grad f(z)]T 3.
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Kelley proves the existence of a step size of the line search algorithm [Kel99, Theorem 5.4.5]
and also proves that if grad f(x) is Lipschitz continuous with Lipschitz constant L, then every
limit point of the sequence {x}} generated by the gradient projection method is a stationary point
[Kel99, Theorem 5.4.6].

For bounds constraints, Kelley discusses a variation of gradient projection methods using or
approximating second order information. The variation of the gradient projection method is called

two-metric projection method [Ber03] !. The update is
w1 = [2g, — spDy grad f(zp)] ™, (8.4.8)

where Dy, is a symmetric positive definite not necessarily diagonal matrix.
An arbitrary positive definite symmetric Dj, does not guarantee descent. Nevertheless, there is

a class of matrices for Dy such that the update (8.4.8) is descent. Let e-active set A.(x) at  be
{i|L; <z(i) < Li+eor Uy —e < x(i) <U;}.

A symmetric matrix D € R™*" with element d;; is diagonal with respect to a subset of indices
Ic{1,...,n}if
dij =0Viel,j=1,...,n,j #1i.

It can be shown if Dj is symmetric positive definite and diagonal with respect to the indices
Ac(z), then the descent direction exists unless xy, is a stationary point [Kel99, Lemma 5.5.1]. The
flexibility of Dy allows it to be chosen to contain the second order information and increase the
rate of convergence as discussed below.

The projected Newton method for bounds constraints [Ber82] [Kel99, §5.5.2] uses the Hessian.

Let e-inactive set I(x) be the complement of A.(x). If S is a set of indices, define

1€ 85}

(PS(JJ))i = { 1(1)77(2'), i¢S.

The projected Newton method chooses

Dy = PAe(mk) + P[e(xk) Hess f(xk)Ple(gck) (849)
| 6y, if i € Ac(xg) or j € Ac(x);
~ | (Hess f(x))ij, otherwise.

Kelley calls this method the scaled gradient projection algorithm. However, it is not consistent with the name
used in Bertsekas’s book [Ber03]. To be consistent, we use the names in [Ber03].
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and obtains quadratic convergence [Kel99, Theorem 5.5.3].
The projected BFGS-Armijo algorithm [Kel99, §5.5.3] uses the BFGS update to approximate

the Hessian. The Dy, is given by adapting the inverse Hessian update,

T T T
SkY Yk Sy, SkSi

Dii1 = Py (s I Py oy DePray (T — , 8.4.10

wH Actor) [( y%%) Telme) Tk Le(ew) ( yh) " y%sk] ( )

where yp = Pp,(z,)(grad f(zg11) — grad f(zy)) and s = Pr_(5,)(Tr41 — x). The method is super-
linearly convergent [Kel99, Theorem 5.5.4].
The boundaries of bounds constraints feasible set are hyperplanes and the e-active set A.(zy)

indicates the hyperplane to which xj is close. The hyperplane is
{:E S Rn|l‘(l) = LZ’ if Li < l‘k(l) < LZ‘ + € and :E(j) = Uj if UZ' —e< :Ek(j) < Uz} (8.4.11)

A hyperplane in R" can be viewed as a Riemannian manifold with metric endowed from E™. The
projection onto the hyperplane is [y]" = Pr (2)(Y)+Ps,(2,) (1) and the projection onto the tangent
space is Py, (v) = P (5,)(v). Therefore, the Riemannian gradient at xj is Py, (,,)(grad f(zx)) and

the Riemannian Hessian at xj, is

TPy, (o (grad f(z)) (Tk) = Pr () Hess f(2) Pr,(z,.) (8.4.12)

where Jy(,) denotes the Jacobian of function ¢(z). We can see that the Riemannian Hessian is the
same as the second component proposed in (8.4.9). In the Riemannian setting, iterates are not
allowed to move outside the manifold, but iterates may move away from the hyperplane (8.4.11)
and still stay feasible for bound constraints. Therefore, the first component in (8.4.9) is kept which
does not use any second order information. Using the same idea, the Riemannian BFGS update
applied for the hyperplane is identical to the second component of (8.4.10).

In [Kel99, Theorem 5.5.3], Kelley shows that eventually the e-active set does not change and
proves, from a Euclidean point of view, the convergence rate under this constant e-active set
assumption. In fact, if the e-active set does not change in the two-metric gradient projection
algorithm, the Riemannian convergence analysis directly applies. From this observation, it is clear
that these methods using first or second order information are Euclidean/Riemannian hybrids that
use the fixed global endowed Euclidean metric. The flexibility of the Riemannian approach can

subsume and improve these methods.
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CHAPTER 9

GENERAL IMPLEMENTATION TECHNIQUES

9.1 Introduction

A d-dimensional manifold M often has elements that can be represented by a vector in R".

There are some common situations where this is encountered in practice:
1. M is embedded in R™ and inherits its metric from a metric on R™.

2. M is a subset of R” with a metric g, on T, M that is not necessarily a restriction of a metric

on R™ nor can it necessarily be extended to be a metric on all of R™.
3. M is a quotient of a manifold M, (which can be of either of the first two types).

4. M is a product of two or more manifolds (each of which can be any of the first three types).

In these cases, T, M, the tangent space of x, can be identified with a subspace of R"™ with
dimension d. As a result, one key implementation choice is the use of an n-dimensional or a d-
dimensional vector to represent a tangent vector. The main difference is the need for a basis of
T, M. More specifically, if £ € T, M is a n-dimensional vector a basis is not required. The
associated computations on the tangent space typically exploit some characterization of vectors in
R"™ that are tangent vectors at a point x € M. If d is not significantly smaller than n the complexity
is often not that much more than working in d dimensions explicitly.

A d-dimensional representation, u, requires that u satisfies £ = B,u where the columns of
B, € R™ 4 are a basis of T, M. Given B,, working in d dimensions directly tends to reduce the
complexity of working with linear transformations, e.g., updating a quasi-Newton Hessian approx-
imation is inexpensive. Unfortunately, retraction requires lifting the d-dimensional representation
to an n-dimensional representation which requires extra work.

The key consideration in assessing the computational viability of using a d-dimensional repre-
sentation on a particular manifold is the cost of producing and updating B, as the optimization

iteration proceeds. For example, if a function that builds basis is smooth (at least locally), i.e.,
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B : x — B, is smooth with respect to x, then the d-dimensional representation often leads to the
most efficient implementations.

This chapter is organized as follows. Sections 9.2, 9.3 and 9.4 present the implementations
based on an n-dimensional representation for the situations 1 — 4. Section 9.5 concentrates on
the d-dimensional intrinsic representation for situation 2 since adapting to the other situations is

straightforward.

9.2 A Manifold in R"

In this section, we consider a manifold M C R” where the metric g of M is not necessarily an
inherited Euclidean metric, i.e., situation 2. Implementations for situation 1 can be derived from

the results here and are presented for specific manifolds in Chapter 10.

9.2.1 Basic Properties of the Metric as a Matrix

Since M is a subset of R™, there exists a function B : M — R"*% : 2z — B, such that the B,
is a basis of T, M. From the discussion in [AMS08, page 37], we can choose B to be smooth at
least locally. Suppose B is smooth in a neighborhood Y. Using the QR decomposition for B, and
noting that QR decomposition is smooth on the set of full-rank matrices, we can obtain a smooth
orthonormal basis B, € R"*? for all z € U, [DE99)].

If n,& € T, M, then there exist u,v € R% such that n = B,u and & = B,v. Therefore, we can

define an intrinsic inner product,

9(u,v) = g(Byu, Byv) = g(n,§). (9.2.1)
If the matrix G, € R?? is defined such that
(Gm)m = ezrémej = g(eiy Ej),

where e; and e; are the ith and jth canonical basis of R?, then G, is symmetric positive definite
and satisfies

~

g(u,v) = ul' Gy, (9.2.2)

G, is the unique R%*? matrix expression of the metric with respect to the basis B,. If the s-
mooth basis B, is replaced by a smooth orthonormal basis B, then the intrinsic dimension metric

expression G, is the identity, i.e., G, = 1.
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We seek a matrix G, € R™ ™ such that the metric can be written

9(n,€) = 0" G,
This can be combined with (9.2.1) and (9.2.2), to obtain
uT' Gy = UTBngBxU.

Noting u, v are arbitrary, we have

G. = BYG,B,. (9.2.3)

(9.2.3) is a necessary and sufficient condition for a matrix G, to be a matrix expression of the

metric on T, M. Rewriting (9.2.3) as a Kronecker product, we obtain
vee(Gy) = (BT @ BT vec(G,), (9.2.4)

where ® denotes the Kronecker product. Using a property of the Kronecker product, rank:(léf ®
BT = rank(B,)rank(B,), and noting B, is full column rank, we have BT @ BI has full row rank.
In addition, BY @ BT is a short fat matrix. Hence, (9.2.4) is an underdetermined system and there
are multiple solutions G, that satisfy (9.2.3). One can choose a G, satisfying (9.2.3) and make G,
be a smooth function with respect to x € U since G, and B, are smooth. Moreover, there is a
unique smooth G, such that G, is symmetric and the columns space of G, is T, M. To this end,
let G, be written as

G, = B,MBY, (9.2.5)

where M € R®*?. When plugging (9.2.5) into (9.2.3), we have
G, =BI'B,MBIB,. (9.2.6)

Since BT B, is full rank, (9.2.6) has a unique solution, M = (BLB,) " 'G,(BTB,)~". The solution
M is symmetric and nonsingular and therefore G, is symmetric and its column space is T, M as
desired.

We must also consider the inverse of GG, in the appropriate context. If we have a basis B, then

the rank-d form in (9.2.5) leads naturally to a simple form of the usual generalized or Moore-Penrose

inverse Gl which for (9.2.5) is given by Gl = C,M _léxT , where B, = C,R, is a QR decomposition
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and M = RMRT € R4 This acts like the inverse when the vectors are restricted to T, M CR"
by removing all effects of the null space.

Form (9.2.5) is very special in the sense that it assumes that G, is a rank-d matrix. However,
we are interested in using an n x n matrix G, that satisfies the requirements of the metric g on
T, M but may have rank greater than d. We must therefore broaden the definition of the inverse
beyond G' since we must remove or ignore the effects of more than just the null space of G.

Let G;1 denote the matrix that satisfies
G.G;'B, = G;'G.B, = B,.

and therefore acts like an inverse of G, when restricted to acting on vectors in T, M.

Similarly, let G;/ 2 denote a matrix such that
BTGY2G 2B, = BTG, B, and BTGY?B, = BT (GY?)TB,, (9.2.7)
e.g., Gglc/z = CN’li/zé'g. Let G;l/z denote a matrix such that
G;Y2GY2B, = GY2G; V2B, = B,, (9.2.8)

eg., GV = G NI-1/2CT.
Ty, M

Finally, we let denote two operators are equivalent when restricted the act on T, M,

e.g., we have

Ty M Ty M

G.G' == G 'G,

Iy,

G;1/2G;/2 Tz M G}/ZG;I/Z Ty M I.

9.2.2 Operations Using n Dimensional Representation

Based on the discussion above, we have the metric defined in terms of an n-dimensional repre-

sentation

9Ny &) = Ufoix, (9.2.9)

where 1, &, € T, M are column vectors in R™ and G, € R™*™ is a matrix expression of the metric.
. is LG, such that 72€, is 0L G &,

The adjoint A} of a linear operator A, satisfies, abstractly, i.e., independently of representation,

g(nxy -A:cf:c) = g(-A:ch]xy gx)a
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which is, when using the n-dimensional representation of the tangent vectors and operators,
L GoAnls = nE (ADTGLE,, (9.2.10)

for all n,, &, € T, M. If A% = A,, then A, is called self-adjoint. Lemma 9.2.1 gives necessary and

sufficient conditions for A, to be self-adjoint.

Lemma 9.2.1. A d-dimensional manifold M is a subset of R™. Then a linear operator A, on
T, M is self-adjoint if and only if BZAmBm = B;,FGxAmb is symmetric, where G, € R™*™ denotes
a matriz expression of the metric in T, M, B, € R™*4 denotes an orthonormal basis of T, M and

B’ € R¥™" is the matriz BI'G,.

Proof. First, suppose A, is self-adjoint. For any 7,,&, € T, M, there exist d-dimensional vectors

u, v such that n, = Byu and &, = B,v. Therefore, (9.2.10) implies
uw' BTG, A,Byv = u'BEATG, B,w. (9.2.11)
Since (9.2.10) holds for all 1, and &, (9.2.11) holds for arbitrary v and v. Therefore, we obtain
By Gy AsBy = By A{ G B,

which means B! G,A,B, is symmetric.
Conversely, if BI'G,A,B, = BI ATG,B,, then by reversing the steps A, is shown to be self-
adjoint. H

A vector transport, T, can be represented as an n X n matrix and we are particularly interested
in the representation of isometric vector transports. Lemma 9.2.2 gives the necessary and sufficient

conditions.

Lemma 9.2.2. A d-dimensional manifold M is a subset of R™. Then a vector transport T €
R Tp M — Ty M is isometric if and only if BZ%xBx = ByTGyTxBx is an orthonormal
matriz, where G, G, € R"*" denote a matriz expression of the metric in T, M, T, M respectively,

B,,B, ¢ R"*? denote an orthonormal basis of T, M, T, M respectively.

Proof. If T is isometric, then from its definition (1.2.1), we have

ZEZGZ/’EMCSE = ngny
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for all &, € T, M. Noting that there exist u,v € R? such that ¢, = Byu and (, = B,v, we have
uTBgf;fGyTzBmv = uTB;FGxBxU,
for all u,v € R?. Therefore, it follows that
BIT.LGy Ty, By = B G B,.

Since B, is an orthonormal basis with respect to the metric G, we have Bl G, B, = BZBm =1;.
Hence, we know

BIT.LGyTy, Be = I, (9.2.12)

which shows that 7, B, is also an orthonormal basis of T,y M. Therefore, there exists an orthonor-

mal matrix O € R?*? such that T,, B, = B,O. Substituting this into (9.2.12), we have
O"BlG,T,, B, = I,.

Therefore, ByT GyT,. By = O is an orthonormal matrix.
Conversely, suppose ByT GyT,, Bz is an orthonormal matrix. Note that 7, B, € T, M. There
exists a matrix O € R¥? such that 7,, B, = B,O. Therefore, it follows that

Bl GyT,,B: = B, G,B,0. (9.2.13)

Since By is an orthonormal basis with respect to the metric G,, we have Bsz = B;F GyBy = 1;.

Therefore, by (9.2.13) and assumption, we obtain O is orthonormal. Therefore, we know
BIT. Gy Ty By = 00O =1,

which is the same as (9.2.12). By reversing the previous steps, we obtain 7 is isometric. O

9.2.3 Construction of Isometric Vector Transports

A vector transport is a map from one tangent space to another tangent space. In our framework,
it can be represented by an n by n matrix. Qi [Qill] discussed what kinds of functions give vector

transports. She gives the following definition.
Definition 9.2.1. A subspace matching function is a smooth (partial) function
¢: Gr(d,n) x Gr(d,n) — L(R",R"),

where Gr(d,n) is Grassmann manifold, i.e., all d-dimensional subspaces of R™, L(R™,R"™) denotes

the set of all linear maps from R™ into itself, with the following conditions:
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1. The domain of £, denoted by dom({), contains a neighborhood of the diagonal Agyan)y =
{(X,X): X € Gr(d,n)}.

2. UX, V)X CY
3. 0(X, V)X, = {0}

4. (Consistency) L(X,X)|x =idy, for all X € Gr(d,n).

If moreover €(X,Y)|x is an isometry for all (X,)) € dom(¢), where the metric is the one induced

from the canonical metric in R™, then we say that £ is isometric. We say that £ is isotropic if
(UX,UY) =ULX,V)UT
for all U € Oy,; in this case,  is fully determined by specifying ¢(col(Iy q),Y) for all Y € Gr(d,n).

Qi proves that 7 defined by 7, = (Ty M, T, ) M)E, is a vector transport. Both the
RBroyden family and RTR-SR1 require the vector transport to be isometric. In this section,
methods of constructing isometric vector transports when M is a subset of R™ are discussed.

Since given two points x and y in M, two tangent spaces T; M and T, M are d-dimensional
subspaces of R", the first choice for the isometric vector transport 7 from x to y is the direct
rotation [DK70, Def. 3.1] from T, M to T, M, restricted to act on T, M. The direct rotation
exists and is unique in the acute case, i.e., when all canonical angles between the subspaces are
acute, which is assumed throughout. The acute case is guaranteed if x is sufficiently close to y.

We consider the implementation of the direct rotation vector transport for case where the
matrix G, of g.(-,-) is identity for = € M. Let B, and B, be orthonormal bases of T, M and
Ty, M respectively. Hence B, and B, can be viewed as n by d matrices and BB, = Bg B, = 1;.

The direct rotation vector transport from x to y is given by
T = B,U! BY, (9.2.14)

where B! B, = UpF, is the unique polar decomposition; this can be deduced, e.g., from the consid-
erations in [QZL05, §2].

Since the matrix expression, G, of the metric g.(-,-) is the identity when restricted to action
on T, M for z € M, we can extend the GG, and define it to be I,,. We then can extent the

definition of a normal space for an embedded manifold (situation 1) to situation 2 considered in
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this section, i.e., N, M at z € M is defined to be {v € R"|g.(v,n,) = v'n, = 0,for all 5, € T, M}.
If the codimension, n — d, is sufficiently smaller than the dimension, d, and if, moreover, an
orthonormal basis N, of the normal space N, M, z € M, is readily available, then the following
reformulation of (9.2.14) becomes computationally advantageous. Observe that any n € T, M
can be decomposed into a component 77 in T, M NTy M and 7y in T, M & (T, MNTyM) :=
T, MN(Ty MNTy, M), . It can be deduced from [QZL05, §2] that the direct rotation from T, M to
Ty, M applied to n € T, M amounts to keeping 7; invariant and applying to 72 the direct rotation
from T, M & (T, MNTy M) to TyMe (T, MNT, M). Since (T, MNTy, M), = N, M&N,M
and T, M = (N;M) |, one finds that a spanning set of their intersection T, M © (T, M N Ty M)
is given by (I — N,NDI) [Nx Ny], ie., by (I — N;,NI)N,. Hence, an orthonormal basis @, of
T, Mo (T, MN T, M) is obtained by orthonormalizing (I — N,NI)N,, and likewise with = and

y interchanged. Consequently, the direct rotation vector transport 7 (9.2.14) is equivalent to

T = (I, — Q:Q7) + Q,U; Q7 (9.2.15)

where Qny = U,P, is the unique polar decomposition. Of course, the implementation of the
(I, — Q-QT) must be considered carefully from the numerical point of view, i.e., sum of products

vs product of sums, depending on how orthogonal the elements of the basis are guaranteed to be.
Lemma 9.2.3. The vector transports (9.2.14) and (9.2.15) are equivalent when BI By, is invertible.

Proof. Suppose the dimension of T, M NTy M is d.. Since T, M can be decomposed into two
perpendicular spaces T, M NTy M and T, M © (T, M N Ty M), similarly for T, M, we know
there exist orthonormal matrices O, and O, such that the first d. columns of B, = B0, and
By = B0, are an orthonormal basis Bdc of T, MNTy, M and the last d — d. columns of B, and
By are (), and (@), respectively.

Note the structures of B, and By, we have

I I 0
T . de
BxBy‘( 0 Qf%)‘

Therefore, the polar decomposition gives
~ 7~ 1, 0 I 0
TH _ de de
wa = (% 5,) (% 5)
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In addition, we also have an another expression of the polar decomposition,
Bl B, = 0] U,P,0, = O] U,0,0] P,0,.

B{ By is invertible since Bg B, is invertible. Therefore, the polar decomposition is unique. We

T _( 1s, O
-5 &)

obtain

The vector transport (9.2.14) can be formulated into
T _ BT 5T 5 dd. 0\ a7
T = B,UyB, = B,0,U,0,B, = B, OC U B;
q
= Ba. By, + QyUq Qz,

which is equivalent to (I, — Q.QL) + QyUng. O

G, restricted to T, M is not always identity. If not, we can choose a smooth function G : x — G,
such that G, satisfies (9.2.3). GY/2: 2 G%/? denotes a smooth function such that G/2 satisfies
(9.2.7). GY2 . 2 G2 '/? denotes a smooth function such that G—1/2 satisfies (9.2.8). Let
B, and B,, be orthonormal bases of T, M and T, M respectively. Hence B, and B, satisfy
B;:Bx = BngBx = I; and Bsz = BgGyBy — I;. We can make substitutions B, = Gglc/sz and
B, = G;/sz. The direct rotation vector transport (9.2.14) is

T:ByUbTBg7

where Bg By = Br G;/ ZG;/ 2By = UyP, is the unique polar decomposition. This is a vector
transport under B, and By. In order to make it consistent with the original basis B, and B,, we

obtain a vector transport

T =G, "?B,U B G}/?,
Ty M

B,UL B, (9.2.16)

where BI Gglc/ 2G;/ 2By = Uy P, is the unique polar decomposition. The operator (9.2.16) is called a
vector transport by direct rotation based on the tangent space.
As when GG, was the identity, if G, is a symmetric positive definite matrix, then we can broaden

the definition of a normal space, i.e., N, M at z € M is defined to be {v € R"|g.(v,1.) = vT G.n. =
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0,for all n, € T, M}. N, is an orthonormal basis of N, M with respect to the metric defined by
G.. Let N, denote Gi/ 2Nz. Note Gi/ 2 in N,is the usual Euclidean operator definition of the
matrix square root decomposition for G, that satisfies G1/2GY/2 = G and (G1/2)T =GY2. N,is an
orthonormal basis with respect to the metric defined by I,,. By using an idea similar to (9.2.14),

we obtain a formulation of (9.2.16)
T =G, Y2 (I, — Q.QF + Q,UJ Q)G (9.2.17)

where Qng = U, P, is the unique polar decomposition, Q, = orth((Z, — ]\foNxT)]\ny), likewise @,
with  and y interchanged and orth(A) denotes orthonormalizing A. The operator (9.2.17) is called
a vector transport by direct rotation based on normal space.
The vector transport (9.2.16) needs Gglc/2 and G;/z that might be expensive. We can use an
alternative form related to (9.2.16)
T =B,Ul'B, (9.2.18)

where U is from a polar decomposition of B;By = U,P, or (BZBQD)T = P,U,. We also called
(9.2.18) a vector transport by direct rotation based on tangent space. The alternative (9.2.18)
has computation advantages. In some cases, (9.2.18) is equivalent to (9.2.16), e.g., G, = I,,, for
all z € M. However, the vector transport (9.2.17) does not have an alternative form in general.
The idea of (9.2.17) is to keep the component in T, M NT, M and transport the component in
T, M to T, M isometrically. However, since G, and G, are different in general, the component in
T, M NT, M with the metric G, does not have same length as the that with the metric G,.
The vector transports defined by (9.2.17), (9.2.18) do not require the basis functions B, and
N, respectively, to be smooth with respect to x. If smoothness is imposed, i.e., B : x — B, and
N :xz — N, are smooth functions to build a basis of T, M and N, M, then we have simpler forms

of isometric vector transports,

T = B,B,, (9.2.19)
T =G, Y21, — Q.QF — Q,QF)GY?, (9.2.20)

where @, and @, are the same as defined in (9.2.17). As with (9.2.17), (9.2.20) requires G, to
be a symmetric positive definite matrix. The operator (9.2.19) is called a vector transport by

parallelization and (9.2.20) is called a vector transport by rigging. It is not difficult to verify
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(9.2.19) is isometric and satisfies the conditions of definition 9.2.1. It is also easy to verify (9.2.20)
except smoothness. When z approaches to y, N, approaches to N,, but the matrix ), does not

approach matrix ). This can be seen by considering the expressions
Q. = orth((I,, — N;NI)N,) and Q, = orth((I,, — NyNJ)Nx)

Since N;{ Ny and ]\7?;f N, both approach the identity, we have that (), approaches —Q,. This is the
reason that —Q,QL appears in (9.2.20) rather than Q,QZ. Even though the continuity of (9.2.20)
is shown, whether it is smooth is still an open question.

If d < n—d, then (9.2.18) and (9.2.19) are preferred computationally. Likewise, if d > n — d,
then (9.2.17) and (9.2.20) are preferred. If d is not too different from n — d, then (9.2.17) and
(9.2.20) are more expensive due to computation of ”orth”. Forms (9.2.17) and (9.2.20) potentially
suffer more from numerical errors than (9.2.18) and (9.2.19). Forms (9.2.17) and (9.2.18) do not
need the function that builds the bases to be smooth but (9.2.19) and (9.2.20) do. As a result,
(9.2.17) and (9.2.18) are more expensive.

We have considered situation 2 in detail. Note that situation 1 is a simple special case and all

of the forms above are easily adapted.

9.3 Quotient Manifold of a Manifold in R"

9.3.1 General Discussion

A detailed discussion of quotient manifold concepts is in [AMS08]. An element z in a quotient

manifold, M, represents an equivalent class [Z] in the total space M, i.e.,
2] = {y € M|y~ z},
where ~ denotes an equivalence relation, i.e., a relation that is
1. reflexive: = ~ z for all z € M,

2. symmetric: z ~ y if and only if y ~ z for all z,y € M,

3. transitive: if z ~y and y ~ z then = ~ z for all z,y, 2z € M.

An alternative way to interpret an equivalent class [Z] is to use a group ® and its action on M.

This interpretation is used in this section.
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Definition 9.3.1 (Group). A group & is a set having an associative binary operation, denoted by

-, such that:
1. there is an element e in & such thate-h=h-e=h for all h € &,

2. for every h € &, there exists a unique k such that h-k=Fk-h=e.
e is called the identity element of & and k is called the inverse of h, denoted by h™".

Definition 9.3.2 (Group action). & is a group and X is a set. A group action of & on X is a
function

&xX =X, (h,z) > hex

that satisfies
1. Associativity: (h-k)ex =he(kex) and

2. Identity: eex = x for all x € X.

The equivalent class [Z] therefore can be written as
[Z] ={heZ|lh e &}

and represents the notion of invariance under the group action, i.e., two elements that are related

by an application of a group member are equivalent. The quotient space is
M=M/)~=M/& ={[z] : T € M}.

The necessary and sufficient conditions for the quotient space to be a quotient manifold, not nec-
essarily a Riemannian manifold, are given by [AMS08, Proposition 3.4.2]. If M is a Riemannian
manifold and M is a manifold, then a necessary and sufficient condition for M to have a metric

endowed from M is that the action of & is isometry, i.e.,
dist(z,y) = dist(h e Z, h @ §),

where h € &.

The tangent space of x in a quotient manifold is an abstract concept and is difficult to work
on directly. To overcome this difficulty, first of all, the horizontal distribution, H, is defined
(see [AMSO08, Section 3.5.8]). The mapping H assigns a subspace Hz of Tz M to each element
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7 € [Z] = . The subspace Hj is called the horizontal space at z and satisfies Hz ® Vi = Tz M.
The subspace Vz = Tz[Z] is called the vertical space at z. Let 7 : M — M : T +— 2 = [Z] denote
the canonical projection. There exists a unique vector ny, € Hz such that D 7w(z)[n,] = 1, and 1y,
is called a horizontal lift of 7, at . Horizontal spaces are used instead of the tangent space when
implementing the algorithms discussed in this dissertation.

If z1,Z, are representations of a single element z € M, ny, and 74, are horizontal lifts of

1. € T, M at 1 and Zg, then the relationship between Mz, and My is

D7(z1) [, ] = D7(Z2) [, |- (9.3.1)

However (9.3.1) is general but abstract and difficult to use in practice. Theorem 9.3.1 gives a

specific way to compute the relationship.

Theorem 9.3.1. & is a group and has a group action & x N' — N where N C R™. For any h € &,
h:N — N :Z+ heZ is a differentiable function.
(i) Suppose N is R™. If r(t) is a smooth curve on N and r(0) = Z, %T(i)‘t:() = &, Ehez =
%(h o 7(t))|t=0, where h € &, then
Ehez = Jn(T)&z,
where Jp, is the Jacobian of h.

(ii) Suppose N is a manifold, denoted by M, r(t) is a smooth curve on M, r(0) = Z, and
%r(t)h:o =& € Tz M. Let Epez denote the %(h e 1(t))|t=0, where h € &. Then

ghoa’c € Thog’cM (932)
Ehez = Jn(T)Ez, (9.3.3)

(iii) Suppose N is a manifold, denoted by M, and M is a Riemannian manifold with a metric g
that is mot necessarily a Euclidean metric. If the action of ® is isometric with respect to the

metric, then
£:Ganz = & In(Z)T Ghez Jn(Z)nz.
for all &z,nz € Tz M, where Gz is a matriz expression of the metric at T. Moreover, if Gz is

symmetric positive definite in a neighborhood U of T, where U is an open set in R™, and the

action of & is isometric in U, then
Gz = Jn(2)" GhesJn(T), (9.3.4)

where he T € U.
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(iv) Suppose N is a manifold, denoted by M, M is a Riemannian manifold with a metric g which
is not necessarily a Fuclidean metric, and the action of & is isometric with respect to the
metric. If M = M/® is a Riemannian quotient manifold with metric endowed from M, then

the relationship between two horizontal lifts Mz, ond Ny, of nx at Ty and Ty is
ey = Jn(T1) 1,
where h satisfies To = h ® T1.

Proof. (i): We have

Gz = (00 (]imo = Jn(r(0) 5 (Oli=0 = Jo (@)

(ii): (9.3.3) is a consequence of (i). Since h is defined from M to M, her(t) is also a curve on
M. Therefore, %(h e 7(t))]i=0 is a tangent vector on Tjep(0) M, which is £pez € Thez M.

(iii): Since h is isometric, we know it preserves the distance, i.e,

| igr@nde = [ 15 e o)

where 7(t) is a smooth curve on M. Taking the derivative with respect to s for both sides yields

I (5)] = I (h o ()|

Setting s = 0, we have

d d
IO = Il (h o 7(0))]].
which is
1Gz 1l = [ICrezl,

where (z = %T‘(O) and Chez = %(h e r(t)). Using (ii) and noting (z can be an arbitrary tangent
vector in Tz M, we have
1G]l = [1Tn(T)Czll,
for all ¢z € Tz M. Therefore, for any &z,nz € Tz M, we have
1€z + nzll = [|Jn(Z) (&2 + nz)ll,
which yields

9(&z,nz) = 9(Jn(Z), Jn(T)nz). (9.3.5)
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Using a matrix expression for the metric, we obtain
&2 Gz = & In(Z)" Ghoz Jn(Z)ns-

Moreover, if h is isometric in an open set of R” and Z is in the open set, then we can choose r(t)
such that r(0) = z and %r(t)]t:o is an arbitrary vector in R". Therefore, £z and 7z are arbitrary
vectors in R™. We obtain

Gz = Jn(Z) Ghezdn(Z).

(iv): Since ny, is in Hz,, there exists a smooth path r(t) such that r(0) = z;, 7(0) = Mz, and

L1

9z, €z,) = 0 for all &, € Tz, [71]. Let (z, denote 4 (her(t))|i=o. By (ii), we have
sz = Jh(jl)’r/%l .
We next show (3, € Hz, and (3, is the horizontal lift of n, at . Therefore, we can obtain
Ci‘z = Mz,
First, for any &z, € Vs, , there exists a path r,(t) C [Z1] such that r,(0) = Z; and 7,(0) = &z,.

Due to the definition of [Z;], we know h e r,(¢) is in V. Therefore, &z,, the derivative of h e 1, (t) at

0, is in Vz,. Since &z, can be arbitrary, we have

9(5522 ) sz) = g(é.hti‘l ) (hoil )

= g(&z,, (s, ) (since the inner product is preserved by (9.3.5))
=0, (Since g:ﬁ € V:E1 and Cf1 € Hfl )
for all &z, € Tz, V. Therefore, we obtain (z, € Hz,.

Second, let f be a smooth function defined on a neighborhood of [Z1]. To show (z, is a horizontal

lift of 7, at T2, we need to show (9.3.1) which is equivalent to

Dn(z1)lm,, 1f = D7(Z2)[Cz.]f-

Let f denote f om. We need to show

& Fr()limo = - F(h o r(1)) o

This holds since f(r(t)) = f(her(t)). O

Note that the statement for the Grassmann manifold in [AMS08, Proposition 3.6.1] is a conse-

quence of (iv) of Theorem 9.3.1.
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9.3.2 Operations Using n Dimensional Representation

In this section we consider a total space that is also a manifold M C R™. The metric of M is
not necessarily a Euclidean metric. Let Gz denote a matrix expression of the metric at z € M.
Since the assumptions of M are identical to those in Section 9.2, the results of Section 9.2 can be
applied.

The metric is

where 1;,&; € To M, n1,,&, € Hz and Gz € R™™ is a matrix expression of the metric at . The
relationship between matrix expressions at different representations is given by (iii) of Theorem
9.3.1. 772 at T is represented by 77?5 = 77%; Gz such that n’.¢, at 7 is 77?55% = U{ZGQ—@TQ. A, a linear
operator on T, M, at Z is denoted by A;,. The relationship between A4, and Ay, ,_ is

\ Hz _
,Jh(a;) —_— Jh(az)AT,. (936)
By definition, the adjoint A’ of linear operator A, satisfies

Considering the representation of = at Z, we obtain that the adjoint linear operator A} at = satisfies
T T T

for all ny,,&, € Hz. Similar to the proof of Lemma 9.2.1, A is self-adjoint if and only if
B%; Gz A4, By, which is B%-AT@ By, is a symmetric matrix, where the columns of B, € R"*¢
are horizontal lifts of columns of an orthonormal basis B, at T.

Let Z,§ € M be representations of =,y € M respectively. A vector transport 7 from z to
y can be represented by an n by n matrix 7;%’5) such that 7;%’5) : Hz — Hjy, where nq, is the
horizontal lift of n, at Z and 7, satisfies R,(n,) = y. Using the idea of the proof of Lemma 9.2.2,
we have that a vector transport is isometric if and only if B%Fg Ggﬂﬁi’g) By, which is B#g n(i’g)BTf’
is an orthonormal matrix, where the columns of By, and Bj, are horizontal lifts of columns of

orthonormal basis B, and B, at  and y respectively.
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9.3.3 Construction of Isometric Vector Transports

A vector transport of M can be used to define a vector transport of M. T is a vector transport
of M with an associated retraction R. If T is to induce a vector transport of M then it must

satisfy some conditions. First, the associated retraction R must satisfy

h e Rz (nTi) = Rh'f (nThoi)7 (937)

for all h € &, all Z € M and all n, € Hz where h € &. Equation (9.3.7) means that when different
representations and the corresponding horizontal lifts are chosen, the retracted elements must be
able to represent a single element in M. Equation (9.3.7) is a necessary and sufficient condition

for a retraction of M to define a retraction of M by

Ry(ns) = [Ra(m.)] (9.3.8)

where Z is a representation of x, 1y, is a horizontal lift of 7, at z.

Second, the vector transport 7 must satisfy also

oy, 61e € Hy (9.3.9)
77:77”}“551%-5 € Hil,og (9310)
Ttz Etnes = T (@) (T, &12), (9.3.11)

for all ny,,&, € Hz, all h € &, where § = Rz(ny,). Equation (9.3.11) means that when different
horizontal lifts are chosen, the transported tangent vectors of M must be horizontal lifts of a single
tangent vector of M. Equations (9.3.7), (9.3.9), (9.3.10) and (9.3.11) are necessary and sufficient

conditions for a vector transport of M to define a vector transport of M by
Tnabe = Gy (9.3.12)

where y = R,(n;), the horizontal lift of ¢, € Ty M at Rz(ny,) is 777% &+,, T is a representation of
x, m, and &, are horizontal lifts of 7, and &, at .

Next, we discuss the modification of vector transports of M based on the idea in Section 9.2.3
to make them define vector transports of M. Since all the vector transports in Section 9.2.3 can be
associated with any retraction, the choice of retraction has nothing with designing vector transport.

Therefore, we assume (9.3.7) holds.
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Let B : £ — Bz denote a function that builds an orthonormal basis of Hz and let C : & — C;
denote a smooth function that builds an orthonormal basis of Vz. We have the following four

isometric vector transports of M from using the idea in Section 9.2.3 but restricted to the Horizontal

spaces,
T = ByU/ B + CyCs, (9.3.13)
T =G Y21, — Q:QF + Q,UTQTGY? + ¢, (9.3.14)
-y n T yYq Yz T A 0.
T = ByB; + CyC3, (9.3.15)
T =Gy V2 (1 - @:QT - QuQ1)GY* + ¢y, (9.3.16)

where G : Z — (3 is a smooth function and in addition, G, is symmetric positive definite for
(9.3.14) and (9.3.16), Uy is from a polar decomposition of B%Bg = UyP, or (B%BE)T = PU,,
QYQy = U, P, is the unique polar decomposition, Qz = orth((I — N@NQ)NQ), N; = Gi—cmN@ (as in
(9.2.17), Gé/ ? is the usual Euclidean operator definition of the matrix square root decomposition for
Gz) , N : Z+— Nj is a function that builds an orthonormal basis of (Hz), = {v € R"vT Gzmy, =
0 for all m, € Hz}, likewise Q5 with  and y interchanged and orth(A) denotes orthonormalizing
A. Functions, N : T — Nz and B : Z — Bj;_, are not necessarily smooth for (9.3.13) and (9.3.14),
but are required to be smooth for (9.3.15) and (9.3.16).

When the actions of (9.3.13), (9.3.14), (9.3.15) and (9.3.16) are restricted on #Hz, all of them
satisfy (9.3.9) and (9.3.10). In addition, the last term CyC2 is zero. Therefore, they reduce to the

following four mappings

7: = BgUbTB%v
T =G, "2 (1, — Q:QL + QUr Q)G
T: B??B?c’

T =Gy (1, - Q:QF - Q;Q1)GY*.

Unfortunately, the four mappings do not satisfy (9.3.11) in general. Lemma 9.3.1 provides sufficient

conditions for them to define vector transports of M.

Lemma 9.3.1. Suppose the retractions associated with (9.3.17), (9.3.18), (9.3.19) and (9.3.20)
satisfy (9.3.7) with h = h.
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(i) If (9.3.4) holds for all h € & and Jy,(z) is independent of T for allZ € M and all h € &, i.e.,
Jn(Z) = Jp(y) for all Z,5 € M and all h € &, then (9.3.17) defines an vector transport of M
by (9.3.12).

(i1) If (9.3.4) holds for all h € & and G;L/.2J (2)Gz Y2 s independent of T for all ¥ € M and all

he®,ie. Gh/.x,] (z )G_1/2 —G}IL/.ZJ ()G 172 for all z,5 € M and all h € &, then (9.3.18)

Y
defines an vector transport of M by (9.3.12).

(iii) If the function B : T — By, satisfies Ju(Z)Bt, = Bihez for all T € M and all h € &, then
(9.3.19) defines an vector transport of M by (9.3.12).

(iv) If (9.3.4) holds for all h € &, G1/2 Jh(’)G_l/2 is independent of T for all @ € M and all

h € @, G;L/.iJ (z )G_1/2 = G}L@J (¥)Gy lemls for all z,57 € M and all h € & and the

functwn N : Z — Nj satisfies J,(Z)Nz = Nh.x for allz € M and all h € &, then (9.3.20)
defines an vector transport of M by (9.3.12).

Proof. (i): Let B : x +— B, be a smooth function that builds a basis of T, M. We choose By, such
that the columns of By, are the horizontal lifts of B, at Z. We consider the first choice of Uy, i.e.,
from the polar decomposition of B& By, = UpPy,. The derivation of second choice of Uy is similar

and we do not include it. We have

B'I;hoiBThog = B%;uiGh.fBTh'ﬂ
= B%C,cJh(a’:)TGh.gth(g)BTZ7 (by (iv) of Theorem 9.3.1)
= B%; Jh(a’;)TGh.gth(QE)BTZ7 (by assumption)
= B%; Gz By, (by assumption)

_ b
- BTiBTzJ’

which implies that U from polar decomposition of BT BT,", is the same as U from polar decom-

position of BE By, Therefore, it follows that

7_;]Thoa? é./l\h'i = BThCQ UbB/T\h.i é./l\hoi
= Jn(y)By, UbBTz In(@)'Gy,.. Jn(2)&, (by (iv) of Theorem 9.3.1)

= Jn(y)By, UbBTi Gz&p, (by (iii) of Theorem 9.3.1)

= Jn(@)(Tar, 612);
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which is the desired result. Moreover, noting that (9.3.17) is independent of the choice of the bases
of Hz and Hy, Bz need not be the horizontal lifts of B,. The only requirement for Bj is that it is
an orthonormal basis of Hjz.

(ii): Let B :  — B, be a smooth function that builds a basis of T, M. We choose B;_ such
that the columns of By, are the horizontal lifts of B, at z. Noting that (9.3.18) is equivalent to

7_- =B (e UbT Bl%a‘c’
where Uy is from the polar decomposition, B%Fi Gu,lz,/ 2G?§/ 2BTg = Uy P,. We have

13%‘ 7(;1/%(;1/2

hez — heZ " hey

By,., = BL W (2)TG) LGy

hez h.th@)BTg (by (iv) of Theorem 9.3.1)

1/2 ~—1/2 _ 1/2 ~1/2 _ —1/2 ~1/2
= BLGY G P (@) GG I (5)Gy PGy By,

= BLGY*G; P (@) GG

heZ ~ heZT

Jh(f)Ggl/zG;mBTQ (by assumption)

= BL GY*GYBy,, (by (9.3.4))

which implies that U, from polar decomposition of BTh.i G}L/.EG;L/.?;BM.@ is the same as U, from
polar decomposition of B%; Gglz,/ 2G117/ 2BTg- Result (ii) follows by using the idea in the proof of (i).

(iii): We have

T b

%Th'i gThoi = BTh.gBTh.i.gTh.i-
= Jh(g)BTngJh(f)TGTh.@ Jn(Z)éz (by (iv) of Theorem 9.3.1)
= Jh(g)BTngGf& (by (iii) of Theorem 9.3.1)

= Jh(g) (7_;7% ST:E )7

which gives the desired result.
(iv): By (9.3.4), we have
Gz = Jh(ﬂ_j)TGh.th(ﬂ_j).

It follows that

I, = G2 (@) GYAGY 1 ()G

heZ " hex

=GR (@G )G L (@) G,

heZT T heZ T
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which means that G}ll/é Jn(Z)Gy /2 is an orthonormal matrix for all z € M. We have

([n - Nhong;f)Nhog
= (In — G\ 2 Nnaa Nz G2 ) Gt Niag

= (I, — Gl/z_Jh(E)N@NETJ;L(E)TG}LC?E)GU%J;L@)N@ (by assumption)

heZx hey
= (I - G2 I (@)G; PG N NE G2 G P (2)T G2 G2 e () Gy P Gy N
= G}L{;Jh(a’;)Gglﬂ(In — G;/2N@NQ-DTG;/2)G;/2NQ (by assumption and (9.3.4))
= G2 I (2)G5 (I, — NzNT)N;.

Similarly, we have

([n - Nh.gN},{.g)Nh.f - G1/2 Jh(.ﬁi’)G%l/2(In - NgNg)Nj

heZT

Using the two equations above and noting that Oy = G,ll/éJh(:Z")G; /2 is an orthonormal matrix,
we have

Qhez = OnQz

Qhey = OnQy.

We have also that

TropsEtnes = Grog (I = QnezQbaz — QnegQis) G261
= G’ (In — Qres@Fas — QnegQhez) ChleEitns
= Gl (L — 04QzQY O] — 04Q;QLOT)G)2 T ()¢t (by (iv) of Theorem 9.3.1)
= Gl O(I, — Q:QT — Q,QD)OF G2 Tn(@)ey,
= G PG 2 )Gy P (I — QaQT — Q1) G5 P ()T GG I (@)Ey,
= ()G (I — QsQL — QuQY)G7 2 I (2)T Gz Jn(7)6s,
= I(@)Gy P (I — QaQY — QuQT)GY ¢y, (by (9.3.4))
= (@) Ty, é12)

which is the desired result. O

Another method to satisfy (9.3.11) is to fix a representation when an equivalence class is given.

First of all, we define a section of a quotient manifold.
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Definition 9.3.3. M is a quotient manifold with the total manifold M. S C M is called a section
of the quotient manifold M if it satisfies

(i) S is a submanifold of M;
(ii) S intersects each equivalence class at most once.

If § intersects every equivalence class once, then S is called a global section of M, otherwise, it is

called a local section of M.

If a section S of the quotient manifold M is known, then a vector transport 7 of M with

associated retraction R can define a vector transport 7 of M by

7:71593 = Cya

where y = R;(n;), the horizontal lift of ¢, at Rz(ny,) is 7_;% &, and T € S.

9.4 Product of Manifolds

9.4.1 General Discussion

A product of manifolds is a manifold and is denoted by M = My x My X - -+ X M, where M;
is a manifold. In this section, we assume M; is a d;-dimensional manifold that can be represented
by n;-dimensional vector. The dimension of the manifold M is d = ", d;. The product space in
which the representations of elements of M reside is R™ where n = ;" | n,. However, the metric
on M is not necessarily related to a particular metric on R”. An element z in M is denoted by

r= (2l 2L ... 2T)T where z; € M;. The tangent space of M is

Ty M =Ty My xTyy My x -+ x Ty My,

The tangent vector 7, is denoted by (77%1,77;{27 T ,nfm)T.
The metric of M, is denoted by g¢;(nz;,&z,) = niGwiﬁmi, where G, is an n; by n; matrix. The

metric of M is
g(nmy gw) = Z gz(nwmgmz) = 773; diag(Gm17Gm27 e 7G$m)£$ = Ungfx,
i=1

where G, = diag(Gg,,Gay, -+ ,Gs,,) € R™™ is a block diagonal matrix. The definitions of b,

adjoint and vector transport are the same as in Section 9.2.1.
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9.4.2 Construction of Isometric Vector Transports

We have discussed methods of constructing isometric vector transports for each M;. Let 7T;
denote the associated isometric vector transports. An isometric vector transport for M can be

defined as

7771590 = (((ﬂ)ﬁzl §a )Tv ((ﬁ)an £w2)T’ H) ((Tm)ﬁzmémm)T)T
= diag((Tl)nxl ) (7-2)%2 P (Tm)nxm )fz

9.5 The Intrinsic Dimensional Approach

As discussed in Section 9, a d-dimensional representation for a tangent vector requires a choice
of basis. If the function B, that builds an orthonormal basis is smooth, then we can use this
function to assign an orthonormal basis to each point on an open set of the manifold. Under this
framework, many operations become computationally inexpensive.

Only the implementation for a manifold in R” is discussed in this section. When working on a
quotient manifold with the total manifold in R”, vector transport, the metric, and linear operators
on the tangent spaces are, in fact, related to the horizontal space of the particular representative
element of the equivalence class associated with elements of the quotient manifold. This horizontal
space is simply a d-dimensional subspace of R™ and therefore the implementation is easily adapted

from the implementation discussed in the remainder of this section.

9.5.1 General Discussion

B is a smooth function to build an orthonormal basis, i.e., B : x — B, is smooth. From the
discussion of Section 4.6, this function always exists at least locally. In practice, we assume that
the region on which it exists contains the level set {z|f(x) < f(zo)}. If 0y, & € Ty M, then, since
T, M is a d-dimensional subspace of R", both 7, and £, are n-dimensional vectors. By the function

B, we have that the d-dimensional representations of 7, and &, are
vy = Biny and u, = B2E,. (9.5.1)
The inner product has a simple form, g(v,,u;) = v u,. From (9.5.1), we have

g(vm ux) = Ugu:c = nf(BZ)TUx = nngBxux = TIfofx,
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which is consistent with (9.2.9). The linear operator A on a tangent space, T, M, is a d X d matrix.

A is self-adjoint if and only if A = AT.
9.5.2 Computational Benefits

When d-dimensional representations are used, the matrix expression of an inner product be-
comes inexpensive and simple since G = I;. The vector transports (9.2.19) and (9.3.19) are
both

T = B,B..

The d-dimensional representation of the vector transport is

Tdv, = BZT% (by (9.5.1) and notice v, represents 7;)
b b
— BB, B,B,v,

= vg, (9.5.2)

where 7% € R%*4 is a d-dimensional representation of vector transport. We can see that the matrix
representations of the vector transports (9.2.19) and (9.3.19) become the identity. In other words,
the vector transport are implicit and automatically done by changing bases. This is the most
important advantage of this representation. We avoid many operations especially the expensive
one, i.e., T,oHo ’7:7_1. The only requirement is that a smooth function of building an orthonormal

basis for T, M with acceptable computationally complexity is known.
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CHAPTER 10

IMPLEMENTATION FOR SOME MANIFOLDS

10.1 Introduction

Chapter 9 contains a general discussion for manifolds that can be represented by a vector in R".
In this chapter, specific implementations for common manifolds, the sphere, the Stiefel manifold,
the orthogonal group and the Grassmann manifold, are presented. The discussed implementations
include matrix expression of metrics, linear operators on a tangent space, retractions and vector
transports. For retractions and vector transports, details for constructing pairs that satisfy the
locking condition are provided. Methods of computing the cotangent vector D fg, (s) required by
Ring and Wirth’s RBFGS [RW12] are also given.

This chapter is organized as follows. In Sections 10.2, 10.3, 10.4, 10.5 and 10.6, the implementa-
tion of the four manifolds are presented. Finally, computational complexity is presented in Section

10.7.

10.2 The Stiefel Manifold as an Embedded Submanifold

The Stiefel manifold is a frequently encountered manifold in practice. Edelman, Arias and
Smith [EAS98] have discussed its properties. The Stiefel manifold can be viewed as an embedded
submanifold or a quotient manifold. Their metrics are not equivalent except when p =1 or p = n.
When p = 1, the manifold is the sphere and when p = n, the manifold is the orthogonal group.
They are considered in Section 10.4 and Section 10.5 respectively and it is assumed that 1 <p <n
for all other discussions of the Stiefel manifold. In this section, an embedded submanifold view of
the Stiefel manifold is taken. Section 10.3 considers the Stiefel manifold as a quotient manifold.

The Stiefel manifold can be defined as a submanifold of np-dimensional Euclidean space by
St(p,n) == {X eR™P: XTX =T},
where I, denotes the p by p identity matrix. The tangent space is

Tx St(p,n) = {XQ + X K : QT =-O K¢ R(n—p)xpL
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where X is any n X (n — p) orthonormal matrix such that [X X J_] is an orthogonal matrix. The

metric endowed from the Euclidean space is
g(U, V) = trace(UTV), (10.2.1)

where U,V € Tx St(p,n). Let "vec” denote the operation that stacks the columns of its matrix

arguments into a single vector. The inner product can be written in vector form,
g(vec(U),vec(V)) = vec(U)T vec(V).

Therefore, the matrix expression Gx of inner product is np x np identity matrix for all X € St(p,n).
10.2.1 Retractions

The exponential mapping given in [EAS98] is

Expx(U)=(X U) <exp< é _AS >> < *8” >exp(—A), (10.2.2)

where X € St(p,n), U € Tx St(p,n), A= XTU and S = UTU. Some other retractions are given
in [AMS08].

Rx(U) = qf(X +U), (10.2.3)

Rx(U) = (X +U)(I, + UTU)"1/2, (10.2.4)

where qf(A) denotes the @ factor of the QR decomposition with nonnegative elements on the

diagonal of R. (10.2.4) uses the polar decomposition.

10.2.2 Vector Transports

The differentiated retraction of the exponential mapping (10.2.2) can be derived using [NH95,
Theorems 4.5 and 4.15]. The resulting vector transport, however, is computationally very expensive.
Alternatives are required for efficiency.

Two vector transports are given in [AMS08, Section 7]. The first is vector transport by projec-
tion denoted by Tp

Te,V =V = Ysym(YTV), (10.2.5)
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where U,V € Tx St(p,n), Y = Rx(U) and R is the associated retraction. The second is vector

transport by differentiated retraction (10.2.3)
TRUV = Ypskew(YTV(YT(X + U))_l)
+ L, —YYOHvyT(x +U)7 Y, (10.2.6)
where U,V € Tx St(p,n), R is (10.2.3), Y = Rx(U) and
Bi,ja if ¢ > j;

(pskew(B))i,j = O, if i = j;

—Bjﬂ', if i < j.

The following lemma derives the differentiated retraction of (10.2.4).

Lemma 10.2.1. The differentiated retraction of (10.2.4) is
Tr,V =YQ+ (I, -YYDHvyT(X +U)7}, (10.2.7)

where Y = Rx(U), R is (10.2.4) and vec(Q) = (YT (X +U) @ (YT (X +U))) L vec(YTV —VTY)
and @ is the Kronecker sum, i.e., AODB=AQ1+1® B.

Proof. Let t — W (t) be a curve on the noncompact Stiefel manifold R} 7, i.e., the set of matrices
with full column rank. W(0) = V and let W (t) = Y (t)P(t) denote the polar decomposition of
W (t). We have

W=YP+YP. (10.2.8)
We also have the decomposition
Y =YYTYy + (I, -YYT)Y. (10.2.9)

Therefore, we need only obtain YY7Y and (I, — YYT)Y.
Multiplying (10.2.8) by I,, — YY7 on the left and P~! on the right, we obtain

(I, -YYDOwpt =1, -yYhy,

which is the second part of (10.2.9).
Note the expression of the tangent space of the Stiefel manifold. Y7Y is a skew symmetric

matrix and is denoted by €. Multiplying (10.2.8) by Y7, we have

YW =YTYP+P=QP+P.

164



Since the tangent space of a symmetric positive definite matrix is a symmetric matrix, Pis a

symmetric matrix. Hence, we obtain
YIw —wTy = P — PTQ" = QP + PQ.
Rewriting it as an Kronecker sum expression, we obtain
(P @ P)vec(Q) = vec(YTW —WTY).

By [Lau04, Theorem 13.16] and noting P is positive definite, we know (P @ P) is a full rank matrix.
Therefore, a unique solution for Q exists and is given by vec(Q) = (P @ P) ' vec(YTW — WTY).
In summary, we have

Y =YQ+ (I, -YYDwp (10.2.10)

Computing g,V = % Rx (U +tV)|;=o is equivalent to computing ¥ (0) when W (¢) = X + U +tV.
Therefore, we have W =V, Y = Y (0) = Rx(U) and P = Y(0)TW(0) = YT(X + U). Substituting
into (10.2.10) yields the desired result. O

The sufficient conditions of the convergence analyses of the RBroyden family and RTR-SR1
require isometric vector transports. However, (10.2.3), (10.2.6), (10.2.7) are non-isometric. This
does not prevent their usefulness in practice under certain conditions without theoretical guarantees
of convergence. In Section 11.4.5, the performance of these non-isometric vector transports are
assessed empirically.

Parallel translation is the most natural isometric vector transport geometrically. Edelman,
Arias and Smith [EAS98] indicated that the closed expression for parallel translation is unknown.
The parallel translation of U along the geodesic «(¢) in direction +(¢t) = V satisfies the ordinary

differential equation
W (t) = —1/29(O) (1) w(t) + w(t) (1)), (10.2.11)

where w(t) = P,’Y“_OU . Solving the differential equation is expensive and parallel translation is not a
good choice of isometric vector transport in practice. Fortunately, the idea of Section 9.2.3 can be
used to construct isometric vector transports. The only remaining requirement is the construction

of functions that build a basis for the tangent spaces.
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Note that Ty St(p,n) = {XQ + X, K : QT = —Q, K € R™®P*P} An orthonormal basis of
T, St(p,n) denoted by B, is given by

1 . . - . .
{EX(eie?—ejeiT) i=1,...,p,J :z—l—l,...,p}U{Xleie?,z: ,...,n—p,j=1,...,p},
(10.2.12)
where (e1,...,ep) is the canonical basis of R” and (éi,...,€,_p) is the canonical basis of R"7P.
Similarly, note that NxSt(p,n) = {XS : S € RP*P, § = ST} (see, e.g., [AMS08, Example 3.6.2]),

hence an orthonormal basis of NxSt(p,n) denoted by N, is given by

1
{Xeel :i= 1,...,p}u{—2X(eie]T+ejeiT):z’: 1,...,p,j=i+1,...,p} (10.2.13)

%

The columns of Bx and Nx are thus chosen as the "vec” of the basis elements.

We can see that the function of constructing N, is smooth. Meanwhile, if X | is smoothly
dependent on X, B, is also a smooth function. The vector transports (9.2.17), (9.2.18), (9.2.19)
and (9.2.20) are all isometric vector transports.

10.2.3 Pairs of Retraction and Isometric Vector Transport Satisfying Locking
Condition

The RBroyden family of algorithms require the retraction and isometric vector transport used
to satisfy the locking condition (4.2.6). Chapter 4.4 provides three methods. The first two are
straightforward and are not discussed in detail. We discuss the implementation of the third method
in this section.

With the exception of (9.2.19), for the Stiefel manifold, the vector transports discussed in
Section 9.2.3 are not linear functions with respect to y. Therefore, an efficient retraction can
be derived based on the isometric vector transport (9.2.19) as follows. Let X € St(p,n), U €
Tx St(p,n) and denote the unknown Rx (tU) as X (t). Equation (4.4.10) implies

% vec(X (t)) = Bx B vec(U), (10.2.14)

where By is the orthonormal basis of T x ;) St(p,n) given by (10.2.12) and X = X (0). Using the

expression of By, we have that

Bhvec(t) = (VA ).
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where Qp = XTU, Ky = XIU and for M € RP*P,
Vectriu(M) = (Mlg, M13, e ,Mlpa M23 e ,Mgp, e ,M(p_l)p)T.

Substituting into (10.2.14), we have

p V2 vectriu(Qp)
EVec(X(t))=B><<t>< vee(Ky) )

which yields

d

aX(t) =(X(t) X.(t)) < Ky ) (10.2.15)

Note (X (t), X (t)) is a smooth curve on the orthogonal group and the tangent space of the orthog-
onal group has form (10.5.1). We have that

X0 X)) = (X() Xu(t) )0,

where Q, € R™*" is a skew symmetric matrix. Since (10.2.15) holds, we have

T
%( X)) Xi(t))=(X@t) X.(t)) ( S}? Qoi)) )

where Q,_p) € R(=P)*("—P) ig some skew symmetric matrix. Without loss of generality, we choose

Q(n—p) to be a zero matrix and we obtain

Sx0) x0)=(x0 xw) (¥ ).

By rewriting it in the form of Kronecker product, we have

T
vee ((X(1) X1(0))) = << f;g —é{T > @In> vee ((( X(t) X.(1) ).

The solution is

vee (( X(t) X (t) )):exp<<s;g _ffT >T®In)vec((X X))

It follows that
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Therefore, we have the desired retraction

Y=Rx(U)=X1)=(X X, )exp< g;g _é(T ) < Ié’ ) (10.2.16)

and the Y] in the basis By of the isometric vector transport (9.2.19) is X, (1). One interesting
phenomenon is that the retraction (10.2.16) is equivalent to the exponential mapping (10.3.2) with
the Stiefel manifold canonical metric (10.3.1).

The differentiated retraction of the retraction (10.2.16) can be derived as follows. Let U,V €
Tx St(p,n), Qv = XU, Ky = XTU, Qy = X1V, Ky = XTV. We have

d
TRUV == E EXpX(U + tV)‘t:()

_ d Qu+tQy —Kl —tKl I,
=(X XL)EeXp<KU+tKV 0 lt=0 K

Let

_( Qw —-K{¥ _( Qv —-KT
Ml_(KU 0 )andM2—<KV 0 .

It follows that

d I
TroV=(X X, )Eexp(M1+tM2)|t=0< 6)>

=(X X, )Z(Z'M:Z)0®)Z7* < Ié’ > ( by [NH95, Theorem 4.5]),  (10.2.17)

where M, = ZAZ~ ! is the spectral decomposition, \; = Ay, ® denotes the Hadamard product, i.e.
(A ® B)Z'j = AijBij and

10.2.4 Cotangent Vector Required by Ring and Wirth’s RBFGS

Ring and Wirth’s RBFGS [RW12] requires D fg, (s) which is a cotangent vector of the tangent
space Ty, M, ie., D fr,(s)[n] = g(grad f(Rz(s)), Tr.,n), n € Ty M. In general, if n,§ € T, M,
y = Ry(§) and ¢ € Ty M then the cotangent vector in T, M defined by z,§,¢ is C(z,&,()[n] =
9(¢, Tren) and, thus, D fg,(s) is C(z,s,grad f(R(s))). In this section, we discuss the methods
of computing the cotangent vector C(-,-,-) for the embedded Stiefel manifold. The methods of
computing cotangent vector for the quotient Stiefel manifold and Grassmann manifold are given in

Sections 10.3.3 and 10.7.
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Let U,V € Tx St(p,n) and W € Ty St(p,n), Y = Rx(U). Considering the retraction (10.2.3),

we have that

C(X,U,W)[V]

= trace(W (Y pare YIVIY (X +U) ™Y + (I, - YYD V(YT (X +U)7Y))

= trace(WY (tril(YT V(YT (X + U) ™) — il (YIV (YT (X + U))"HT))
+ trace(WT(L, — YYD V(YT (X +U))™Y)

= trace(WTY tril(YT V(YT (X + U))™)) — trace(tril(YTV(YT(X + U))"HYTW)
+ trace(YX(X + U)"'WT(I, - YYT)V)

= trace(tril(YT V(YT (X + U))"H(WTY —YTW))

+ trace(YT(X + U))"'WT(1, - YYT)V)

where tril(M) is the lower triangular part of the matrix M without including the diagonal elements.

Noting that WY is a skew symmetric matrix and trace(tril(A)B) = trace(A triu(B)), we have

C(X,UW)[V]
= trace(YTV(YT(X + U)) L triu(2WTY)) + trace(YH(X + U))'WT(I, - YYT)V)

= trace((YT (X + U)) M (triu@WIY)YT + WT(1,, - YYT)V).

where triu(M) is the upper triangular part of the matrix M without including the diagonal elements.

Therefore, the cotangent vector for the retraction (10.2.3) is
C(X,UW)=YT(X+0)  triu@WIYV)YT + WT(1, - YYT)). (10.2.18)

We also can compute the cotangent vector corresponding to the retraction (10.2.4). Using the

same notations, we have

C(X,UW)[V] = trace(WT(YQ+ (L, - YYD VYT (X +U))™Y))

= trace(WTYQ) + trace(YZ (X + U))"'WT(I, - YYT)V),

where vec(Q) = (YI(X + U)) @ (YI(X 4+ U))) "t vec(YTV — VTY). This expression does not

lend itself to rewriting trace(W7Y Q) as trace(MV), where M is some matrix, therefore, we use a
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Kronecker product form. Specifically, we have

trace(WTY Q)
= vec(YTIW)T vec(Q)
= vec(YIWT(YT(X + U)o YI(X +U))) Lvec(YTV —VTY)
=vec(YIW)T(YT(X+U) o YI(X+U) (L, Y") — (YT @ I,)L) vec(V),

where L € R"*™ satisfies Lvec(V) = vec(V7T), i.e.,

(L); ) = I, i=(k—-1p+h,j=(h—-1)n+kwhereh=1,...,p, k=1,...,n;
1 0, otherwise.

Therefore, we have

C(X,U,W)[V]
=vec(YITW)(YT(X+U) o YT X +U) NI, oY") — (YT ® I,)L) vec(V)
+ trace(YT(X + U))"'WT(1, - YYTV),

which means that the cotangent vector is
X, uw)=2"+ T x+0)"'whu, -vy?), (10.2.19)

where vec(Z)T = vec(YIW)T(YT(X + U)o (YT (X +U))) " H I, oY) - (YT ® I,)L).

The cotangent vector corresponding to the retraction (10.2.16) satisfies

CHXUMY] = trace(WT (X X ) 22 My o)z ()

Ip

_ -1
= trace(Z (O

>WT( X X1 )Z(Z'MxZ)® ®))

= trace(((Z7* < [6’ >WT( X X, )Z)odh)(Zz'My2))

= trace(MsMs),
where

0
Splitting M3 into a 2 by 2 block matrix,

My = (Z((Z71 ( Ly >WT( X X, )zZ)eodh)z7h) e R,



where M{1) € Rew, {2 ¢ Rpx(p), ) € RO-Dx0 and M) € RO-PX(-9) and using the
expression of My, we have
C(X,U,W)[V] = trace(M3M,)
— trace(M{'"V XTV + M XTV — MPVVT X))

XT
= trace(( Méu) M?Eu) — (Mézl))T ) < X7 )V)

Therefore, the cotangent vector is

XT
C(X,U,W) = ( MM M ()T ) ( X7 > : (10.2.20)

The cotangent vector (10.2.19) contains some big matrix operations. Whether it has efficient

implementations is still unknown. Therefore, the cotangent vectors (10.2.18) and (10.2.20) are used

in some experiments in the experiment Chapter 11.

10.3 The Stiefel Manifold as a Quotient Manifold

When the Stiefel manifold is viewed as a quotient manifold, the total space is the orthogonal

group O(n). Two elements O1,02 € O(n) are called equivalent if there exists Z € O(n — p) such

— IP
01_02< Z).

o1=10( ", )17 00} =001

that

The equivalence class is

The quotient Stiefel manifold can be written in term of O(n)/O(n — p). The first p columns of
any element in an equivalence class are the same and the last n — p columns are an arbitrary
orthonormal matrix. The first p columns are therefore used to represent the equivalence class. The

set of representations is

St(p,n) = {X e RVP: XTX = I,},

which is the same as the embedded Stiefel manifold. Edelman, Arias and Smith [EAS98, Section
2.4.1] pointed out that the quotient Stiefel manifold is equivalent to the submanifold of R™*P with
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the canonical metric (10.3.1). Therefore, even though the Stiefel manifold is treated as a quotient
manifold, we still work on a submanifold of R"*P but with a different metric.

The tangent space of St(p,n) with the metric defined below is
Tx St(p,n) = {XQ + X K : QT =-O K¢ R(n—p)xph

where X is any n X (n — p) orthonormal matrix such that [X X J_] is an orthogonal matrix. The

canonical metric is

1
g(U, V) = trace(UT (I, — 5XXT)V), (10.3.1)

where U,V € Tx St(p,n). Rewriting it as a vector expression, we have

g(vec(U), vec(V)) = vec(U)T diag(I, — %XXT, N e %XXT) vec(V).

Hence Gx is a block diagonal matrix, diag(l, — %XXT, R %XXT), where the number of

blocks is p.

10.3.1 Retractions

The exponential mapping given in [EAS98] is

Expx(U)=(X Q) <exp< g _é%T >> ( Ié’ ) (10.3.2)

where @ and R is the compact QR factorization of (I — XX7)U. The retractions (10.2.3) and

(10.2.4) also can be used here since a retraction is independent of a metric.

10.3.2 Vector Transports

Noting that

1 3, 0 T
In—§XXT:(X XL)<201” Iﬂ_p)(X X, )

is positive definite for all X € St(p,n), we can extend the metric (10.3.1) to be on R™*P. Therefore,
the ”orthonormal” based on this metric is well-defined on R™ and thus we obtain a projection to
a tangent space that turns out to be identical to the projection when the metric is endowed from

the Euclidean space. The vector transport by projection is then identical to (10.2.5), i.e.,

T,V =V - Ysym(YTV).
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The vector transport by differentiated retraction (10.2.3) is

Ty V =Y psren YTVYT(X +U)) ™)

+ (L, -YYOHvyT(x +U)™ !,
and the vector transport by differentiated retraction (10.2.4) is
TreV =YQ+ (L, YY" )VYT(X +U))™,

where Y = Rx(U), vec(Q) = (YT(X +U)) @ YT(X +U))) ' vec(YTV — VTY) and @ is the
Kronecker sum, i.e., A@ B=A®I+1® B. Both of them are the same as (10.2.6) and (10.2.7)
since they are independent of metrics.

Parallel translation is dependent on the metric and is different from (10.2.11). The parallel
translation of U along the geodesic 7(t) in direction 4(t) = V satisfies the ordinary differential

equation

W(t) = —1/2(w(t)y' ()T + 7 (O () )y ()

= 1/290) (' ()T = 1)) w(t) + w®) (T =)y (1)), (10.3.3)

where w(t) = P}?_OU. As with (10.2.11), the closed form is unknown. Therefore, the parallel
translation is also not a good choice of an isometric vector transport in practice.

As with the embedded manifold view of the Stiefel manifold, the idea of Section 9.2.3 can be
used to construct isometric vector transports. This requires the consideration of generating bases
for the tangent and normal spaces. Even though the tangent space is the same as that of the
embedded Stiefel manifold, the orthonormal basis is different due to the difference of metric. By

simple derivation, we have an orthonormal basis of T, St(p,n) denoted by B, is
{X(ejel —ejel):i=1,...,p,j :z'—l—l,...,p}U{XJ_éie;fF,i: 1,...,n—p,j=1,...,p},

J

where (eq,...,ep) is the canonical basis of RP, (é1,...,€,—,) is the canonical basis of R"7P. An

orthonormal basis N, St(p,n) denoted by IV, is then
{V2Xeel i = 1,...,p}U{X(eie§1+ejeZT) i=1,...,p,j=1i+1,...,p}

The columns of Bx and Nx are then given by the "vec” of the basis elements.
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Although Gx is not identity, G¥2 and G;(l/ % are not difficult to compute. We have G¥2 =
diag(I — (1 —1/V2)XXT,--- . I—(1—1/v/2)XXT) and G3"/* = diag(I + (V2 — )X X7, --- | T +
(vV2 = 1)XXT) where the number of blocks is p. One can find that B, and N, are (10.2.12) and
(10.2.13).

The basic requirements are satisfied with these vector transports. It is clear that the function
constructing N, is smooth. If X is a smoothly dependent on X, B, is also a smooth function.
The vector transports (9.2.17), (9.2.18), (9.2.19) and (9.2.20) are all isometric vector transports.

Using the procedures in Section 10.2.3, we can obtain a retraction corresponding to the vector
transport (9.2.19) such that the pair satisfies the locking condition (4.2.6). In fact, the result is
identical to that in Section 10.2.3.

We have

3T
(X(@t) X.t))=(X Xl)exp<¥g é{ >

The desired retraction is

Y=Rx(U)=X(1)=(X Xl)exp<¥g _f){T)([é’) (10.3.4)

and Y in the basis By of the isometric vector transport (9.2.19) is X (1).

The differentiated retraction of (10.3.4) is the same as (10.2.17),
Te,V=(X X, )Z(Z'M:Z)o ®)Z™* ( Ié? > :

where M, = ZAZ~! is the spectral decomposition, \; = Ay, ® denotes the Hadamard product, i.e.
(A ® B)U = AijBij and

e ip N £ s
iy =Qji=q N T
e, if )\z = )‘j-

10.3.3 Cotangent Vector Required by Ring and Wirth’s RBFGS

The discussion in this section follows that in Section 10.2.4 while noting the differences be-
tween the metrics (10.3.1) and (10.2.1). The cotangent vectors C(+,-,-) corresponding to different

retractions are not the same as those in Section 10.2.4 since they are dependent on the metric.
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Let U,V € Tx St(p,n) and W € Ty St(p,n), Y = Rx(U). For the retraction (10.2.3), we have
that
C(X,U,W)[V]
1
= trace(W" (I = SYY )Y papen(YTVIYH(X + U) T + (I = YY)V (VX +U))7H)

= trace((YT(X + U)) Htriu(WIYV) YT + WT(L, - YYT))V)
Therefore, the cotangent vector for the retraction (10.2.3) is
C(X,UW)=YT(X+U) Y rinWIY)YT + WT(1, - YYT)).
Similarly for the retraction (10.2.6), we have
C(X,U,W)[V]
— trace(WT(I, — %YYT)(YQ b (I — YYDV (YT (X 4+ 0)1)
1
=3 vec(YIW(YTI(X+U) e YT (X +U) NI, oY) — (YT ®@ I,)L) vec(V)
+ trace((YX(X + U)"'WT(IL, - YYT)V),
where vec(Q) = (YT(X +U)) @ (YI(X + U))) tvec(YTV — VTY) and L € R™*X" satisfies
Lvec(V) = vec(VT), i.e.,

(L) = 1, i=(k—-1p+h,j=(h—-1)n+kwhereh=1,...,p, k=1,...,n;
“ 1 0, otherwise.

The cotangent vector is
X, uw)=2"+ I x +u)whu, -vy?),

where vec(Z)T = Zvec(YITW)T (YT (X +U) @ (YT(X +U)) YL, oY) — (YT ® I,)L).
The cotangent vector corresponding to the retraction (10.3.4) is

COXUWIV] = trace W (1, ~ VYT (X X0 ) 22 wzyo )27 ()

= trace(My M),

where

My =(Z((Zz7! ( Ié’ > wi(r, - %YYT) (X X, )Z)yeooh)z ') er™
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Splitting My into a 2 by 2 block matrix,

11 12
e (50 2
M4 M4
(22)

where Mill) € RP*P, MAEH) e Rpx(n—p), Mfl) e R=P)xP_ and M, € RM=P)*(n=P) and noting

the expression of Ms, we have

C(X,U,W)[V] = trace(MyMs)
= trace(M{'V XTV + M{"PXTV - MPVVT X))
an 02 e ) (XD
:trace(< M, My — (M) ) ( X7 >V)

Therefore, the cotangent vector is

XT
C(X,U,W) = ( MM M — ()T ) ( % )

10.4 The Sphere
Since the sphere is the Stiefel manifold with p = 1, i.e.,
St i={z e R"|2Tz = 1}

the discussions and techniques of the previous sections apply. Therefore, in this section the results
that arise from applying those techniques are simply stated. Details are only given when the
particular structure of the sphere allows extensions to the earlier results.

The tangent space of S*7! is
T,S" ' ={neR": 2Ty =0}
The two metrics corresponding to an embedded submanifold and a quotient manifold are

1
ge(n,&) = n"¢ and gq(n, &) =’ (I, — §:E:ET)£,

where 1, € T, S* 1. Since 271 = 27¢ = 0 on the sphere, the two metrics are identical, i.e.,

9(0,€) = ge(n,€) = gq(n,&)- (10.4.1)
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10.4.1 Retractions

Two retractions of sphere are given in [AMS08]. The simplest retraction is achieved by normal-

izing the length of the vector,
r+n

R, =
") = Tl

(10.4.2)

The exponential mapping is given by

no.
Exp,(n) = z cos(||nl[) + e sin([|n])), (10.4.3)
where € S*~! and n € T, S L.
10.4.2 Vector Transports

There are two non-isometric vector transports in [AMS08]. Vector transport by projection is
given by
Tr,é =& —yy'&,

where 7, & € S*" !, y = R,(n) and R is the associated retraction. On the sphere, there is considerable
simplification of vector transport by differentiated retraction (10.4.2) compared to the general Stiefel

case. It is simply a scaling of vector transport by projection, i.e.,

where 1,& € S*" ! y = R.(n) and R is (10.4.2).

For the sphere, the closed form of parallel translation along the geodesic is known,

T
2y 5 (T + ), (10.4.4)

Pl(—Og — g e
! = + yl[3

where ¢ € T, S"!, v is the geodesic from z to y and v(0) = z,v(1) = .
Since the codimension of S”~! is 1, isometric vector transports can be constructed by (9.2.17)

and (9.2.20). They produce the same isometric vector transport,
Ts,6 = (In —qq" — dq" )&, (10.4.5)

where g = (I, — 22")y/||(In — 227 )yll2 and ¢ = (In — yy")a/[|(Tn — yy")z|l2.
In fact, not only (9.2.17) and (9.2.20) produce the same vector transport. The next lemma

shows that parallel translation on a sphere is also equivalent.
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Lemma 10.4.1. (10.4.4) and (10.4.5) are equivalent.

Proof. We have
(I = 2z")yll3 = y"y + (27 y)?a"z — 2(2Ty)* = 1 - (aTy)* = (1 —2"y)(1 + 2"y),
(I = yy")zlls = 2" w + (z7y)*y"y — 2(2"y)> = 1 = (2"y)* = (1 —2"y)(1 + 2T y).

Therefore, we have ||(I — zz7)y|l2 = [|[(I — yyT)z||2. It follows that

e, U—aeDyy"(I—2a") (I —yy")ay" (I —za”)
)5‘<I 10 = 22Ty a —mT)yHQHI T >xuz>5

(I —qq" —dq

U —aahyy” (-t > ¢
(1—aTy)1 +a2Ty) (1 -2aTy) 1 + wT

ooy (@—yyta)y )
(1—aTy)Q+aTy) (1 -2Ty)(1+ wT

§

(y+z—zzTy— ny:ﬂ)yT> ¢

(
(
- (-
(
<
(

(A =aTy)(y+a)y"
==y +xTy>>5

9 T
7 2y ta)y ¢
2+ 22Ty

9 T
;o 2yt :v)y2 ) ¢
=+ yll3

which is (10.4.4). ]

10.5 The Orthogonal Group
The orthogonal group is the Stiefel manifold with p = n, i.e.,
On):={X eR™": XTX =1,}.

as with the sphere results we highlight the differences that arise due to the specific structure of the
group.
The tangent space of O(n) is
Tx O(n) = {XQ:0F = - (10.5.1)
The two metrics corresponding to an embedded submanifold and a quotient manifold are
1

9.(U, V) = trace(UTV), and g,(U,V) = trace(U” (I, — §XXT)V)
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where U,V € Tx O(n). Notice that UTV = UTXXTV, we have
9e(U, V) =2g4(U, V).
Since the difference is scaling by a constant, they are equivalent and we choose the metric
g(U, V) = ge(U, V). (10.5.2)
By rewriting g(U, V') in vector form, G, is seen to be the identity for all x € O(n).

10.5.1 Retractions

As with the Stiefel manifold, three retractions are considered. The exponential mapping is
Expy (U) = X exp(X"U),

where X € O(n) and U € Tx O(n). The retractions based on the QR and polar decompositions

are

Rx(U) = (X +U)(I, + UTU)~1/2,

10.5.2 Vector Transports

Since the orthogonal group is a special case of the Stiefel manifold, the vector transport by
projection and vector transports by differentiated retractions are (10.2.5), (10.2.6), (10.2.7) and
(10.2.17) with p = n. However, as with the sphere, the closed form of the parallel translation is
known,

XTn XTn

PI% =Xe 2 XT¢e 2,

where v is a geodesic from X to Y and v(0) = X,~v(1) =Y, Expyx(n) =Y.

Even though, for O(n), the codimension, n(n + 1)/2, and dimension, n(n + 1)/2, are not too
different using a basis of the tangent space is preferred to using a basis of the normal space since
the latter requires an extra QR decomposition. The procedure for using the basis of Tx O(n) to
construct isometric vector transports is the same as that discussed in Section 10.2.2. Note however
in this case, since the matrix X is square, X | does not exist which results in some simplification of
the computational complexity. Equations (9.2.17), (9.2.18), (9.2.19) and (9.2.20) are all isometric

vector transports.
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10.6 The Grassmann Manifold

The Grassmann manifold, Gr(p,n), is the set of all p-dimensional subspaces of R™. There are
several ways to describe it [EAS98], [AMSO08]. This section uses the framework in [EAS9S].
The Grassmann manifold is O(n)/(O(p) x O(n — p)). Since the quotient Stiefel manifold is

O(n)/O(n — p), the Grassmann manifold can be written also as St(p,n)/® where
& = O(p) (10.6.1)
and the group action, denoted -, is matrix multiplication on the right, i.e., O1, 02 € O(p),
O1 - 02 = 020, (10.6.2)

and the group action on St(p,n) is also matrix multiplication on the right, i.e., X € St(p,n) and
0 € O(p),
OeX =XO. (10.6.3)

Therefore, the equivalence class of X € St(p,n) that corresponds to an element of the Gr(p,n) is
(X]={XO:0€0(p)}=XO(p).

In order to apply Theorem 9.3.1, an element and a tangent vector of the total manifold St(p,n)
must be expressed as a vector. Let XV denote vec(X) and n,,, denote vec(ny ), where X € St(p,n)

and nx] € Tyx) Gr(p,n). By the definition of Kronecker product, we obtain that the group is
&' ={0®1I,]0 € O(p)}, (10.6.4)
the group action, denoted -, is matrix multiplication on the left, i.e., O1,02 € O(p),
(O1®1) (021,) =(01®1,) (02 ® I,)) = 0102 ® I, (10.6.5)

and the group action on St(p,n) is also matrix multiplication on the left, i.e., O € O(p),X €

St(p, n),
(O®1I,) e X" =(0®I,)X" = vec(XOT). (10.6.6)

Equations (10.6.1), (10.6.2) and (10.6.3) are equivalent to (10.6.4), (10.6.5) and (10.6.6) respectively.
The only difference is that the former group action is on St(p,n) and the latter is on vec(St(p,n)) =
{vec(X)|X € St(p,n)}.
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For any O € O(p), O ® I, defines a function O ® I,, : vec(St(p,n)) — vec(St(p,n)) : XV —
(O ® I,,)X". Tt is smooth and therefore differentiable with Jacobian

Jown)(X) = (0® L,). (10.6.7)

Hence, we can apply (iv) of Theorem 9.3.1 and obtain the relationship between horizontal lifts of

a tangent vector,
T
nT(OXIn).VCC(X) = Vec(nTxoT) = Vec(nTXO )7

which is essentially identical to [AMS08, Proposition 3.6.1].
From [AMS08, Example 3.6.4] and X € St(p,n), the horizontal space at X is

Hx = {X, K : K € R"P)xP}, (10.6.8)
where X | is the same as in the definition of tangent space of St(p,n). The metric is

1
91 (pxs €x7) = 9x (M, &) = trace(nf, (1 — §XXT)§TX) = trace(n{ &1y ), (10.6.9)

where 7x), §1x] € Tix) Gr(p, n), 7y, &ty are horizontal lifts of 7x), {x] at X. By rewriting (10.6.9)
in vector form, it is clear that Gx is an np by np identity matrix for all X € St(p,n). This result

is consistent with (iii) of Theorem 9.3.1,
Gx = Iy = (09 1,)(0 © I)" = J0e1,)(X)" Gosn)ex 0, (X)".

A linear operator A[y] on a tangent space T|x; Gr(p,n) at different horizontal spaces has dif-

ferent expressions and they satisfy the general formula (9.3.6) which in this case is

AT(O®I7L)-X O®I,) =0 I,)A.
10.6.1 Retractions

The exponential mapping of Gr(p,n) [EAS98, Theorem 2.3] is

cos X
Expx)(nx)) = (XxV U) < sin % )VT]’

where X € [X], 7y, is the horizontal lift of nx) at X and m, = UXVT is the singular value

decomposition.
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The matrix representation of the exponential mapping is

5
Expy(ny)=( XV U) < 2?1?2 >VT. (10.6.10)

Two retractions, (10.2.3) and (10.2.4), are on the total space St(p,n). Therefore, they are

retractions of the total space of the Grassmann manifold and we restate them for completeness,

Rx(nx) = af (X + 1), (10.6.11)

Rx(nx) = (X + 10y ) Iy + 0y ) ™2 (10.6.12)
Both satisfy (9.3.7) and therefore define two retractions of Gr(p,n) by (9.3.8).

Lemma 10.6.1. The retraction (10.6.11) satisfies the condition (9.3.7) with h not necessarily equal
to h and the retraction (10.6.12) satisfies the condition (9.3.7) with h = h.

Proof. To show (10.6.11) and (10.6.12) satisfy (9.3.7), we must show that there exists a matrix
O € O(p) such that Rx (1, )0 = Rxo(n1,0), X € St(p,n), O € O(p) and 1y, € Hx.
Consider (10.6.11) first. We have Rx (1, ) = qf (X + nt, ) and

Rxo(nx0) = af(XO + 01, 0) = af (X +n1.)O).

Since span(X + np,) = span((X + n1,)0), Rx(n1y) and Rxo(nt,O) are orthonormal bases of
the same space. Therefore, there exists an orthonormal matrix, Oy, such that RX(T]TX)Oqf =
Rxo(m1,0). Since Oy is not equal to O in general, the retraction (10.6.11) satisfies (9.3.7) with A
not necessarily equal to h.

For (10.6.12), we have

RXO(WTXO) = U1 and Rx(?hx) = UQ,

where both (X 41y, )0 = U1 P and X + 1y, = UsP are the unique polar decompositions. From

the property of the polar decomposition, we have UsO = U;. Therefore, we obtain

Rx(m14)O = Rxo(n50).
Since O is equal to O, the retraction (10.6.12) satisfies (9.3.7) with h = h. O

It is also easy to verify the exponential mapping (10.6.10) satisfies (9.3.7) with h=h.
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10.6.2 Vector Transports

A mapping T : Hx — Hy is called a vector transport of Gr(p,n) if it defines a vector transport

of Gr(p,n) by (9.3.12). The vector transport by projection is given in [AMS08],
T, Eix = (I =YY ), (10.6.13)

where 7x7,{x] € Gr(p,n), My ,&1x arve horizontal lifts of nx),§[x) at X, and ¥ = Rx (nty). The

next lemma shows the requirement of the associated retraction of the vector transport by projection.

Lemma 10.6.2. The associated retraction of (10.6.13) must satisfy (9.3.7) with h = h. The
retractions (10.6.10) and (10.6.12) do but retraction (10.6.11) does not.

Proof. We have
TP”TXO $txo = — YONTOYT)ngo

=(I-YY")4, 0

= TP”TX &4 O, (10.6.14)

where O € O(p), Y = Rx(my) and YO = Rxo(n14,). Comparing (10.6.14) with (9.3.11) and
using (10.6.7), we obtain O = O. Since the retractions (10.6.10) and (10.6.12) satisfy (9.3.7) with

h = h, ie., O = O in this case, the vector transport by projection satisfies (9.3.11) with retractions

(10.6.10) and (10.6.12), but not with (10.6.11). O
The vector transport by differentiated retraction (10.6.11) is given in the next lemma.

Lemma 10.6.3. The vector transport by differentiated retraction (10.6.11) is
Tryy Stx = (In =YY )& (YT (X ) 7 (10.6.15)

where 1x),§(x) € Gr(p,n), My, &ty are horizontal lifts of nix),§x) at X, and Y = Rx(ny)-

Proof. Let t +— W (t) be a curve on the noncompact Stiefel manifold Ry*?, i.e., the set of matrix
that has full columns rank. W (0) = V and let W (t) = Y (t)P(t) denote the qf decomposition of
W (t). We have

W=YP+YP. (10.6.16)
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We also have the decomposition
Y =YY'Y + (I, - YY"y,
Using the expression for the horizontal space (10.6.8), we have YTY = 0 which yields
Y =, -YYhyY.
Multiplying (10.6.16) by I, — YYT on the left and multiplying P~! on the right, we obtain
(I, -YYDOwpt =1, -YYhy.

Therefore, we have

Y = (I, -YYH)wp (10.6.17)

Computing TR”TX IS %RX(UTX + t€4)|i=0 is equivalent to computing Y (0) when W(t) =
X + g + téry. Therefore, we have W = &, Y = Y(0) = Rx(m1,) and P = Y(0)"W(0) =
YT (X + np, ). Substituting into (10.6.17) gives the desired result. O

Even though the differentiated retraction (10.6.15) is derived from the retraction (10.6.11), it is
not necessarily associated with the retraction. The next lemma shows that there is no requirement

on the relationship between h and h for the associated retraction of the vector transport (10.6.15).

Lemma 10.6.4. The associated retraction of the vector transport (10.6.15) can be any retraction

of Gr(p,n), e.g., (10.6.10), (10.6.11) and (10.6.12).

Proof. Suppose Rxo(nx0) = Rx(nx)O holds, e.g., O = Oy for retraction (10.6.11) and O = O
for retractions (10.6.10) and (10.6.12). We have

TRnTXogTXO = (I, - YOOTYT)&, . 0(OTYT(XO + 1y, 0)) 7!
= (I, =YY T)&, (YT (X + 1)) 1O

= (TRWTX é.Tx)Ov

where Y = Rx(nt,). Therefore, the differentiated retraction (10.6.15) satisfies (9.3.11) with an

arbitrary retraction. O
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The differentiated retraction of (10.6.12) is identical to (10.6.15). This is due to the fact that
(10.6.11) and (10.6.12) are the same essentially. The main difference is that they choose different

representations of an equivalent class. This is shown in the following lemma.
Lemma 10.6.5. The differentiated retraction of (10.6.12) is
Try Etx = In =YY D), V(X +mp)) 7
where 1x),§x] € Gr(p,n), My, &ty are horizontal lifts of nix),§x) at X, and Y = Rx(ny)-
Proof. The proof is basically the same as that in Lemma 10.6.3 and we do not repeat it here. [

The vector transports of Gr(p,n) given above are non-isometric. The natural isometric vector

transport, the parallel translation [EAS98, Theorem 2.4]. is

—sinX®
Py 6ty = (( XV u) < o S >UT+(I—UUT)> Eiy
where Y = Expy nty, 71y is the horizontal lift of ny; at X, ny, = U YVT is the singular value
decomposition and 7(t) is a geodesic from X to Y such that 5(0) = X,75(1) =Y, i.e.,

) =( XV U) ( ansgf >VT.

The associated retraction of the parallel translation must be the exponential mapping since P,;(T)%TX
is only in the tangent space of Expy (71 ).

The matrix expression Gx of the metric (10.6.9) is an identity matrix. Hence, it is a positive
definite matrix. Therefore, a perpendicular space of any horizontal space Hx based on the metric

(10.6.9) is well-defined. An orthonormal basis By of Tx Sx is given by

(X el i=1,....n—p,j=1,...,p}, (10.6.18)

70

where (eq,...,ep) is the canonical basis of RP, (é1,...,é,—p) is the canonical basis of R"7P. An

orthonormal basis Nx of Nx Sx = (Hx).1 is given by

{X(eie;*-r),i: L....,p,j=1,...,p}

The columns of Bx and Nx are chosen as the ”vec” of the basis elements. The function constructing

Ny is smooth. If X | is smoothly dependent on X then By is also a smooth function.
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Given the functions constructing Bx and Ny, four mappings (9.3.17), (9.3.18), (9.3.19) and
(9.3.20) can be defined and Lemma 9.3.1 used to determine whether they are vector transports or
not.

From (10.6.7), we can see that Jogr,(X) is independent on X. In addition, noticing Gx is
identity for all X € St(p,n), we know (9.3.4) holds. Therefore, by (i) of Lemma 9.3.1, (9.3.17)
is a vector transport. Since Gé(/)2®ln)oxv Jowl, (X)G*IX/2 = Jowr,(X) is independent of X, we also
obtain (9.3.18) is a vector transport. However, it is difficult to guarantee (9.3.19) and (9.3.20) are
vector transports since Jogr,(X)Bx = Bogr,)ex» and Jogr,(X)Nx = Nogr,)ex+ do not hold
in general for any element X € Gr(p,n).

We can define a section of the Grassmann manifold to overcome the difficulties of (9.3.19) and

(9.3.20). Given a X € St(p,n), a section Sy is defined as

Sx = {Y € St(p,n)|there exists a 0y, € Hx such that Expyx(m1,) =Y and XTY is full rank.}

= {Y e St(p,n)|XTY is a full rank and symmetric matrix. }.

If XTY is not full rank, then Sx intersects each equivalent class more than once but in a neigh-
borhood only once. Sx is therefore only a local section of the Grassmann manifold. In practice,
one can randomly choose a X € St(p,n) and use Sy,. If a iterate X makes XOT X not full rank,
then the section can be changed to be a new one Sx+.

In practice, it is worthwhile to try the mappings (9.3.19) and (9.3.20) directly. First, due to
the smoothness of the mappings, both of them are close to a vector transport locally, i.e., when the
two elements of the manifold defining the two tangent spaces are sufficiently close. Second, using a
section requires some extra work and may increase computational complexity. Third, the mapping
(9.3.19) is linear with respect to Y, which allows the use of the idea in Section 4.4.3 to construct
a cheap retraction that satisfies the locking condition with (9.3.19) in contrast to modifying the
mapping (9.3.19) based on a local section Sy which does not give an vector transport that is linear
with respect to Y. Therefore, the mappings (9.3.19) and (9.3.20) give what can be informally
called local vector transports. This idea may be worth exploiting in the later iterations of an
algorithm due to savings in computational cost associated with the local vector transports. A similar
phenomenon occurs when non-isometric transports are locally near isometric vector transports and

allow convergence despite violating the conditions of the convergence analyses.
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10.6.3 Pairs of Retraction and Isometric Vector Transport Satisfying Locking
Condition
Since the vector transport (9.3.19) is linear with respect to Y for the Grassmann manifold, we
can construct a retraction that satisfies the locking condition when paired with the vector transport.
The derivation is similar to those in Section 10.2.3.
Let X € St(p,n), U € Hx and denote the unknown Rx (tU) as X (t). Equation (4.4.10) implies

d
pn vec(X (t)) = Bx) B% vec(U),

where Bx (4 is the orthonormal basis of Hx given by (10.6.18) and X = X(0). Using the form of
Byx, we have that

BY vec(U) = vec(Ky)

where Ky = XIU . Using the same method in Section 10.2.1 and noting the non-existence of ),

we obtain an ordinary differential equation

Sx0 x0) = (x0 x0) (2 Ty ).

Therefore, the desired retraction is

Y=Rx(U)=X(1)=(X X, )exp< [2. _é{T ) ( Ié’ ) (10.6.19)

and Y] in the basis By of the isometric vector transport (9.2.19) is X (1). The retraction (10.6.19)
is the exponential mapping (10.6.10) [EAS98, Theorem 2.3].

In general, when the retraction associated with a vector transport is the exponential mapping,
as above, it does not necessarily imply that the vector transport is parallel translation. However, on
the Grassmann manifold, when the associated retraction of the vector transport by parallelization
is the exponential mapping and Y, is used in the basis By, the vector transport by parallelization
is the parallel translation. This can be seen easily from [EAS98, Theorem 2.4, proof 2|. Therefore,
we obtain a method to compute the parallel translation of the Grassmann manifold when X, Y are
given but Exp;(1 Y is unknown.

The differentiated retraction of the retraction (10.6.19) is also straightforward to derive. Let

(0 -K{ (0 -—-KT&
Ml_(KU 0 )andM2—<KV 0 .
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It follows that

d I
TrV=(X X, )Eexp(M1+tM2)|t:0< 5)

=(X X, )Z(Zz'My2)® ®)Z7* < Ié’ ) ( by [NH95, Theorem 4.5]),

where M, = ZAZ~ ! is the spectral decomposition, \; = Ay, ® denotes the Hadamard product, i.e.
(A ® B)Z'j = AijBij and

10.6.4 Cotangent Vector Required by Ring and Wirth’s RBFGS

Since (10.6.11) and (10.6.12) have an identical differentiated retraction, the cotangent vectors
are also identical. Therefore, we consider them together. Let ny,,&, € Hx and ¢, € Hy,
Y = Rx(n,). We have that

C(X, My Gy )[€ryx) = trace(¢L (I = YY) & (YT (X 4+ )7 h)

= trace((Y" (X + 1)) 7' ¢ (I = YY) )épy ).
Therefore, the cotangent vector for the retraction (10.6.12) and (10.6.12) is

C(X7 nTX7CTY) = (YT(X + TITX))_lC%Fy (In - YYT)'

10.7 Complexity

In this section, we analyze the complexity of updating the Hessian approximation of Riemannian
quasi-Newton algorithms and gradient sampling algorithm. When the d-dimensional intrinsic repre-
sentation is used complexity depends strongly on the particular manifold. Therefore, we restrict the
discussion to d-dimensional Riemannian manifolds M using n-dimensional vector representations.

For the assumed representation, a tangent vector is represented by an mn-dimensional vector
while the Hessian approximation, inverse Hessian approximation, vector transport and inverse

vector transport are represented by n x n matrices. We assume the complexity of g(n,§) or 7 is

O(n).
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Table 10.1: Complexity of some steps of full version and limited-memory version. — means
this step is not explicit.

RBroyden family
Full version Limited-memory version
Action Complexity Action Complexity
get By from B O(n?) - -
TsBTs! O(n?) transport sy, yi O(mn?)
Bn O(n?) Bn O(mn)
RTR-SR1
Full version Limited-memory version
Action Complexity Action Complexity
get By from By O(n?) - -
TsBTg ! O(n3) transport sy, yx O(mn?)
Bn O(n?) B O(mn) + O(m?)

In Riemannian quasi-Newton methods, since B operates on a d-dimensional space, it could be
written as By = PPT, where P € R"*¢. In this way, we could decrease the complexity. Likewise,
Ts could be written as low rank update(see Section 9.2.3 and 9.3.3). However, this can only be
exploited in practice when the cost of determining the factor is not excessive. When the factor is
available at an acceptable cost, the factored form saves computation compared to the complexity

listed above.

Table 10.2: Complexity of some steps of RGS.

Action Complexity
Transport grad f(zy;) to a same tangent space O(mn?)
Solving a convex quadratic program polynomial in n

In the Riemannian gradient sampling algorithm, even though solving a convex quadratic pro-
gram is polynomial in time complexity, it can still be quite time consuming in practice. Burke,
Lewis and Overton point this out and show empirically that once n > 200 the performance of
their implementation for Euclidean problems becomes problematic. They use MOSEK to solve the

convex optimization problem at each step (see http://www.mosek.com).
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CHAPTER 11

EXPERIMENTS

11.1 Introduction

There are many aspects of the proposed algorithms and their performance that must be as-
sessed empirically. We must consider the effects of: the manifold defining the constraints; the
representation of manifold elements and tangent spaces; retractions, vector transports, their im-
plementations, and their relationships to the representations of manifold elements; the smoothness
of the cost function; and the properties of the problems. In this chapter, we discuss experiments
that are designed to isolate and address these aspects influencing the performance of the proposed
Riemannian algorithms. Empirical results for more complex application problems are presented in

Chapters 12 through 14.

11.2 Test Problems

We consider four basic well-known optimization problems defined on manifolds: minimization
of the Brockett cost function on the Stiefel manifold, minimization of the Rayleigh quotient on
the Grassmann manifold, and two minmax problems on the sphere. The first two problems have
smooth cost functions and detailed discussions can be found in [AMS08]. One minmax problem
has a partly smooth Lipschitz cost function and the other has a partly smooth non-Lipschitz cost
function.

The basic properties of our algorithms on an embedded manifold will be discussed using the
minimization of the Brockett cost function on the Stiefel manifold with a metric endowed from
the embedding Euclidean space (10.2.1). Since the Rayleigh quotient minimization problem can
be defined on the Stiefel and Grassmann manifolds, it is used to compare the properties of our
algorithms on a quotient representation and an embedded representation. The Lipschitz and non-
Lipschitz minmax problems on the sphere are used to investigate the relationships in performance

characteristics of RGS and RBFGS.
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11.2.1 Brockett Cost Function Minimization on the Stiefel Manifold
The Brockett cost function is
f:St(p,n) = R: X — trace(XT BXN),

where N = diag(p1,- -, pp) wWith 0 < gy < --+ < p, and B € R™™ and B = BT. The gradient
with respect to the metric (10.2.1) is

grad f(X) = Px(2BXN),

where sym(M) = (M + M7")/2 and Px (V) =V — X sym(XTV) is the projection onto Tx St(p,n).

The action of the Hessian on n € Tx St(p,n) with respect to the metric (10.2.1) is
Hess f(X)[n] = Px(2BnN — nsym(XT(2BXN))).

These are in [AMS08].

Additionally, we consider the gradient with respect to the metric (10.3.1). It is
grad f(X) =2BXN — X(2BXN)" X.
The action of the Hessian on n € Tx St(p,n) with respect to the metric (10.3.1) is
Hess f(X)[n] = 2BnN — X(2BnN)T X — X skew((2BXN)™n) — skew(n(2BXN)T) X
- %(In - XXT)(nXT(2BXN)),

where skew (M) = (M — M7T)/2.
It is known that the columns of a global minimizer, X*e;, are eigenvectors for the p smallest

eigenvalues, \;, ordered so that A; > ... > A, [AMS08, §4.8].
11.2.2 Rayleigh Quotient Minimization on the Grassmann Manifold
The Rayleigh quotient is
f:Gr(p,n) = R: [X] — trace(XTCX),

where C is a n by n matrix and not necessary positive-definite. The gradient with respect to the
metric (10.6.9) satisfies
(grad f([X]))1x = Px(2CX),
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where Px (V) = (I, — XXT)V is the projection onto Hx. The action of the Hessian on 1 €

Tix) Gr(p, n) is

(Hess f([X]) )1y = (Hess F([X])ty 5] = Px (20, — iy XT(2CX)).

The minimizer is a space such that the eigenvectors of p smallest eigenvalues form an orthonormal

basis of the space.

11.2.3 Lipschitz Minmax Problem on the Sphere

The cost function is
f:ST SRz |2l = max(|z1],. .., |20)).

This is a Lipschitz continuous function defined on the sphere. The gradient with respect to the

metric (10.4.1) is

B [ sign(x;), where |x;| is the largest;
grad f(z) = P (v),v = { 0, otherwise,

where P,(v) = (I, — xzT)v. If x has more than one maximal magnitude component |z;|, then

grad f(z) does not exist. The minimizer is a vector where all components have magnitude 1/+/n.

11.2.4 Non-Lipschitz Minmax Problem on the Sphere

The cost function is

1
NG

1
NG

=

w
Ll

f:S" P SRz |2||cc = max(|z; — | |3).

7"'7|$n_

The gradient with respect to the metric (10.4.1) is

. _2 1.
orad f(z) = Py(v),0 = { % sign(z; — ﬁ”ﬂ?z - %| 3, where |z; — %h is the largest;

0, otherwise.

If  has more than one maximal magnitude component |x; — ﬁﬁ, then grad f(z) does not exist.
The minimizer is a vector where all components have magnitude 1//n. If x approaches z*, then
the norm of the gradient at z goes to infinity. Therefore, this function is non-Lipschitz continuous

at the minimizer.
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11.3 Notation, Algorithm Parameters and Test Data Parameters

Ten algorithms are used in the experiments in this chapter. Six are combined with a line
search algorithm: RBFGS using an inverse Hessian approximation, the restricted RBroyden algo-
rithm using an inverse Hessian approximation and a problem specific ¢, the Davidon’s update
RBroyden algorithm using an inverse Hessian approximation, limited-memory RBFGS (LRBFGS),
Riemannian steepest descent with line search (RSD) and RGS. Four of them are combined with
a trust region: RTR-SR1, LRTR-SR1, Riemannian trust region with steepest descent (RTR-SD),
and RTR-Newton [Bak08].

The line search algorithm used with RBroyden family methods is [DS83, Algorithm A6.3.1mod]
for optimizing smooth functions and, is given as Algorithm 7 after appropriate modifications for
partly smooth functions. The line search algorithm in RGS is the one described in Algorithm 6.
The constants ¢; and ¢ in the Wolfe conditions are le-4 and 0.999 respectively.

When the n-dimensional embedded representation of a d-dimensional manifold is used, the
system Byn, = — grad f(zx) may have multiple solutions. To solve Byn, = — grad f(x) such that
M, € Ty, S "=l we add the constraints a:gnk = 0 for the sphere and the Grassmann manifold, wgnk—i—
ngajg = 0 for the Stiefel manifold and the orthogonal group, to the system Bpn, = — grad f(xg).
The QR decomposition is used to find ng. It is not difficult to show there is a unique solution 7.

For RGS, when random tangent vectors in a given T, S"~! are required, a random orthonormal
basis of T, S*~! is generated. Each required random tangent vector is produced by generating
a random vector of coefficients in a unit box [—0.5,0.5]""! and computing the associated linear
combination of the basis vectors. The number of samples in RGS and J for RBFGS (see Section
7.3.2) are both ceil(1.3d+5). The constants 7, and 74 in Section 7.3.2 are le-5 and le-6 respectively.
The initial sampling radius €y, sampling radius reduction factor u, initial optimality tolerance vy,
optimality tolerance reduction factor €, tolerance 7, and Armijo parameter ¢; in RGS are 1e-3, 0.1,
le-3, 0.1, 1e-5 and 0 respectively .

The trust region inner iteration algorithm is the truncated CG inner iteration in [AMSO0S,
§7.3.2]. The 0, x parameters in the inner iteration stopping criterion [AMSO08, (7.10)] are set to
0.1, 0.9 respectively for RTR-SR1 and LRTR-SR1 and to 1, 0.1 respectively for RTR-Newton. The
constants 7y and 79 in trust region are 0.25 and 2 respectively. The initial radius Ag is 1, ¢ in

RTR-~SR1 and LRTR-SR1 is 0.1, and v is the square root of machine epsilon.
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Table 11.1: Notation for reporting the experimental results.

gfo | Riemannian metric value of the initial gradient
gfr | Riemannian metric value of the final gradient
iter number of iterations
nf number of function evaluations
ng number of gradient evaluations
nH number of operations of the form Hn
nV number of vector transports
nR number of retraction evaluations
t average time (seconds)

The comparisons are performed in Matlab 7.0.0 on a 32 bit Windows platform with 2.4 GHz
CPU (T8300).

Unless otherwise indicated in the description of the experiments, the following test data pa-
rameters are used. The problems are defined by setting B = Ry + R and C = Ry + RI where
the elements of Ry and Ry are drawn from the standard normal distribution using Matlab’s RAND-
N with seed 1, N is a diagonal matrix whose diagonal elements are integers from 1 to p, i.e.,
N = diag(1,2,...,p). The initial iterate X is given by applying Matlab’s function ORTH to a ma-
trix whose elements are drawn from the standard normal distribution using Matlab’s RANDN with
seed 1. The identity is used as the initial Hessian inverse approximation. The stopping criterion
requires that the ratio of the norm of final gradient and the norm of initial gradient is less than
1079,

The methods of constructing an isometric vector transport are discussed in Section 9. The
Matlab’s function ODE45 with ”RelTol” and ” AbsTol” both set to 1le-5 is used to solve the ODE
of the parallel transport of the Stiefel manifold.

To obtain sufficiently stable timing results, an average time is taken of several runs with iden-
tical parameters for a total runtime of at least 1 minute. The notation used when reporting the
experimental results is given in Table 11.1.

There are some relationships among the operations. For RBroyden family methods nH =
2(iter — 1) holds; for RTR-SR1 we have iter = nf = ng = nv +1 = nR + 1; for LRTR-SR1 we
have iter = nf = ng = nR+ 1; for RTR-SD iter = nf = nR+1; nH does not appear in LRBFGS,
RSD, RTR-SR1, RTR-SD and RGS; and, finally, nV does not appear in RTR-SD.

194



11.4 Results and Conclusions
11.4.1 Performance for Different ¢ in the RBroyden Family
We use the inverse Hessian approximation update for the RBroyden family algorithms

- Heye(Hiyr) sk
Hir1 = Hi — ~*( ]E ) ; g
(Hive)ye — spuw

+ 19y Hayr)urus,

where -
Sk Hryk
Uk = - ~ )
9k Yk) gy, Hiyk)

are tested with ¢ = ¢ = 1.0,0.8, 0.6, 0.4, 0.2, 0.1, 0.01, 0 and with a variable ¢ set to

Davidon’s value QNSkD . The inverse Hessian approximation update tends to be preferred to the
Hessian approximation update since it avoids solving a linear system.

Most of the existing literature investigates the effects of the coefficient ¢ in the Hessian approx-
imation update formula. In [BNY87], Byrd et al. provide empirical evidence that, in a Euclidean
space, the ability to correct eigenvalues of the Hessian approximation that are much larger than
the eigenvalues of the true Hessian degrades for larger ¢ values. Our experiments show the same
trend on manifolds (see Table 11.2) and RBFGS is seen to be the best at such a correction among
the restricted RBroyden family methods.

Strategies for choosing ¢, and allowing it to be outside [0, 1] have been investigated. Davidon
[Dav75] defines an update for ¢, by minimizing the condition number of B,;lBkH. We have
generalized this update to Riemannian manifolds for both the Hessian approximation and inverse

Hessian approximation forms to obtain

9(yx Lsk)(g(yk7églyk)_g(ykysk))
¢D — 9(sk:Brsk) 9 (Wi By, i) —9(W,s1)2
9k 5k)
9(Ur>5%)—9(s%:Brsk)’

. 29(s1,Brsk) gy By, ' vk)
if si) < 2 b ;
9(Yk: sk) < 9(sk,Brsk)+9(r. By, 'yr)’

otherwise

2§(Ski7:l,:18k)g(yk77:fkyk) .
9(skHy, k) +9 Wk Hie) '

9(yr,sx)(9(sk ﬂ_glyk)—g(yk ,Sk))
ngD — ) 9k Hryr)g(skHy, tsr)—g(ykosk)?
9(Wk,3k) _
9(Yk,s1)—9(yr, Hryr)’

if g(yr, sk) <

otherwise

When the “if” conditions are satisfied in these definitions the Hessian and inverse Hessian approx-
imations are symmetric positive definite. The “otherwise” clauses in the definitions correspond to

the two forms of the Riemannian SR1 method (see Chapter 3 and [HAG13]).
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Byrd et al. [BLN92] use negative values of ¢ to improve the performance of the Hessian
approximation form. However, their experiments require solving a linear system to find zp =
Hess f(z) ~'vg. Their purpose was, of course, to demonstrate a theoretical value of ¢, and not to
recommend the specific form for computation which by involving the Hessian is inconsistent with
the goal of quasi-Newton methods. In the Riemannian setting, the action of the Hessian is often
known rather than the Hessian itself, i.e., given n € T, M, Hess f(z)[n] is known. So z; could be
approximated by applying a few steps of an iterative method such as CG to the system of equations.
Also, the Hessian could be recovered given a basis for T, M and the linear system solved but this
is an excessive amount of work. Therefore, we test only the generalization of Davidon’s update,
.

Since we use the inverse Hessian approximation update, ¢, = 1 corresponds to RBFGS and
ér = 0 corresponds to RDFP. Also note we are testing the restricted RBroyden family since
0 < ¢y, < 1 implies 0 < ¢, < 1. The parameters n and p are chosen to be 5 and 2 respectively. In
[BNY87], Byrd et al. set the initial Hessian approximation By diag(1, 1, ... , 1, A9, A;) € R™*"
to demonstrate the correction properties of the different members of the Broyden family. Similarly,
to show the differences among RBroyden family with different ¢y, in our experiments the initial
inverse Hessian approximation H is set to diag(1, 1, ... , 1, 1/50, 1/10000) € R*¢,

The intrinsic dimension representation is used for a tangent vector. The retraction is chosen to
be (10.2.16) and the vector transport is defined by parallelization.

The results in Table 11.2 and Figure 11.1 show trends typically observed in our experiments
with the Brockett cost function and others. There is a clear preference in performance for choosing
the constant ¢ near 1.0 to yield RBFGS or a nearby method. For variable ¢, Davidon’s update
performs somewhat better than RBFGS for the Brockett cost function and is usually comparable
to RBFGS on other cost functions. The problem of choosing br or ¢y, is still an open question in

Riemannian optimization research.

11.4.2 Retractions and Vector Transports for RBFGS

In this section, we show the results of RBFGS when using different pairs of retractions and vector
transports that satisfy the locking condition. Table 11.3 shows the pairs that are tested and the
notation used. Besides using the exponential mapping and parallel translation, we consider the gf

retraction and the corresponding isometric vector transports that satisfies the locking condition with
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Table 11.2: Comparison of RBroyden family for <;~5kD and several constant ¢y,. The subscript

—k indicates a scale of 107%.

bk oP 1.0 0.8 0.6 0.4 0.2 0.1 0.01 0
iter 27 30 31 32 35 44 56 166 320
nf 29 38 38 38 42 49 60 168 322
ng 27 30 31 32 35 44 56 166 320
nH 52 58 60 62 68 86 110 330 638
nV 78 87 90 93 102 129 165 495 957
nR 28 37 37 37 41 48 59 167 321
gfy | 7977 3.05_¢ 2746 5516 T7.09_¢ 6.14_6 580_¢ 7.87_7 4.56_¢
gfr/afo | 858_s 3.28_7 2967 594, 7.64_; 6.61_7 6.26_7; 8.48_5 4.92_;
¢ 1.66_5 1.81_5 1.82_5 1.83_5 1975 248 5 311, 9.06_5 1.74_;

Brockett on the Stiefel manifold

300

Figure 11.1: Comparison of RBroyden family for ékD and several constant ¢y.
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Table 11.3: Notations of retractions and vector transports.

EP Exponential map- | parallel translation (10.2.11)
ping (10.2.2)

QDT qf retraction | vector transport (4.4.2) with 77 be vector transport by di-
(10.2.3) rection rotation based on tangent space(9.2.18)

QfDN qf retraction | vector transport (4.4.2) with 77 be vector transport by di-
(10.2.3) rection rotation based on normal space(9.2.17)

QP qf retraction | vector transport (4.4.2) with 77 be vector transport by par-
(10.2.3) allelization (9.2.19)

QfR qf retraction | vector transport (4.4.2) with 7; be vector transport by rig-
(10.2.3) ging (9.2.20)

QfC qf retraction | vector transport by constructing (4.4.9)
(10.2.3)

QfInC qf retraction | vector transport by constructing (4.4.9) using intrinsic rep-
(10.2.3) resentation

CPIn retraction (10.2.16) | vector transport by parallelization (9.2.19) using intrinsic

representation

gf. In Section 10.2, we also discuss an another retraction based on the polar decomposition (10.2.4).
We do not show the results of this retraction due to two reasons. First, the polar decomposition is
more expensive than the QR decomposition. Second, finding the 2 in the differentiated retraction
(10.2.7) requires significant extra work solving a large linear system.

The parameters (p,n) are taken as (4,12) and (8,12). Table 11.4 and Figure 11.2 show the
results of the experiments.

Unsurprisingly, RBFGS with EP takes much more time than others due to the high cost of the
parallel translation even though the number of iterations are not too different from the other algo-
rithms. RBFGS with QfDT and RBFGS with QfDN have exactly the same number of iterations
since the vector transports are theoretically equivalent (see Lemma 9.2.3). In the experiments, as
long as the numerical behaviors of the two vector transports are close, the numbers of iterations
they require are identical. However, their computation times of are usually different. For example,
when (p,n) = (4,12), RBFGS with vector transport based on the tangent space requires more
computation time than RBFGS with the vector transport based on the normal space and the per-
formance reverses when (p,n) = (8,12). This phenomenon illustrates the discussions in Section

9.2.3, i.e., a smaller ratio of codimension and dimension of the manifold implies a less computation-
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ally costly vector transport based on the tangent space and a more computationally costly vector
transport based on the normal space.

RBFGS with QfP and RBFGS with QfR require less computation time than RBFGS with QfDT
and RBFGS with QfDN respectively. The reason is that the vector transports by direct rotation
are more expensive when compared with the vector transports by rigging or parallelization since
the vector transports by direct rotation require the singular value decomposition, especially when
both the dimension and codimension of a manifold are not sufficiently small in the required the
singular value decomposition.

RBFGS with QfP, RBFGS with QfC and RBFGS with QfInC have identical numbers of it-
erations. The difference between the vector transports used in QfC and QfInC is only in their
implementations since they are identical theoretically. Noting that there is no difference between
doing the Householder reflection in intrinsic representation and in embedding space, the vector
transport in QfP is equivalent to the other two theoretically. The only differences are the computa-
tional implementation. Since working on the intrinsic dimension avoids many expensive operations,
RBFGS with QfInC has the smallest computational cost of the three.

RBFGS with CPIn is the fastest in terms of number of iterations and time. One reason is that
the locking condition is satisfied by definition and the computations of differentiated retraction
along a direction and Householder reflection are avoided. In addition, the number of iterations is
the smallest or the second smallest one in this example. This pair of retraction and vector transport

is preferred and is used in other comparisons of this chapter.

11.4.3 Comparison of RBFGS and Ring and Wirth’s Algorithm

The retraction and vector transport used for our RBFGS are (10.2.16) and vector transport by
parallelization which are shown, in Section 11.4.2, to be preferred. For Ring and Wirth’s RBFGS
(RW), retractions (10.2.3) and (10.2.16) are used. As we discussed in Section 10.2.3, these two
retractions have relatively efficient computational forms of cotangent vector. The vector transport
for RW is chosen to be by parallelization. The intrinsic representation for a tangent vector is used
for both algorithms.

Table 11.5 contains the results for the Brockett cost function with multiple sizes of the Stiefel
manifold for the efficient RW algorithm and RBFGS. Since the number of iterations among RBFGS

and RW with different retractions are not significantly different, the computational time depends
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Table 11.4: Comparison of retraction and vector transports for RBFGS. The subscript
—Fk indicates a scale of 107%.

RBFGS
b, 1 EP QDT QN Qff QR QfC QfinC CPIn
iter 59 56 56 73 55 73 73 49
nf 134 131 131 151 130 151 151 112
ng 59 56 56 73 55 73 73 49
nH 116 110 110 144 108 144 144 96
4,12 aV 174 165 165 216 162 216 216 144
nR 133 130 130 150 129 150 150 111
off  120_; 465_g 465 1715 T.13_¢ 17l_5 1715 1.56_;
ofr/ofo 33%_7 1307 1.30_; 4.80_; 2.00_; 480_; 4.80_; 4.36_;
t 583 443, 327, 3.82_; 290_; 373, 1.38_; 4.79_,
iter 68 74 74 84 82 84 84 72
nf 179 188 188 209 204 209 209 182
ng 68 74 74 84 82 84 84 72
nH 134 146 146 166 162 166 166 142
8, 12 nV 201 219 219 249 243 249 249 213
nR 178 187 187 208 203 208 208 181
off  TO03_5 281_5 2815 4985 T7.39_5 4.98_5 498_5 3.73_;
ofi/afo 800_7 3207 3.20_; 5.66_; 84l_r 5.66_7 b5.66_; 4.24_;
t 1.559 1.62 1.92 9.54_4 1.59 9.37_1 2.68_1 9.44_,
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Brockett on the Stiefel manifold

|grad f
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iter.

Figure 11.2: Comparison of retraction and vector transports for RBFGS. The top figure
corresponds to (p,n) = (4,12) and the bottom figure corresponds to (p,n) = (8,12).
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Table 11.5: Comparison of RBFGS and RW. RW1 and RW2 denote RW with retractions
(10.2.16) and (10.2.3) respectively. The subscript —k indicates a scale of 107F.

(n, p) (12, 6) (12, 12) (24, 12)

method | RBFGS RW1 RW2 | RBFGS RW1 RW2 | RBFGS RWI1 RW2
iter 61 62 63 78 74 80 186 207 217
nf 154 155 161 202 182 194 597 630 660
ng 61 62 63 79 74 80 186 207 217
nV 180 122 124 232 146 158 555 412 432
nR 153 154 160 201 181 193 596 629 659
gff | 5195 3415 499 5| 4905 T7.74.5 3.46_5 | 215, 1854 2.09_4

gff/afo | 7607 500_; 7317 | 618 ; 9757 4367 | 8.02; 6887 T7.79_;
t 649, 129, 977, | 1.19.; 179, 157, | 128 251  1.58

on the cost of each iteration. Because the retraction (10.2.16) and the corresponding cotangent
vector (10.2.20) are more expensive than the retraction (10.2.3) and the corresponding cotangent
vector (10.2.18), it is unsurprising that RW with retraction (10.2.16) takes more time than RW with
retraction (10.2.3). This phenomenon is illustrated in Figure 11.3. Even though RW with retraction
(10.2.3) has relatively efficient components, the benefit of avoiding differentiated retraction is seen
in the time advantage of RBFGS for all three problem sizes. Figure 11.3 shows that RBFGS has a
time advantage regardless of the required accuracy.

The noticeable increase of the computation time on the largest problem indicates that the dense
matrix computations are beginning to mask the effects of other algorithmic choices. This motivates
a comparison with the LRBFGS method intended to limit the use of dense matrices with the full
dimension of the problem. Comparisons of LRBFGS and RBFGS for problems of moderate sizes

are shown in the next section.

11.4.4 Comparison of LRBFGS and RBFGS

The performance results for RBFGS and LRBFGS with different values of the parameter m are
given in Table 11.6 and Figure 11.4 for the Brockett cost function with n = p = 16. As expected,
the number of iterations required by LRBFGS to achieve the required reduction in the norm of
the gradient comparable to RBFGS decreases as m increases but remains higher than the number
required by RBFGS. The benefit of LRBFGS is seen from Figure 11.4 in computation times that

are better or similar to that of RBFGS for all tested values of m when a high accuracy is not
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Figure 11.3:

Comparison of RBFGS and RW for (p,n) = (12,12). RW1 and RW2 denote
RW with retractions (10.2.16) and (10.2.3) respectively. The top figure is the results of
iter versus |gradf| and the bottom one is the results of time versus |gradf|.
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Table 11.6: Comparison of LRBFGS and RBFGS. The subscript —k indicates a scale of 107%.

method | RBFGS LRBFGS
m 1 2 4 8 16 32
iter 117 245 198 184 160 159 147
nf 330 272 215 200 172 174 160
ng 117 245 198 184 160 159 147
nV 348 732 983 1635 2647 4974 8498
nR 329 271 214 199 171 173 159
afy 1304 | 1324 1.104 1204 1474 1.29_4 9.51_5
gff/afo | 882_7 | 896_7 748_7; 815_7 9.95_; 872_7; 6.44_7
t 2.10_1 1.81_; 15147 1647 1.83_7 256_7 3.55_3

required. Even though a high accuracy is required, LRBFGS with m < 8 still shows advantages in
computation time, which clearly indicates that, for this range of m, the approximation of the inverse
of the Hessian is of suitable quality in LRBFGS so that the number of less complex iterations is kept
sufficiently small to solve the problem in an efficient manner. The advantage is lost, as expected,
once m becomes too large for the size of the given problem. In practice, for moderately sized
problems, exploiting the potential benefits of LRBFGS requires an efficient method of choosing m
which depends strongly on the problem. The results are encouraging in the sense of potential for

problems large enough to preclude the use of RW, RBFGS, or other RBroyden family members.

11.4.5 Locking Condition and Isometry of Vector Transport in RBFGS

In order for RBFGS to be well-defined, the vector transport needs to be isometric and satisfy
the locking condition. In this section, we investigate what happens when these conditions are not
necessarily satisfied in our framework of RBFGS. Three vector transports are tested. The first is
a non-isometric vector transport that does not satisfy the locking condition, i.e., the vector trans-
port by projection (10.2.5). The second is a non-isometric vector transport satisfying the locking
condition, i.e., vector transport (4.4.2) with 77 be the vector transport by projection (10.2.5). The
third is an isometric vector transport without the locking condition, i.e., the vector transport by
parallelization (9.2.19). The retractions for all transports are the qf retraction. For completeness,
the results of using proposed retraction (10.2.16) and vector transport (9.2.19) that satisfy the
isometry constraint and locking condition are included in the results.

The parameter (p,n) is chosen to be (6,12). The stopping criterion requires the ratio of the
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Figure 11.4: Comparison of RBFGS and LRBFGS. The top figure is the results of iter
versus |gradf| and the bottom one is the results of time versus |gradf|.
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Table 11.7: The numbers of successful runs of RBFGS with different retractions and vector
transports, where ”a successful run” mean reaching the required accuracy.

5o 1 107! 1072
nonlso-nonlocking | 0 84 100
nonlso-locking 0 88 100
Iso-nonlocking 80 99 100
Iso-locking 100 100 100

norm of final gradient and the norm of initial gradient to be less than 1073, The matrix B is chosen
to be Qdiag(1,2,...,n)Q" where Q is given by applying Matlab’s function ORTH to an n by n
matrix whose elements are drawn from the standard normal distribution. The initial iterate Xg
is given by [gp,qp—1,-..,q1] + R where ¢; is the i-th column of the matrix @, the elements of
R € R™™™ are drawn from the standard normal distribution and dq is specified in Table 11.7.
Table 11.7 shows the numbers of runs that reach the required accuracy among 100 using
1, 2,..., 100 as the random number generator seed. The reason of the failures of RBFGS in
the experiments is that the line search fails due to the search direction not being a descent direc-
tion. It is more likely for RBFGS with a non-isometric vector transport to fail when the initial
iterate is not close to the minimizer. Even though the locking condition is not satisfied, the RBFGS
still works in a quite high probability as long as the vector transport is isometric. The choice of
a vector transport reduces in importance as the initial iterate is chosen closer to the minimizer.
In particular, when &y is 1072, all runs of RBFGS with all vector transports reach the required
accuracy. This phenomenon is explained by Lemma 4.3.6 that proves all vector transports are close

to each locally, i.e., when transporting a tangent vector in T,, M to a fairly close T M. Early

Ty
in the iteration, these tangent spaces will be far apart for algorithms that are converging satisfac-
torily and the vector transports’ behaviors will be different. Nearer the minimizer by necessity the
distance between successive iterates is much smaller and the transports’ behaviors begin to look
very much alike lessening the importance of the satisfying the two conditions. This implies that

there is further work to do understanding the effectiveness of non-isometric vector transports and

reducing even more the influence of the differentiated retraction.
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Table 11.8: Notations of retractions and vector transports.

EP Exponential map- | parallel translation (10.2.11)
ping (10.2.2)

QDT qf retraction | vector transport by direction rotation based on tangent s-
(10.2.3) pace(9.2.18)

QfDN qf retraction | vector transport by direction rotation based on normal s-
(10.2.3) pace(9.2.17)

QfP qf retraction | vector transport by parallelization (9.2.19)
(10.2.3)

QfR qf retraction | vector transport by rigging (9.2.20)
(10.2.3)

QfInP qf retraction | vector transport by parallelization (9.2.19) using intrinsic
(10.2.3) representation

CPIn retraction (10.2.16) | vector transport by parallelization (9.2.19) using intrinsic

representation

11.4.6 Retractions and Vector Transports for RTR-SR1

The performance of RT'R-SR1 with different retractions and isometric vector transports is shown
in this section. Table 11.3 lists the pairs that are tested and the notation used. Since RTR-SR1
does not require an isometric vector transport to satisfy the locking condition, Methods 1 and
2 in Section 4.4 are not included since they require more computation per iteration and in our
experience their convergence rates do not result in overall computational savings.

Table 11.9 and Figure 11.5 show the results of the experiments, when (p,n) is (4,12) and (8,12).
The conclusions about the cost of vector transports are similar to those in Section 11.4.2. First,
RTR-SR1 with EP requires much more time than others since parallel translation is expensive
computationally. Second, RTR-SR1 with QfDT and RTR-SR1 with QfP are faster than RTR-SR1
with QfDN and RTR-SR1 with QfR when (p,n) = (8,12) and the relationship is reversed when
(p,n) = (4,12) due to the ratio of the dimension and codimension of the manifold and its influence
on the computational cost of vector transport. Third, RTR-SR1 with CPIn is the fastest algorithm.
This pair of retraction and vector transport is preferred and is used in other comparisons in this
chapter.

Unlike the results in Section 11.4.2, we do not always observe the vector transports that are

equivalent theoretically give identical numbers of iterations, function evaluations, gradient eval-
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Table 11.9: Comparison of retraction and vector transports for RTR-SR1. The subscript
—Fk indicates a scale of 107%.

RTR-SR1

P, o EP QDT QN QfF QfR  QfinP  CPIn
iter 82 81 81 92 93 92 81

nf 82 81 81 92 93 92 81

ng 82 81 81 92 93 92 81

nH 292 201 201 330 360 329 289

4,12 oV 81 80 80 91 92 91 80
nR 81 80 80 91 92 91 80

off  347_5 3.00_5 3.00_5 1945 3.18_5 193_5 1.63_;
oft/ofo 9.T3_7 84l_; 8A4l_; 542_; 890_; 542_; 4.58_;

¢ 6.01, 3.07_; 218, 230, 225, 6.93_5 5.67_s

iter 114 113 124 172 137 168 123

nf 114 113 124 172 137 168 123

ng 114 113 124 172 137 168 123

nH 465 476 480 624 540 666 445

8, 12 nV 113 112 123 171 136 167 122
nR 113 112 123 171 136 167 122

gff  6.06_5 3.63.5 3.86_5 8215 4245 3725 7225
gff/gfo 6897 4137 4397 933, 483, 423, 822 ;
t 198, 120 154 924, 127 171, 950,

uations, Hessian actions, vector transports and retractions. For example, the differences be-
tween QfDT and QfDN, QfP and QfInP for (p,n) = (8,12) are non-negligible. However, even
though theoretically, the pairs QfDT and QfDN, QfP and QfInP are equivalent respectively, when
(p,n) = (8,12) we observed the iterations are identical only when iter is less than 60 for both pairs.
So RTR-SR1 is more sensitive to the numerical differences in the implementations of the pairs than
RBFGS. This is not too surprising since the RTR-SR1 and the restricted RBroyden family have
significantly different properties of approximation of the (inverse) Hessian, different local models
to set the direction vector and different convergence properties of the inner iteration on the local

models.

11.4.7 Comparison of LRTR-SR1 and RTR-SR1

The performance results for RTR-SR1 and LRTR-SR1 with different values of the parameter

m are given in Table 11.10 and Figure 11.6 for the Brockett cost function with n = p = 16 (a
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Figure 11.5: Comparison of retraction and vector transports for RT'R-SR1. The top figure
corresponds to (p,n) = (4,12) and the bottom figure corresponds to (p,n) = (8,12).
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Table 11.10: Comparison of RTR-SR1 and LRTR-~-SR1. The subscript —k indicates a scale
of 107*.

method | RTR-SR1 LRTR-SR1
m 1 2 4 8 16 32
iter 180 707 994 399 445 575 542
nf 180 707 994 399 445 575 542
ng 180 707 994 399 445 575 542
nV 179 1938 4315 3042 6186 14964 27621
nR 179 706 993 398 444 574 541
gff 8.19_5 1.46_4 139_4 1134 1454 144_, 1.18_4
oflofo | 5557 |9.91_; 944 ; T66_; 9827 9.73_; 8027
t 1.74_4 6.01_7 9.73_1 4.93_1 7.75_4 1.58 2.68

problem of moderate size from a dense matrix computational point of view). Unlike the results for
LRBFGS shown in Table 11.6, the number of iterations required by LRTR-SR1 does not decreases
as m increases. Like the results shown in Table 11.6, the number of iterations remains higher than
the number required by RTR-SR1. Unfortunately, the computation time of LRTR-SR1 is higher
than RTR-SR1 for the range of m considered. Therefore, LRTR-SR1 is not competitive with RTR-
SR1 for this moderately sized problem. However, for the large scale versions of the Brockett cost

function in Section 11.4.9, LRTR-SR1 does show an advantage in computational efficiency.

11.4.8 Convergence Rate Comparison

Table 11.11 and Figure 11.7 report the observed values of the basic experimental metrics for
RSD, RTR-SD, RBFGS, RTR-SR1 and RTR-Newton applied to the Brockett cost function with
(p,n) = (6,12). From this data we can verify our theoretical convergence rate analyses,

Since RSD and RTR-SD are convergent linearly and are the slowest among the tested algorithms,
the observed number iterations to achieve the required accuracy are significantly larger than those
of the other algorithms. RBFGS requires fewer iterations than RTR-SR1 which is also consistent
with their convergence rates, i.e., RBFGS converges superlinearly and RTR-SR1 converges d + 1-
step superlinearly. RTR-Newton requires the fewest iterations due to its quadratic convergence
rate. Since the action of the Hessian of the Brockett cost function on a vector is computationally
cheap, RTR-Newton requires the smallest computational time among all the tested algorithms.

Chapter 12 contains results on applications where the action of the Hessian on a vector is not
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Table 11.11: Comparison of RTR-Newton, RBFGS, RTR-SR1, RSD and RTR-SD. The
subscript —k indicates a scale of 107%.

method | RTR-Newton RBFGS RTR-SR1 RSD RTR-SD
iter 16 61 137 2888 3127
nf 16 154 137 8691 3127
ng 16 61 137 2888 3114
nH 185 120 509 0 0
nV 0 180 136 2887 0
nR 15 153 136 8690 3126
9l 1.43_¢ 519_5  5.25_5  6.79_5 5.20_s

9ft/9fo 2.10_g 760_7  7.69_7 9.95_; 7.62_;

t 2.98_5 6.57_5  1.00_; 2.48 1.61

computationally cheap and the performance predictions based on the convergence rates and the
relative computational efficiency per iteration of methods other than RTR-Newton being fastest

are verified with experimental observations.

11.4.9 A Large Scale Problem

Earlier experiments have evaluated the performance of limited memory algorithms LRBFGS
and LRTR-SR1 on moderately sized problems. In this section, the potential of the methods is
demonstrated by applying them to the Brockett cost function for several sufficiently large values
of n. The gf retraction is used and isometric vector transport is defined by rigging modified by
two rank-1 updates. The parameter m in LRBFGS is set to 4. Besides comparing the performance
of LRBFGS and LRTR-SR1, the performance of another method suitable for large-scale problems,
the Riemannian conjugate gradient algorithm (RCG) defined in [AMS08], is included. RCG uses
a modified Polak-Ribiére formula (see [NWO06, (5.45)]) and imposes the same Wolfe conditions as
LRBFGS on the line search for the step size.

The performance results for LRBFGS, LRTR-SR1 and RCG for several values of the pair (n, p)
are shown in Table 11.12 and Figure 11.8. The reductions of the norm of the initial gradient are
comparable so all algorithms provide similar optimization performance. However, the computation
time required by LRBFGS to achieve the reduction is smaller than the computation time required
by LRTR-SR1, which is smaller than the computation time required by RCG. The number of
iterations for LRBFGS is smaller or comparable to RCG and LRTR-SR1 needs the largest number
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Table 11.12: LRBFGS, LRTR-SR1 and RCG for large scale problems. The subscript —k
indicates a scale of 107*.

(n, p) (1000, 2) (1000, 3)
method | LRBFGS LRTR-SR1 RCG | LRBFGS LRTR-SR1 RCG
iter 175 399 236 293 778 438
nf 194 399 1079 315 778 1906
ng 175 399 1079 293 778 1906
nV 1554 3018 1078 2616 5909 1905
nR 193 398 843 314 777 1468
9l 1.86_4 1.66_4  1.96_4 | 3.17_4 3.25_,  3.17_4
gfr/afo | 9.48_7 844_7  9.98_; | 9.59_; 9.85_7  9.58_7
t 5.47 1.23, 4.33, 1.62; 4.19; 1.28,

iterations than the other two. The main source of the difference in computation time is seen in
the much larger numbers of function and gradient evaluations required by RCG. This is due to the
line search having difficulty satisfying the Wolfe conditions and we conclude that LRBFGS and
LRTR-SR1 are viable approaches for large scale problems typified by the Brockett cost function.
The results also indicate that understanding the properties of application problems that indicated
when to prefer either a line search approach for the RBroyden family using one of the restricted

members or the trust region with the Riemannian SR1 updated member of the RBroyden family.

11.4.10 Comparison of the Stiefel Manifold and the Grassmann Manifold

If the M in a minimization problem min f(z),z € M is a quotient manifold, then the mini-
mization problem can be considered as being defined on the total manifold M of M. One may also
ask whether there exist differences between using M and M. Noting that the Grassmann manifold
is the quotient manifold of the quotient Stiefel manifold and the Rayleigh quotient minimization
problem is defined on the Grassmann manifold we consider that problem in this section.

The parameter (p,n) is set to (6,12). Two sets of vector transports and retractions are tested.
The first set is the vector transports by parallelization and the retractions using the idea in Section
4.4.3. The second set is the parallel translations and exponential mappings. Results using the
embedded Stiefel manifold are included to complete the comparisons.

The experimental results are reported in Tables 11.13 and 11.14 and Figure 11.9. As seen from
Table 11.13 and the top graph of Figure 11.9, algorithms with pairs of metric and transport in
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the first set have identical numbers of iterations, function evaluations, gradient evaluations, vector
transports and retractions. This behavior confirms theoretical expectations. The retractions and
vector transports in the first set of pairs are the same independently of the metric. Additionally, for
this cost function and metrics, the gradients are the same. Therefore, the iterations are expected
to be the same. Note that for other cost functions and these same metrics, the gradients might
differ and one would not expect this behavior.

The second set of pairs of vector transports and retractions comprising exponential mappings
and parallel translations are dependent on the metric of the manifold and we do not expect the
replication of behavior seen for the first set. The experimental results are in Table 11.14 and the
bottom graph of Figure 11.9. Note that across the table the number of iterations is essentially
the same as the results from the first set of vector transports and retractions. Since we know
that the exponential mappings and parallel translations are at least as expensive computationally
as alternative vector transports and retractions and are very often considerably more expensive
computationally, we expect the times in the Table to not improve relative to the first set. This is seen
to be the case and once again the basic premise of producing more efficient optimization algorithms
based on carefully constructed and computationally efficient vector transports and retractions is
confirmed. For this manifold, the first set shows that this is possible in a manner that is independent

of these typical metrics.

11.4.11 Comparison of RGS and RSD for Smooth Functions

RGS is an algorithm to find an optimum for a partly smooth function, where smooth means
differentiable, not infinitely differentiable. It can be used also to find an optimum of a smooth
function. In this section, we compare RGS with a classic linearly convergent algorithm, RSD.
We choose small (p,n) = (3,6) since the quadratic programming in each step RGS is expensive
computationally. Multiple sampling radii, €y, are tested. Since the cost function is smooth, the
stopping criterion for a partly smooth function is disabled, i.e., tolerance 7, = 0 and the default
stopping criterion for smooth cost functions is used.

The numerical results are shown in Tables 11.15 and Figure 11.10. RGS uses gradients of
neighbors of the current iterate to approximate the gradient. When the radius of the neighborhood
is very small, the gradient approximation is very close to the true gradient and RGS is essentially

RSD. RGS almost always take more computation time to achieve the same accuracy as RSD.
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Table 11.13: Comparison of the embedded Stiefel manifold(ES), the quotient Stiefel man-
ifold(QS) and the Grassmann manifold(GR) for the Rayleigh quotient problem using
RBFGS and RTR-SR1. The retractions used are (10.2.16), (10.3.4), (10.6.19) for ES,
QS and GR respectively. The vector transports are by parallelization. The subscript —k

indicates a scale of 107%

method RBFGS RTR-SR1
manifold ES QS GR ES QS GR
iter 41 41 41 32 32 32
nf 85 85 85 32 32 32
ng 41 41 41 32 32 32
nH 80 80 80 86 86 86
nV 120 120 120 31 31 31
nR 84 84 84 31 31 31
afy 1.01_5 1.01_5 1.01_5 | 140_5 1.40_5 1.40_5
gf¢/gfo | 6.68_7 6.68_7 6.68_7 | 9.22_7 922_7; 9.22_7
t 3.50_9 3579 342 5| 2069 218 o 1.78_9

Table 11.14: Comparison of the embedded Stiefel manifold(ES), the quotient Stiefel man-
ifold(QS) and the Grassmann manifold(GR) for the Rayleigh quotient problem using
RBFGS and RTR-SR1. The retractions and vector transports are exponential mapping

and parallel translation. The subscript —k indicates a scale of 107,

method RBFGS RTR-SR1
manifold ES QS GR ES QS GR
iter 42 54 41 29 31 32
nf 88 134 85 29 31 32
ng 42 54 41 29 31 32
nH 82 106 80 75 91 86
nVv 123 162 120 28 30 31
nR 87 133 84 28 30 31
gfs 1.08_5 1.26_5 1.01_5 | 1.42_5 1.08_5 1.40_;
gfs/9fo | T13_7 8317 6.68_7 9387 7147 922 ;
t 5817 3.82; 1.01_7 | 3.15, 1.69; 9.44_,
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Figure 11.9: Comparison of the embedded Stiefel manifold(ES), the quotient Stiefel man-
ifold(QS) and the Grassmann manifold(GR) for the Rayleigh quotient problem using
RBFGS and RTR-SR1. The retractions used in the top figure are (10.2.16), (10.3.4),
(10.6.19) for ES, QS and GR respectively. The vector transports are by parallelization.

The retractions and vector transports used in the bottom figure are exponential mapping
and parallel translation.
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Table 11.15: Comparison of RSD and RGS with multiple initial sampling radii. The
subscript —k indicates a scale of 107%.

method | RSD RGS

€0 10 10~ 1073  107°
iter 149 97 82 70 80
nf 439 1378 1163 692 1142
ng 149 | 2113 1783 1519 1739
nVv 148 | 2016 1701 1449 1659
nR 438 | 3489 2944 2209 2879
gff | 1.86_5 | 1.17_5 1.83_5 1.01_5 1.13_5
gfs/9fo | 991 7| 6257 9777 5407 6.03_7
¢ 1.06_1 | 234  1.82 1.38  1.63

This is due to the extra work relative to RSD required when computing sample gradients and

transporting them to a reference tangent space. In addition, a quadratic program must be solved.

These processes are expensive and in this form RGS is seen not to be suitable for large dimensional

problems.

11.4.12 Comparison of RGS and RBFGS for Partly Smooth Functions
Defined on a Riemannian Manifold

The Lipschitz and non-Lipschitz minmax problems on the sphere are used in this section to test
the performance of RGS and RBFGS. The retraction and vector transport are taken as (10.4.2)
and (10.4.4).

Table 11.16 shows the performance of RGS and RBFGS for a partly smooth Lipschitz continuous
function. Both of the algorithms work well. In addition, this performance illustrates the prediction
in Chapter 7 that RBFGS should be faster than RGS.

Chapter 7 also predicted that RBFGS should have difficulties optimizing a partly smooth non-
Lipschitz continuous function while RGS, by design, should converge reasonably well. The main
concern with RGS is the computational cost required to achieve such reliable convergence. The

experimental results in Table 11.17 illustrate these expectations.
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Figure 11.10: Comparison of RSD and RGS with multiple initial sampling radii.

Table 11.16: Comparison of RGS and RBFGS for a partly smooth Lipschitz continuous function.

n| RGS RBFGS [n| RGS RBFGS| n | RGS RBFGS

iter 38 26 107 53 1486 106
nf 534 7 3134 167 63325 378
ng 380 77 1712 167 38636 378
nH 0 50 0 104 0 210
nV oo 4] 342 133 | 8| 1605 347 |16 | 37150 1017
nR 912 76 4844 166 101959 377

9l 8.66_1 8.66_1 9351 9.35_; 9.68_; 9.68_;
9fr/9fo 1.07 1.07 1.05 1.05 1.04 1.04

t 2.70_;  3.66_s 119 8.85_, 3.08,  3.23_,
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Table 11.17: Comparison of RGS and RBFGS for a partly smooth non-Lipschitz contin-
uous function. ”Isf” means line search fails.

n| RGS RBFGS [n| RGS RBFGS | n | RGS RBFGS

iter 35 27 44 Isf 128 Isf
nf 395 104 6983 1sf 3678 1sf
ng 350 104 704 Isf 3328 1sf
nH 0 52 0 Isf 0 Isf
nV o |4] 315 170 | 8| 660 1sf | 16 | 3200 Isf
nR 743 103 1400 Isf 7004 1sf
9ff 1.05,  1.084 1.304 Isf 1.944  1sf
9ft/9fo 8.373  8.603 1.104 Isf 2.38, Isf
t 2.57_1 4.34_, 5.25_1 1sf 3.26 1sf
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CHAPTER 12

SOFT DIMENSION REDUCTION FOR
INDEPENDENT COMPONENT ANALYSIS AND
SYNCHRONIZATION OF ROTATION PROBLEM

12.1 Soft Dimension Reduction for Independent Component
Analysis

12.1.1 Introduction

Independent Component Analysis (ICA) is a key task in many statistical data analysis appli-
cations. The task is to determine an independent component form of a random vector, typically
known through a large number of samples, or to determine a few independent components similar to
Principal Component Analysis [HKOO01]. The solution to the ICA problem does not lend itself to a
simple characterization and therefore a large number of heuristic approaches based on approximate
characterizations have been proposed. Joint diagonalization of a set of sample covariance matrices
is one popular and effective approximate characterization with which we have some experience
[AGO6]. Theis et al. [TCA09] explored the problem of extracting a few sources from information

that has several data sources mixed using joint diagonalization.

12.1.2 Problem Statement

The cost function of the joint diagonalization problem on the Stiefel manifold is

N
fiStp,n) 5 R:Y v f(Y) == || diag(Y"C;Y)| %, (12.1.1)
=1

where C; are known symmetric matrices and diag(M) is a vector formed by diagonal entries of a
matrix M. The Stiefel manifold can be viewed as a quotient manifold or embedded manifold with
each view defining a metric. Since both gradient and Hessian are related to metric, they also have
two distinct forms.

The gradient of this function with respect to the metric (10.2.1) is

grad f(Y) = Py grad f(Y),
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and the gradient with respect to the metric (10.3.1) is
grad f(Y) = grad f(Y) = Y (grad f(¥))"Y:

where Py¢& = ¢ — Ysym(Y7¢), grad f(Y) = — SV | 4C;Y ddiag(YTC;Y) and ddiag(M) is a diag-
onal matrix whose diagonal entries are the diagonal entries of a matrix M.

The Hessian of this function with respect to the metric (10.2.1) is

Hess f(V)[€] = Py [D grad f(Y)[¢] — € sym(Y7 grad f(Y))], (12.1.2)
and the Hessian with respect to the metric (10.3.1) is

Hess f(Y)[¢] = Dgrad f(Y)[¢] — Y(D grad f(Y)[€])'Y — Y skew((grad f(¥))T€)

— skew(¢(grad f(V))T)Y — %(1 —yYT)ey T grad f(Y) (12.1.3)
where D grad f(Y)[¢] is
N
Dgrad f(Y)[¢] = — ) 4Ci(¢ ddiag(YTC;Y) + Y ddiag(¢7C;Y) + Y ddiag(Y” C;€)).
i=1

In [TCAO09], Theis et al. used the RTR-Newton method in [Bak08]. RTR-Newton requires
the action of the Hessian on a tangent vector and converges quadratically. For this cost function,
however, the actions of the Hessians on tangent vectors in (12.1.2) and (12.1.3) are expensive when
N is large. In this chapter, we assess the ability of our Riemannian quasi-Newton algorithms to
provide sufficiently fast convergence while avoiding evaluation of the action of the Hessian on a

tangent vector.

12.1.3 Implementations and Results

The cost function (12.1.1) is defined on the Stiefel manifold and details about the implementa-
tion of objects on that manifold are discussed in Section 9. The retraction is chosen to be (10.2.16)
and the vector transport is chosen to be by parallelization (9.2.19) with intrinsic representation
since they are the preferred pair for the Stiefel manifold as shown in Section 11.4.2 and 11.4.6.
From Section 11.4.10, we can see that there is no differences between the metric (10.2.1) and the
metric (10.3.1) if the preferred retraction and vector transport are used. Therefore, without loss of
generality, we only show the experimental results when using the metric (10.2.1). The algorithmic

parameters settings are the same as those in Section 11.3.
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The problem size parameters are (p,n) = (4,12). Table 12.1 and Figure 12.1 present the
experimental results obtained for the joint diagonalization problem (12.1.1). The C; matrices
in (12.1.1) are chosen to be approximately jointly diagonalizable, which is normally the case in
practical applications. Specifically, the C; matrices are selected as C; = diag(n,n —1,...,1) +
ec(R; + RZT), where the elements of R; € R™*™ are independently drawn from the standard normal
distribution. Table 12.1 and Figure 12.1 correspond to e¢c = 0.1, but we have observed similar
results for a wide range of values of ec. Table 12.1 indicates that RTR-Newton requires fewer
iterations than RTR-SR1, which requires fewer iterations than RBFGS and LRTR-SR1. This was
expected since RTR-Newton uses the Hessian of f while RBFGS and RTR-SR1 use an inexact
Hessian and LRBFGS and LRTR-SR1 are further constrained by the limited memory. However,
the iterations of RTR-Newton tend to be more time-consuming that those of the quasi-Newton
methods, all the more so if N gets large since the number of terms in the Hessian of f is linear
in N. The experiments reported in Table 12.1 show that the trade-off between the number of
iterations and the time per iteration is in favor of LRBFGS and RTR-SR1 for N sufficiently large.

12.2 Synchronization of Rotation Problem

12.2.1 Introduction

The synchronization problem is to find N unknown rotations Rj,...,Ry € SO(n) from M
noisy measurements, H;; of ﬁ,-j = RZ-RJT. In general, noisy measurements are not given for all ]:Iij.

We can induce a graph G = (V, E), with vertices V = {1,2,..., N} and edges
E ={(i,j)|j > i and H;j or Hj; is given.}

Boumal et al. [BSAB12] give a overview of the applications and previous work of this problem
and propose a Riemannian approach. In this chapter, the Riemannian quasi-Newton algorithms

are applied for their approach.

12.2.2 Problem Statement

The noisy measurements H;; satisfy H;; = Zijﬁ,-j where Z;; € SO(n) is noise. The noise Z;; is

sampled from the isotropic Langevin distribution on SO(n) with mean I,, and outliers [BSAB12,
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Table 12.1: Comparison of RTR-Newton and Riemannian quasi-Newton algorithms for
the joint diagonalization problem: n =12,p =4,¢c = 0.1

RTR LRBFGS RTR LRTR-SR1
N Newton RBFGS m: 2 m:4 m:8 SR1 m: 2 m:4 m:8
iter 12 73 97 97 87 163 300 212 206
nf 12 328 114 117 99 163 300 212 206
ng 12 73 97 97 87 163 300 212 206
nH 96 144 0 0 0 439 0 0 0
16 nV 0 216 478 852 1406 162 1429 1811 3187
nR 11 327 113 116 98 162 299 211 205
afr 5.99_4 2.16_3 197_3 248_3 1.75_3 196_3 247_3 1.50_3 2.49_3
gff/afo  2.40_7 8.61_7 7.84_7 988_7 6.97_7 783_7 9.87_7 6.00_7 9.95_7
t 6.40_o 1.34_; 859_, 937_5 9.68_o 1.28_; 3.25_; 2.838_; 3.55_3
iter 16 87 127 108 99 237 587 371 195
nf 16 391 162 137 126 237 o987 371 195
ng 16 88 127 108 99 237 587 371 195
nH 120 172 0 0 0 683 0 0 0
64 nV 0 259 628 951 1610 236 2860 3218 2998
nR 15 390 161 136 125 236 586 370 194
afy 2.58_3 3.11_3 848_3 5.72_3 7.19_3 5.17_3 8.26_3 7.75_3 6.90_3
aff/9fo  2.90_7 3.50_7 9.56_7 6457 8.10_7 5837 931_7 873, T.78_~
t 2.14_4 3.20_; 2117 1.89_; 2.02_; 3.61_ 1.06 7.45_; 4.80_;
iter 13 72 94 92 83 105 267 217 236
nf 13 397 119 117 104 105 267 217 236
ng 13 72 94 92 83 105 267 217 236
nH 109 142 0 0 0 289 0 0 0
256 nV 0 213 463 807 1338 104 1292 1868 3767
nR 12 396 118 116 103 104 266 216 235
afy 8.08_3 2.00_o 32195 330_o 2145 349 o5 1885 3.43_5 3.63_5
af¢/9fo  2.00_7 494 - 791, 815_7 529 ;5 862_7y 4.63_7 847 7 897_7
t 6.61_1 8811 4.70_17 450_1 4.25_7 4.42_4 1.27 1.05 1.25
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The joint diagonaliztion problem
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Figure 12.1: Comparison of RTR-Newton and Riemannian quasi-Newton algorithms for
the joint diagonalization problem: n = 12,p =4, N = 256,¢c = 0.1
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(4.12)]. The log-likelihood function [BSAB12, (2.5)] is then

L:SO(n)x-~><SO(n)—>}R-R:(R1,...,R ) — L(SO(n) x --- x SO(n))

:_Zlg

(i,9)eE

) exp(/-i trace(Ry HijR;)) + 1 —p), (12.2.1)

where p € [0,1], & > 0, H;; are the observed matrices in SO(n) and

cn(k) = /So(n) exp(k trace(0))du(O).

The domain M = (SO(n),...,SO(n)) is a manifold formed by a product of manifolds whose
tangent space and metric are discussed in Section 9.4. The orthogonal projection to a tangent
space of the manifold is

PYV = (P0"W, .. POy,
where V = (Vi,...,Vy) € R”("N) and P (")Vi = (V; - RiVTR;)/2. For any U € RN et
the Uy denote the matrix formed by nk + 1 to n(k + 1) columns of U, i.e., U can be written as
U= (U1,Us,...,Un). The gradient of the cost function is given by

grad L(R) = P4'grad L(R),

where
(grad L(R))s Z wirHE R; —I— Z wi; Hij R,
(z k)eE ( J)EE
for all (4,5) € E and
li;
wij = L E Lexp(/@trace(R;injRj)).

Li+1—p""7  cn(k)
The action of the Hessian on a tangent vector is
1 A .
(Hess L(R)[€])s = 5 Pr (D(grad L(R)[¢] — &x(erad L(R))i Ry
— Ri(grad L(R))j & — Re(D(grad L(R))s[¢])" Re).

where
N 1 1 /
D(grad L(R))xl¢] = 5 > (winHjpS + wi H +3 (wrj Hij&s + wiHig Rj),
(i,k)eEF (k,g)eFE
and
o K2(1 — p)lw(trace(é HijR; —I—RTHUQ’J))
Y (lij + 1 —p)?
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12.2.3 Implementation and Results

Since the goal is to maximize the likelihood function (12.2.1) and the optimization algorithms
are to minimize a cost function, the negative of the likelihood function is used to be the cost
function.

Details of the implementation of the Riemannian objects needed are discussed in Chapter 9.
The retraction and the vector transport are given by (10.2.16) and (9.2.19) since they are shown to
be preferred in Sections 11.4.2 and 11.4.6 . We use the intrinsic approach to represent a tangent
vector. The algorithmic parameters settings are the same as those in Section 11.3.

The problem dimensions are (n,p) = (3,0.5), and £ = 0.5 in our experiments. The initial
RO = {Rgo),RgO),...,RS\?)} is chosen such that REO) = qf(M;) where the elements of M; are
independently drawn from the standard normal distribution. The H;; are taken to be H;; = qf(N;),
where the elements of IV;; are independently drawn from the standard normal distribution. In order
to obtain a connected graph, we use recursion. Suppose a k-node graph is connected. A k+ 1-node
connected graph can be obtained by adding a node and a edge between (k + 1)-th node and one
of previous nodes. After completing an N-node connected graph, that is in fact a tree given the
construction procedure, some edges are added randomly. Specifically, each pair of nodes (i, ) is
checked. If an edge connecting ¢ and j exists, the next pair is considered. If a connecting edge does
not exist, then one is added with probability q.

Table 12.2 and Figure 12.2 show the results for ¢ = 1/N and Table 12.3 and Figure 12.3 show
the results for ¢ = 0.5. The number of edges of the former is linear in the number of nodes, while
the number of edges in the latter is quadratic in the number of nodes.

RTR-Newton requires the smallest number of iteration since it exploits the Hessian. However,
it is relatively slow due to the relatively high computational cost of the action of the Hessian on
a tangent vector. From Tables 12.2 and 12.3, we can see that RBFGS and LRBFGS are the two
fastest algorithms and RTR-SR1 is competitive when N = 16 or 32.

!The retraction (10.2.16) is identical to the exponential mapping of the orthogonal group but the vector transport
by parallelization (9.2.19) is different from the parallel translation of the orthogonal group. The vector transport
(9.2.19) is cheaper than the parallel translation.
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Table 12.2: Comparison of RTR-Newton and Riemannian quasi-Newton algorithms for
the synchronization of rotation problem with ¢ = 1/N.

RTR LRBFGS RTR LRTR-SR1
N Newton RBFGS m: 2 m:4 m:8 SR1 m: 2 m: 4 m:8
iter 21 85 89 89 75 100 193 154 176
nf 21 89 102 95 82 100 193 154 176
ng 20 87 91 91 77 100 193 154 176
nH 134 168 0 0 0 438 0 0 0
16 nV 0 254 440 782 1204 99 794 1077 2295
nR 20 88 101 94 81 99 192 153 175
afr 1.55_19 4.35_7 7.48_7 5.89_7; 4.07_7 5.66_7 4.76_7; 7.74_7 6.97_7
gff/gfo 2.00_;9 5.62_7 9.66_7 7.61_7 525_7; 73l_y 6.15_7 9.99_7 9.00_7
t 7.45_4 3.48_ 1 3647 3611 3267 3811 7927 6.71_1 8531
iter 24 120 157 114 107 140 340 259 269
nf 24 126 165 122 113 140 340 259 269
ng 20 120 157 114 107 140 340 259 269
nH 301 238 0 0 0 599 0 0 0
32 nV 0 357 778 1005 1746 139 1449 1870 3402
nR 23 125 164 121 112 139 339 258 268
afy 460_19 1.12_4 1.13_¢ 832_7 1.01_¢ 1.05_¢ &811_7 9.63_7 8.36_7
aff/9fo 4.08_19 9.95_7 9.99_; T7.38_7; 895_7; 9277 7.20_7 855_7 T7.42_y
t 4.82 1.11 1.36 1.00  9.61_; 1.21 3.00 2.34 2.57
iter 40 234 301 307 266 391 1270 1072 1282
nf 40 238 323 317 275 391 1270 1072 1282
ng 33 235 302 308 267 391 1270 1072 1282
nH 704 466 0 0 0 2897 0 0 0
64 nV 0 700 1499 2743 4450 390 5323 7763 16857
nR 39 237 322 316 274 390 1269 1071 1281
afy 8.25_7 1.52_¢ 141_¢ 131_¢ 1.23_¢ 1.40_¢ 1.60_g 1.56_g 1.61_¢
aff/9fo 5047 9297 859_7; 800_7 7.52_7 856_7 9.79_7 9.50_7 9.83_7
t 4.12¢ 6.11 7.53 8.11 6.15 9.32 2.89¢ 2.434 2.99;
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Figure 12.2: Comparison of RTR-Newton and Riemannian quasi-Newton algorithms for
the synchronization of rotation problem with ¢ = 1/N, N = 32.

230



Table 12.3: Comparison of RTR-Newton and Riemannian quasi-Newton algorithms for
the synchronization of rotation problem with ¢ = 0.5.

RTR LRBFGS RTR LRTR-SR1
N Newton RBFGS m: 2 m:4 m:8 SR1 m: 2 m: 4 m:8
iter 17 47 51 49 48 48 73 63 62
nf 17 51 56 53 54 48 73 63 62
ng 16 47 51 49 48 48 73 63 62
nH 73 92 0 0 0 134 0 0 0
16 nV 0 138 248 420 743 47 286 434 759
nR 16 50 55 52 53 47 72 62 61
afr 1.35_7 1.29_¢ 1.25_4 894_7, 861_7; 1.25_¢ 3.50_7 9.51_7; 1.45_g4
aff/afo  8.92_g 8.48_7 821_7 b590_7 5.68_7 822_7 231_7y 6.27_7 9.57_~
t 5.44_4 2.38_1 251_7 239, 251_7 2224 3.57_1 32717 347_4
iter 25 71 125 71 71 105 161 131 140
nf 25 75 127 73 73 105 161 131 140
ng 23 71 125 71 71 105 161 131 140
nH 154 140 0 0 0 350 0 0 0
32 nV 0 210 618 618 1134 104 666 926 1811
nR 24 74 126 72 72 104 160 130 139
afy 7.39_9 1.80_¢ 2.20_¢ 1.67_¢ 2.02_¢ 1.34_4 221_g 1.44_4 2.39_54
aff/9fo  2.98_9 726_7 8877 6.72_7 8147 5397 891_7 5827 9.63_7
t 3.90 9.64_4 1.64 948 1 9.64_; 1.42 2.18 1.81 2.00
iter 42 166 152 120 221 225 351 262 311
nf 42 181 162 124 247 225 351 262 311
ng 35 166 152 120 224 225 351 262 311
nH 309 330 0 0 0 803 0 0 0
64 nV 0 495 753 1059 3687 224 1496 1913 4210
nR 41 180 161 123 246 224 350 261 310
afy 1.57_7 4.15_¢ 5.63_¢ 3.97_¢ 5.58_¢ 221_g 4.78_¢ 5b.66_g 3.28_¢
aff/g9fo  2.76_g 7.30_7 991_, 698_7 9.83_; 3.88_7 841_7 996_7 5.77_7
t 2.944 7.64 6.76 5.30 1.014 1.004 1.53; 1.15¢ 1.40¢
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Figure 12.3: Comparison of RTR-Newton and Riemannian quasi-Newton algorithms for
the synchronization of rotation problem with ¢ = 0.5, N = 32.
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CHAPTER 13

RIEMANNIAN OPTIMIZATION FOR ELASTIC
SHAPE ANALYSIS

13.1 Introduction

Many approaches to shape analysis have been proposed in the literature and used to varying de-
grees of success in applications, e.g., point-based methods, domain-based shape representations and
parameterized curve representations. Among parameterized curve representation methods, elastic
shape analysis has become increasingly important in recent years due to its superior theoretical
basis and empirically demonstrated effectiveness. In this chapter, we consider the framework of
elastic shape analysis due to Srivastava et. al. [SKJJ11].

A fundamental operation in elastic shape analysis, upon which many other important tasks
depend, is the accurate and efficient computation of distance between two curves. We develop and
analyze a novel approach to determining optimal reparameterizations and rotations between two
curves and evaluate its use in computing the distance and minimal geodesic between two curves.

This chapter is organized as follows. Section 13.2 presents the Riemannian framework for shape
analysis including the definition of the elastic metric for open and closed curves in R™. Section
13.3 presents the algorithm of Srivastava et al. [SKJJ11], the approximations upon which it is
based and its core dynamic programming algorithm. The proposed Riemannian approach to the
solution of the optimization problem that defines the elastic distance metric evaluation is derived
in Section 13.4 and a detailed discussion of its implementation using Riemannian optimization
algorithms follows in Section 13.5. Empirical evaluation of the relative efficiency and effectiveness

of the methods is presented in Section 13.6 and our conclusions are given in Section 13.7.

13.2 Riemannian Framework and Problem Statement

13.2.1 Curve Representation

The derivation of the basic representation of a shape begins with a parametrized curve, i.e.,

B(t) : D — R", where D is the domain of the curve, D = [0, 1] for an open curve and D = S,
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i.e., the unit circle in R?, for a closed curve. The shape is taken to be invariant with respect to
rescaling, translation, and rotation for inelastic shape analysis, while elastic shape analysis adds
invariance with respect to reparameterization. All four invariants must be taken into account when
developing a representation that supports efficient and robust computation.

The framework of Srivastava et al. [SKJJ11] uses the square root velocity (SRV) function
Blt)

VAIEIOI

as the basis for elastic analysis of a shape defined by the parameterized curve [(¢). Observe that

q(t) =

B(t) can be recovered from ¢(t) by B(t) = ||q(t)||2q(t). Translation is removed automatically by the
use of 3 (t) in the definition. Rescaling is removed by the normalization of the length of the curve
to 1. Since the length of a curve, 5(t), is [y 18@t)||2dt = Jp lla(t)||3d¢, the normalization requires
that [, [|q(t)||3dt = 1 and the set of all SRV functions is the unit sphere in L*(D, R"). This sphere
is called the preshape space. For open curves in R", the domain is D = [0,1] and the preshape
space

1
2= {g:[0,1] 5 R /0 la(®)|13dt = 1},

is the unit sphere of L2([0, 1], R™). For closed curves, the domain is D = S! and the preshape space
is

= a8 =R [ ool =1, [ ala®lladt = o,

St
where [ q(t)||lq(t)||l2dt = 0 is the closure condition.

Removing rotation and reparameterization is required to define the shape space. This is done
by defining an appropriate quotient operation via isometric group actions. This, in turn, defines
the distance between curves, the associated optimization problem, and other key tasks such as
determining geodesics containing the two curves. Since the approaches taken differ for open and
closed curves they are considered separately below. However, both approaches require the rotation
and reparameterization groups, and their actions. In these two definitions, I' and [,, are used to
indicate the reparameterization group and preshape space for both open and closed curves. They

are distinguished in later discussions by the addition of a superscript o and ¢ respectively.

Definition 13.2.1. The rotation group for curves in R™ is

SO(n) = {0 € R™™0OT0 = I,,,det(0) = 1}.
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and its action is SO(n) x I, — 1, : (0, q) = Oq.
Definition 13.2.2. The reparameterization group for curves in R™ is
'={y:D—DlyeDD,D)}

and its action is I, x T — 1, : (q,7) = (qoy)\/7, where D(D, D) is the set of diffeomorphisms from
D to itself (an invertible function such that both the function and its inverse are smooth, i.e., in

o).

13.2.2 Open Curves in R"

o

2, is a well-known infinite dimensional manifold. The

The preshape space for open curves, [

tangent space of ¢ € [¢ is
1
Tyly ={v:[0,1] — R"I/ q(t)Tu(t)dt = 0}.
0

The Riemannian metric can be taken as the endowed metric from the embedding space L.2([0, 1], R"),
i.e.,
! T
<’U1,’U2>l% = <?)1,?)2>L2 :/ ’Ul(t) Ug(t)dt,
0

where vy, vy € T, [ and the distance function on the manifold induced by this Riemannian metric
is

dio (z,y) = cos ™! (z, )2 (13.2.1)

The resulting shape space for open curves is given by the quotient
L5, =15/(S0(n) xI°) = {ldllg € 17},

where [¢] = {O(q o y)vV/F(0,~(t)) € SO(n) x I'°,q € 1%} is the orbit.
If a compact Lie group G acts freely on a Riemannian manifold M by isometries, and the orbits
are closed, then the quotient M /G is a manifold, and inherits a Riemannian metric from M.
Srivastava et al. [SKJJ11] proved that SO(n) x I'° is an isometric group for [9. However, as
pointed by Robinson [Rob12] I'? is not a closed set since a sequence of v’s can have a limit that is
flat on some nontrivial interval and is, therefore, not a diffeomorphism. In order to overcome this

difficulty, we can work with the closure of the orbit, [¢] and the shape space is approximated by

£~ A{ldllg € 17}
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(See [SKJJ11] for the technical details.) Another way to elaborate this to first introduce a semi-

group:

I¢={y:[0,1] = [0,1]|(0) = 0,7(1) =1,
~y is an absolutely continuous, non-decreasing and surjective function } .

It can be shown that I'? is closed under composition, [g] is the orbit of ¢ under the semigroup I'?
and I'? is dense in I'¢.

Now we can define a distance between orbits of I'?, [¢1] and [go] as:

deg ([q1] [q2]) = inf dis (1 oY1) VA1, 0(q2 0 12)V/2) -

Y1,72€'2,0€S0(n)

Since I'? is dense in I'?, for any € > 0, there exists a v* € I' and an O* € SO(n) such that:

ldeo ([q1], [g2]) — dio (g1, O% (g2 0 v*) /A7) < € .

Therefore, our goal is to find this pair (O*,~7*) € SO(n) x I'° that solves for,

inf  diz(q1,0 j)= _ inf g, 0 e 13.2.2
veFO,gleSO(n) 1o (g1, O(g2 0 7)V/7) Vepogleso(n)cos (q1,0(q2 0 Y)\/A)1.2 ( )

Even though this will not be an exact calculation of the shape distance, this approximation will

serve as distance for comparing shapes of curves in practical situations.

13.2.3 Closed Curves in R"

C

The preshape space of closed curves, IS,

is a submanifold of /¢ and the Riemannian metric

inherited from the embedding space is

<’U1,’U2>l% = <?)1,?)2>L2 = /Sl ’Ul(t)T’Ug(t)dt.

The resulting shape space is
£, =15/(S0(n) xT°) ={[dllq € I},

where [q] = {O(q o 7)vV/7](0,7(t)) € SO(n) x I'°,q € ¢} is the orbit. As with open curves, £¢ is
not known to be a Riemannian manifold, so it is approximated by a manifold

£~ A{ldllg € I3}
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c

¢, which is closure under composition

Using the same idea as with open curves, a semigroup I'
and in which I'® is dense, is imposed and [g] is the orbit of ¢ under the semigroup I’ <.

The distance between orbits of I'¢, [¢1] and [go], is

deg ([1]; [q2]) = inf die ((q1 0 11)v/31, O(g2 © 12)v/32) -

Y1,72€'¢,0€50(n)

and for any € > 0, there exists a y* € I' and an O* € SO(n) such that:

\dee ([q1], [g2]) — dic (g1, O (g2 0 v*) /A7) < € .

Unlike the case of open curves, there is no known analytical expression of distance on [. Since [¢

is a submanifold of [, the approximation

arg min dl%((q1 o 71)\/’7, O(qz 0 ’Y2)\/%)

Y1,72€'¢,0€50(n)

~ arg min dig ((q1 2 71) V71, 0(q2 © 72) vV 2)
v1,72€I'¢,0€S0(n)

is used and our goal is to find (v*,0*) € SO(n) x I' that solves for,

inf djo (q1,0 3
»yerc,lonesom) i (a1, Olg2 NV

= inf cos L {q1(t), 0(ga o ¥(t))\/A(t))2dt. (13.2.3)

~€le,0€S0(n)
As with open curves, this will not be an exact calculation of the shape distance, but this approxi-

mation will serve as distance for comparing shapes of curves in practical situations.

13.3 The Coordinate Relaxation Method

The discussion in Sections 13.2.2 and 13.2.3 characterizes the reparameterization problem from
the Riemannian manifold point of view but does not suggest an algorithm. Sebastian et al. [SKKO03]
define an edit distance to characterize differences between shapes and develop an algorithm for closed
curves with computational complexity O(N?log N). It requires the cost function to be invariant
to rotation which is clearly not the case for the cost functions discussed above.

Srivastava et al. [SKJJ11] developed a method for finding (v*, 0*) for open and closed curves
based on the idea of alternately optimizing on SO(n) and I', i.e., a generalized Coordinate Relax-
ation method. The simpler open curve problem and algorithm are discussed first followed by the

adaptation to closed curves.
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13.3.1 The Basic Ingredients

For open curves Srivastava et al.[SKJJ11] use the cost function

/qu O(g2 0 v(1))V/A4(t) |34t (13.3.1)

that has the same extreme points as the cost function used in (13.2.2). This is easily seen from

1
/0 lq1(t) — O(gz o v(#))V/A(#)3dt = (a1, 1)1z + (a2, @2)1.2 — 2(q1, O(go OV)ﬁhﬂ
=2 —2cos(cos " ({q1,0(q2 © ¥)V/A)12))
=2 — 2cos(dgg (q1,0(q2 © ¥)V/7))-

They propose a variant of the general Coordinate Relaxation method approach given in Algorithm

8.

Algorithm 8 Coordinate Relaxation Algorithm for H°(O,~)
Input: Initial I'g;
1: k= 0;

2: Find Ojy1 = argminp H(O,);
3: Find 41 = argming H°(Og41,7);
4

. If termination criterion is satisfied, stop, otherwise, k = k 4+ 1 and go to step 2.

The minimizer Oy of H O(O, V) is Oxr1 = UVT, where USVT is the singular value decompo-
sition (SVD) of A = [o1 q1(t)G2()dt and Ga(t) = (g2 © Y:(t))v/F%(t). The SVD of a generic dense
matrix A € R™*" is well-understood and can be computed reliably and efficiently using well-known
numerical linear algebra techniques for n up to several hundred, i.e., much larger than typically
required for typical shape analysis problems. This is common to both open and closed curve prob-
lems. To find the minimizer ;41 of H°(Og,~y) for open curves, Srivastava et. al. [SKJJ11] use
dynamic programming (DP).

DP can be used to solve approximately optimization problems of the form,

min / () — gl (1)),

yere

where f and g are given sufficiently smooth functions. H°(Og41,7) is of this form and satisfies the

additional necessary condition for applying DP that the cost function is additive in ¢.
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The approximation arises for this problem because DP works on a grid in [0,1] x [0, 1] rather
than the continuous space I'°. Srivastava et al. use Gy x Gy where Gy = {0,1/N,2/N,... (N —
1)/N,1}. On Gn x Gy, DP uses a partial cost function

E(s,t;7) = / F(7) — gly(r)) 2.

and determines a piecewise linear path defined by connecting points moving to the right and up,
ie., (0,0) = (io,Jo), (i1,41), (i2,42) - (im,Jm) = (1,1) where (ir,j,) € Gy X Gy that minimizes
the cost

—_

m—

E(iT’a lpg1; L(irijQ Z‘7“-i-17‘7.7“—i-1))7

r—
where L(iy, jr;ir+1,Jr+1) is a linear function passing though (i,,7,) and (i,41, jrt1)-

DP uses induction to construct a minimal path. Suppose S C Gy x Gy is such that for any
(p,q) € S the global minimizing path /}/Ekp,q) from (0, 0) to (p, q) and the associated cost function value
W(p,q) are known. Let U; ; C S denote the set {(p,q)|0 < p < 7,0 < ¢ < j} where i,5,p,q € Gn.
The basic DP step adds (i,7) to S by computing 7&,;’)’ the global minimizing path on Gy X Gy
from (0,0) to (i,7), and the associated cost function value W (i,j). This is done by considering
each (p,q) € U, ;, adding the edge between (p,q) and (i, j) to the path VEFp,q) and determining its
cost. Formally, determining W (i, j) and ’ya J) is solving

(kglei(n]m E(k,i; L(k,l;i,7)) + W (k,1), with W (0,0) = 0,
Eventually, S = Gy x G and a path with minimal cost on S C I'? is given by 7?1,1)'
The complexity of DP as described above is O(N*) and too high for practical problems. To

reduce the complexity, the set U; ; is constrained to
Nij =A{(k,1)|max(i — h,0) < k < i,max(j — h,0) <1< j} C U, (13.3.2)

for some h. The set ; ; can be further reduced by removing some repeated slopes, e.g., (i—2,j—2) is
deleted because (i—1,j—1) exists. Using the set N; ; rather than U; j reduces the complexity of DP
to O(N?). However, since the number of slopes considered when adding (i, j) to S is constrained,
the minimizer may change and may no longer be a global minimizer on Gy x Gy.

The quality of 75‘171) compared to a global minimizer, Wl,l) on I'? is not known analytically nor

is the potential further degradation in quality compared to ’ya 1) that results in replacing U; ; with
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N ;. Additionally, the path found by DP is piecewise linear and therefore not a diffeomorphism
but it is a practical approximation of one.

The cost function defined on SO(n) x I'¢ for closed curves is

H(O,7) = /S1 lg1(t) — O(az o () /4 (t) 3. (13.3.3)

A DP-based Coordinate Relaxation algorithm cannot be applied to H¢(O,~) directly since DP
requires a grid of a domain that is the cross product of two intervals, e.g., [0,1] x [0, 1] rather than
S1 x S1. Srivastava et al. solve this by applying the open curve DP-based algorithm to a set of
open curves, {B(i), 1 < i < w} derived from the closed curve § using w break points, t;, 1 < i < w,

ie.,
30 (t) = Bt +1t), if0<t<1—t:
Sl Bt —t), fl—t;<t<1

The open curve DP algorithm using H°(O,~) is applied to each open curve B(i) to determine
4@ A~ with minimal cost is chosen as the closed curve reparameterization. Since DP is run
w times, the complexity for this closed curve algorithm is O(wN?) and w is usually proportional
to N, e.g., every second or third point is used as a break point, yielding O(N?3) complexity. A
key consideration for closed curve reparameterization is therefore computational complexity versus

quality of ~.
13.3.2 Coordinate Relaxation Difficulties

The use of DP on a grid to solve approximately the optimization problem implies that v is
represented by a sequence of scalars such that the i-th scalar is v at (¢ — 1)/N. The curves 51 and
(B2 are also represented discretely by a sequence of points in R™ and values at points other than the
discrete set are recovered using an interpolatory parameterized polynomial, e.g., an interpolatory
spline of degree 1, 2 or 3. The theoretical descriptions of the optimization algorithms for open and
closed curves assume that the operations of rotation and reparameterization preserve the shape of
the curves and it is important to maintain this invariant in the context of the discrete representations
of v, B1 and fs.

Algorithm 9 and Algorithm 10 are two discrete representation versions of the Coordinate Re-
laxation algorithm applied to closed curves based on the cost function (13.3.3). The open curve

discrete versions are easily derived from either. The differences between Algorithm 9 and Algorithm
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10 are specifically designed to highlight some crucial implementation decisions and the problem-
s that arise in both implementations. These problems are all overcome by the new Riemannian
algorithms we propose in Section 13.4.

Note that cost function (13.3.3) applies the reparameterization, v to f2. Also note that in
Step 10 of Algorithm 9 interpolation is used when evaluating the reparameterized curve [y o 7.
This implies that the vector of discrete points in R™ used to represent (o is updated by each
reparameterization. If, equivalently from an optimization point of view, « is associated with §; then
its vector changes. Therefore, when multiple iterations of Coordinate Relaxation are performed, a
problem arises. Since the points upon which the interpolatory parameterized polynomial is based
change, the parameterized polynomial changes and therefore the shape of the curve changes with
each reparameterization. Algorithm 10 overcomes this difficulty by representing 85 as a continuous
function determined by the interpolatory parameterized polynomial (Step 1) and maintaining it
throughout the algorithm.

Algorithm 10, however, has a problem that is not seen in Algorithm 9. In Step 11 the expression
B = 0B oM (8, 0 9y o (™8 1-b{() /N)  mod 1), (13.3.4)

is implicitly used when H™ink) — fr c(O%(kk), yik)) is computed and is then explicitly used to compute
Bgmm’k). The curves Bgmm k) and ﬁ(k+ are, in theory, the same. However, on the next iteration,

k + 1, the curve ﬂékﬂ) is explicitly computed using the composition

BT = 00N By 0 (17 o (M) 41 /N mod 1)), (13.3.5)

min

Note that associativity has been applied in the composition of functions. This is required given that
the interpolatory parameterized polynomial representing (3o is maintained for all iterations. The
change of order does not matter theoretically in the continuous form but the curves are different in
the discrete case. If the cost function value H ™15 wag computed using the order of composition in
(13.3.5) it may yield a different value than the cost function value used during iteration k to update
B2 mentioned above. In fact, the cost function value associated with the form (13.3.5) implicit in
iteration k + 1 may be larger than the cost function value actually computed in iteration k using

(k+1)

(13.3.4). Therefore, we may compute a [, that does not decrease the cost function value in

practice.
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The experiments in Srivastava et. al. [SKJJ11] simplify the optimization considerably by using
only a single iteration of the Coordinate Relaxation algorithm. Algorithm 9 and 10 are then
identical and avoid both of these problems. If a more accurate optimization is demanded therefore
requiring more iterations, as done in Section 13.6, problems ensue. Note that these problems are
not the result of using DP to approximate the optimization problem. Rather, they arise from the
Coordinate Relaxation approach. The new Riemannian algorithm discussed in Section 13.4 avoids

these difficulties.

Algorithm 9 Coordinate Relaxation Algorithm 1 for H¢(O,~)

Input: Two closed curves 1 = {v1,ve,...,vn,v1} and ﬁéo) = {ugo),uéo),...,ug\of),ugo)} where
ugo),vi € R?; a set of break points {b1,ba,...,by};
1: k=0
2: fori=1,2,...,w do
3:  Shift Bék) and get 5§Zk) = {ul()]:),ugfj_l, - ,u%),ugk), .. ,ul(f)};
4:  Compute the rotation O*) based on 3; and Bg’k);
5 Set By = O(i’k)ﬁéi’k);
6:  Compute v¥) for 3, and By by DP;
7. Compute cost function H ()
8: end for
9: Find H®™%) = minj<;«,, {H®F} and get the corresponding OUinF) | ~mink) anq Bémin’k);
10: Interpolate points Bémin’k) to get a function, e.g., spline cubic function and get Békﬂ) by e-
valuating the function at v(™*); (This is the implementation of Bgﬁl) = Bgmin’k) o y(min.k)).

11: If a stopping criterion is satisfied, then stop, otherwise £k = k + 1 and goto step 2;

13.4 A Riemannian Optimization Method

In order to make use of Riemannian optimization theory and algorithms in the fundamental
elastic shape analysis task of efficiently and effectively computing the distance between two curves,
we must define an appropriate cost function on a Riemannian manifold, the Riemannian gradient
of the cost function, the retraction operation on the manifold, and an appropriate vector transport.
Several Riemannian optimization algorithms are applicable to the distance computation and a
representative set is investigated and compared to the DP-based approach of Srivastava et al. for

closed curves in this and the following section. Specifically, the algorithms RTR-SR1, LRTR-SR1,

242



Algorithm 10 Coordinate Relaxation Algorithm 2 for H¢(O,~)

Input: Two closed curves 81 = {v1,vo,.. UN,Ul} and By = {uy,us, ..., un,u; } where u;,v; € R?;
a set of break points {b1,be, ..., by}; initial 7* ={0,1/n,...,1}; Ofko) = I,;
1: Compute interpolation function Fjg, for B2, e.g., a spline cubic function;
2: k=0;
3: Compute ﬁék) by evaluating Fj, at yik) and left multiplying by Oﬁk);
4: fori=1,2,...,w do
5. Shift 55 and get ﬁ(m = {ul()f),ul(fil, .. ug\];),ugk), .. l()k)},
6:  Compute the rotation O*) based on 3; and 52 ;
7. Set fy = O(i’k)ﬁéi’k);
8. Compute v¥) for 3, and By by DP;
9:  Compute cost function H ),
10: end for
11: Find Hmink) — minlgigw{H(ivk)} and get the corresponding O™ink)  ~ (mink) Bgmin’k) and the
shift bfm)m

12: Set OSfCH) = O(min’k)0£k);
(k)

13: Interpolate points 7, to get a function, e.g., spline function and evaluate the function at

(48 (0) + bh) [N) mod 1

mln

min,k)
(7™ 4 i /N) mod 1= o/ YA/N) + bmm/N) mod 1

(’y(min’k)() b(k /N) mod 1

min

to get vikﬂ) (This is the implementation of 7(k+1) = yi ) o y(mink)y.

14: If a stopping criterion is satisfied, then stop, otherwise k = k 4+ 1 and goto step 3;
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RBFGS, LRBFGS and RSD are applied to the distance problem and it is shown that a Riemannian
approach is more efficient computationally and produces a superior distance computation than the

DP-based approach.

13.4.1 Cost Function

Using the Riemannian approach we can handle the closed curve distance problem directly, i.e.,
breaking the curve into several open curves and taking the minimal solution is avoided. The first
step in defining the cost function and associated Riemannian manifold requires reconsidering the

representation of I' for closed curves
¢ = {y:S" = S}y is a diffeomorphism.}.

and its group action. We use I' x R which is a covering space of I'* with the covering mapping from

(y(t),m)) to ¥(t) + m mod 27, where
I = {v:[0,27] — [0, 27]|y is diffeomorphism. }.

The I'“ group action on ¢
(@:7) =qovV/3, yeT*
is replaced with the ' x R group action on ¢ defined by

(¢, (v,m)) = (q(y +m mod 2m))\/%, (y,m) €T xR.

Note that the addition of R to the group definition removes the need for break points since the
offset has been added as a decision variable.

The cost function on the Riemannian manifold SO(n) x R x T is

21
H(O,m, ) = /0 la1(8) — Oaa((t) + m  mod 2m)) /5 (1) 2t

Using the Riemannian manifold structure of ' complicates the basic objects required for a
Riemannian optimization algorithm. The tangent space of y € T'is T, T' = {v : [0,27] — R|v(0) =
v(21) = 0,v is smooth}. Note that I' is an open subset of 1.2([0, 27], R), it is natural to endowed
the metric from L2([0,27],R). Therefore, the exponential mapping is given by Exp,v = v +v.

When the exponential mapping is used as the retraction in a Riemannian optimization algorithm,
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the update tangent vector n; in the update ;41 = 7; + n; must be carefully chosen to guarantee
that ~;41 is a diffeomorphism. This is, in general, not easy to guarantee for an arbitrary ~; on
the manifold and we know of no retractions to replace the exponential map that can guarantee a
diffeomorphism in a computationally efficient manner. Fortunately, we can approximate [ with
another manifold that provides the required computational efficiency while capturing the structure
of T and T¢ effectively.

Note that any v € I' and its derivative 4 satisfy the constraints v(0) = 0,7(27) = 27 and
4(s) > 0 for all s € [0,27]. These are equivalent to v(0) = 0, f027T 4(t)dt = 27 and 4(s) > 0 for
all s € [0,27]. The positivity constraint on the derivative can be guaranteed by replacing 4 with
an even power function. For example setting 4 = 12 where [ : [0,27] — R yields all of the « that
satisfy the constraints. All three constraints are condensed into the constraints Ozﬂlz(t)dt =27
and [%(s) # 0 for all s € [0,27]. (The method of keeping [? away from 0 is discussed in Section
13.5.2.) Therefore, [ is an element of the 2-norm sphere and 7(t) can be recovered by fg 1%(s)ds. Tt

follows that /% = |I| and the cost function becomes

2 t
L(O,m,l):/o H0q1(t)—QQ(/O 1?(s)ds +m mod 2m)|l(t)|||3dt.

While this approach simplifies the constraints considerably, the resulting cost function is only partly
smooth due to the present of |I(¢)| and does not satisfy the C? smoothness assumption required
for the Riemannian quasi-Newton algorithms and other superlinearly convergent Riemannian op-
timization algorithms.

An alternative is to let I* = 4. Therefore,
27
leL={l:[0,21] - R|/ 1 (t)dt = 27,
0

Therefore, [ is an element of 4-norm sphere and the cost function becomes

21 t
/ llg1(t) — Oq2(/ 1*(s)ds +m mod 2m)I%(t)||3dt

0 0

which is defined on SO(n) x R x L. Exploiting the invariance of the norm under isometry, we use

the equivalent cost function

27 t
L(O,m,1) = / 10g1(t) — o / I(s)ds +m  mod 2m)i2(t)|2dt.
0 0

The reason we put O on ¢;(t) will be discussed in Section 13.5.1.
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13.4.2 The Riemannian Manifold

The Riemannian manifold used to define the constraints for the optimization problem associated
with the efficient algorithm to compute the distance function for elastic shape analysis is SO(n) x
R x £. The Riemannian gradient of the cost function, the retraction operation on the manifold,
and an appropriate vector transport, as discussed in Chapter 9, can be constructed by considering
each on the components of the product.

SO(n) is a well-known Riemannian manifold the structure of which is discussed in the literature
[AMSO08] and the associated implementation issues are considered in Section 10.5.

L is an infinite dimension Riemannian manifold. The tangent space of £ at any point is
therefore an infinite dimensional linear space with elements that are functions defined on [0, 27].

The following lemma characterizes, T £, the tangent bundle of £ and an element of a tangent space.

Lemma 13.4.1. The tangent space T;L of |l € L is
T, L = {v:[0,27] — R|(I*,v)1> = 0},

and therefore the projection onto the tangent space is

E (0, 1*)12

Al =v=EEL

Proof. By definition of a tangent vector, Vv € T; £, we can find a smooth curve C(s), s € [0, 1] on
L such that %(0) = v and C(0) = [. Let F.(t,s) denote C(s), and notice that for a fixed s, C(s)

is in L. Since L is the 4-norm sphere, we have

27
/ FA(t, s)dt = 2.
0
Taking a derivative with respect to s, we obtain

2 OF.(t,s)
/0 AF2(t,5) 5 dt = 0.

When s = 0, we have

2m OF.(t,0) 2 dC 2

= 3 o it = 30)==(0)dt :/ 3

0 ; < (t,0) P d /0 C°(0) T (0)d ; [Pvdt
" <13,’U>]L2 =0

Since £ C L2([0,27],R) and T; £ has only one constraint, I3/1/(I3,13); 2 is an orthonormal basis

of the normal space of £ at [ and we obtain the projection given in the Lemma. O
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Let the metric of £ be endowed from the embedding space L2([0,27], R). Analytical forms of
the exponential mapping and parallel vector transport on £ are unknown. However, an efficient re-
traction and isometric vector transport can be constructed. They are characterized in the following

Lemma.

Lemma 13.4.2. The function Ry(v) : Lx T L — L

[+

) = 0

defines a retraction on L and the associated differentiated retraction is

u (I+0){(l + )3, u)pe
T @OV " (g |
SR R i T
where || - |jpa = (f027r(-)4dt)1/4 and u,v € T L. An isometric vector transport is given by

_ 2(l~1 + l~2)<l~2, ’LL>]L2

Ts,u=u —
11+ L2I7 2

where Iy = 13 /{13,132, Iy = 13/(13,13) 12, lo = Ry(v).

Proof. Define
d: L xRy — L2([0,27]),R) — {0} : (I(t),7) — I(t)r,

and
w1 LxX Ry — L:(U(t),r) — U(t),

where R denotes the set of positive number. By [AMS08, Proposition 4.1.2], we have 7y (®~!(I4+v))

is a retraction, i.e.,
I+

Rl('U) = (27T)1/4 Hl + UH]L4

By the definition of differentiated retraction,

dR(v +t d l+v+t
T — Myt:o _(amn (#) o

dt dt \ T+ tules
_emi b (opua O+ 0wy
I+ vl [+l

It is easily verified that the proposed isometric vector transport satisfies the three conditions of
the Definition 1.2.3 of vector transports and smoothness. The isometry is a consequence of the

isometry property of Householder reflectors. O
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For the cost function of interest an analytical form of the Riemannian gradient can be derived.

It is given in the following Lemma.
Lemma 13.4.3. The Riemannian gradient of the cost function
L(O,m, 1) = /0% 10q (1) — qz(/ot 1(s)ds +m  mod 20)2(1)|2dt, (O,m,1) € SO(n) x R x L
18
VL(O,m,l) =
(Po(—2 / " / M(s)ds +m mod 202 (8 (07 db).
- 2/% (Oqi(t) — 1*(t)qo / 1*(s)ds +m mod 2x), 1 / 1*(s)ds +m mod 2m))odt,
P(2y(t)1°(t) — 22(1)))
where PoU = (U — OUT0)/2 is the projection to To SO(n),
z(t) = (Oq(t) — lz(t)q2(/0t 1*(s)ds +m mod 27), 2l(t)q2(/0t 1*(s)ds +m mod 27))s,
and y(t) is any primitive of
y'(t) = (Oqu(t) — (¢ qg/ 1*(s)ds +m mod 2m),4l?(t) / 1*(s)ds +m mod 27))s.
Proof. Consider the cost function defined on the embedding manifold

27 t
LO,m, 1) :R”"xRx L2 = R: (0,m,l) — / 0q1(t) — q2(/ 1*(s)ds +m mod 27)I?(t)||3dt.
0

For simplicity of notation, let g2(l,m) denote go fo s)ds + m mod 27) and g5(l,m) denote
5 fo 1*(s)ds +m mod 27). The gradient for the variable O is

2m
erady L(O,m, 1) = —2 / a1, m)2 (g () dt € R,
0
The gradient for the variable m is
2
grad, L(Om ) = =2 [ (0q(®) - P(e)ia(l.m), BO)ds (1, m)adt.
0

The gradient for the variable [ is not easy to compute directly. First, consider the directional

derivative along v € T; L.

B 21
Dy L(O, m, 1)[u] = —2 /0 (Oq1(t) — Goll, m)I2(8), 200 ()iin (L, m) + 412(8) (1, m) / ()0 (5)ds) ot
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Simplifying, we have
27
L(O,m,1)| 2/ (Oqi(t) — Ga(1,m)I2(t), 2L (t)G2 (1, m))ov(t)dt
0

2
2/ (Oqi(t) — Go(1,m)I2(t), 4% (t) g (1, m)) /13 s)dsdt
0

It
z(t) = (Oqu(t) — (t)g2(1,m), 20(t)G2 (1, m))2
y'(t) = (Oqu(t) — P (t)Ga(l,m), 4% (£) Gy (1, m) )2
then
Dy (Ozvmal)[]
-2 Ozﬂx() dt—2/ / 13(s)v(s)dsdt i
9 /0 s(Oo(t)dt — 2(y / 13 (s)v(s)ds|2" / Y3 (H)u()dt) (integration by part)

2/27Tx dt—|—2/ y(OB)v(t)dt (by v € T; L)

0
= [ Cvtor - 2ewpto
= (2y()1P(t) — 2x(t), v(t))L2.
Since the gradient is the vector that satisfies

DlE(Ov m,1)[v] = <Vlj/(07 m, 1), v(t))Le,

we obtain

grad, L(O,m,1) = 2y(t)I3(t) — 2z(t).
Therefore, the gradient of L(O,m, 1) is
grad L(O,m, 1)
=(-2 /0 ” @ / t 1*(s)ds +m mod 2m)1%(t)q1 (t)T dt,
—2/0% (Oqi(t) — 12(t)qo / 1*(s)ds 4+ m mod 27),1?(t) / 1*(s)ds +m mod 27))adt,
2y(1)1°(t) — 2(t))
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Finally, the Riemannian gradient is given by projecting each component of L(O,m,!) to its associ-

ated manifold. O

13.5 Implementation Comments

13.5.1 Representation and Cost Function

We assume all of the curves are continuous In practice, all of the curves are represented by a
set of points and therefore, the g-function of a curve 3(t) is also represented by points that are on
some smooth function. Since O is an isometry in the cost functions, we can apply it to either ¢;
or go. We apply it to ¢;. Therefore representing ¢; does not require the use of an interpolatory
function and a vector of points is sufficient.

In all of the cost functions considered, ¢s is composed with some function and, therefore, rep-
resenting ¢o as a set of points is not sufficient. A suitable function must be used. Since the
convergence analysis of Riemannian quasi-Newton optimization algorithms requires a C? cost func-
tion, an interpolatory cubic spline of the set of points on ¢o is used but a spline of degree 1, i.e.,
piecewise linear, or degree 2 are also practical.

It should be noted however that there is nothing in the formulation that requires an interpolatory
approximation. The discrete points in the representation could be control points for a continuous
approximating parameterized curve, e.g., a parameterized B-spline.

Finally, all integrals required by the algorithms are approximated by the Composite Trapezoidal
Rule.

13.5.2 Diffeomorphism Considerations

As discussed earlier and seen from (13.2.3) and (13.3.3), v* may not be a diffeomorphism due
to a horizontal and/or vertical region and is therefore in the closure of I'°. In order to guarantee

the symmetry of the distance function

dig (41, 0(g2 0 V)V/3) = dig (Oq 077 g2)\/7 7).

we must have the symmetry of the cost function
H(0.) =2 =2 [ 0(0).0(a2 0 (0) /Ao (13.5.1)

—2 2 /S {Olar o7 OO, ar(1)) e, (13.5.2)
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If (O,7) € SO(n) x I'“, then the symmetries are guaranteed by isometry of SO(n) and T'“.
However, if v is not a diffeomorphism, then there are some problems. For « containing a flat
region, y(t) = a,Vt € [b, c|, the cost function (13.5.1) is well defined. However, (13.5.2) is not due
to the non-existent of y~!(a). One way to guarantee symmetry is to define y~!(a) to be b or ¢. In
fact, for the purpose of computing the value of the cost function, y~!(a) can be defined as any finite

number since the jump discontinuity of 4~

at a does not change the integral. For v containing a
vertical region, y(a) = [b,c], it is not a function. Similar to previous idea, we can redefine y(a) to
be any finite point and v~! to satisfy y~!(t) = a,Vt € [b, ¢] and symmetry is satisfied.

Theoretically, therefore, when « is not a diffeomorphism evaluation and symmetry of the cost
function can be handled. In practice, however, numerically evaluating the cost function H¢(O, ")
requires a quadrature rule that depends on every point in the discrete set. If v has a vertical or near
vertical segment then + is infinite or very large and numerical overflow may occur. v containing a
flat region does not cause numerical problems when evaluating the cost function. In some versions,
e.g., Algorithm 10 an interpolatory spline is used to represent 7. If a spline of degree 1, i.e.,
piecewise linear, is used there is no numerical problem. However, a higher degree spline requires
care must be taken to guarantee that it is nondecreasing. This is not an issue during the iteration
of the new Riemannian algorithm.

These theoretical and practical issues can be avoided for both the Coordinate Relaxation DP-
based Algorithm 10 and the new Riemannian algorithm. In Section 13.3.1, the DP algorithm
constrains the set of slope choices N ; to remain sufficiently far from 0 or co and thereby avoids
horizontal and vertical regions in 4*. In the Riemannian algorithm, the third component [ is defined
by 12 = /3. To avoid horizontal and vertical regions in v, a penalty term is added and the cost

function becomes

/ZF 10g: (1) — qg(/t 14(s)ds + m mod 2m)2(t) |2dt + w((/QW(ZQ(t) 12+ /%(1—2(75) _12d1)),

’ ’ ’ ’ (13.5.3)
where w is a constant that makes the extra term relative small. When some region of « is close
to horizontal or vertical, the extra term increases and v* does not have such a region. There is
no explicit lower or upper bound for the slopes of v unlike the approach above for the DP-based

algorithm.
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13.5.3 Escaping Local Minima

The Riemannian optimization methods convergence results relate to a local minimum. There
are many approaches to escape from local minima when working in Euclidean space. Two standard
ones are the MCMC simulated annealing algorithm and the use of multiple runs with different
initial conditions. For Riemannian optimizations, we can use similar ideas.

We have tested a Riemannian gradient-based MCMC simulated annealing algorithm using a
Metropolis-Hastings acceptance test. For sufficiently small “temperature”, the algorithm changes
to one of Riemannian quasi-Newton algorithms. The basic idea of this algorithm is to search
the domain sufficiently and find a satisfactory minimum. Unfortunately, the dimension of domain
SO(n) x R x L is infinite and the dimension of the finite approximation used is large enough so
that a sufficiently thorough search was often found to be unacceptably expensive.

A simpler and, in practice effective, choice in this setting is to run the Riemannian quasi-Newton
algorithms with multiple initial conditions. Let (Op,mo,lp) € SO(n) x R x L denote the initial
iterate. The initial rotation Oy is given by the method used in Algorithm 8. The initial [y is given
by choosing a small number of points on the curve, Ny, and running DP with small h, where h is
defined in (13.3.2). The motivation is to make use of the global minimization property of DP on a
coarse grid and then improve the quality of the solution by Riemannian quasi-Newton algorithms.

The value mg can be chosen uniformly or randomly on [0, 27]. However, we automatically choose
a set of mg’s as well as Ny for Riemannian quasi-Newton algorithms by exploring the structure of
the curves. For example, let the curves in Figure 13.1 be two parts of two closed curves. If the rest
of the curves are ignored, there are two minima that correspond to the peak of curve 1 matching
the first peak or second peak of curve 2. The two minima can be obtained by using only two mq’s.
Suppose the starting point of curve 1 is the point marked with a cross on the graph. The starting
point on curve 2 can be any point in the green parts of curve 2. For these two initial conditions,
Riemannian algorithms are able to search for the best matching point. Using this idea, if the total
change of the angle for some interval along the curve is greater than a specified threshold T;,, an
myg is added at the end of the interval. In order to avoid noise, it is required that the difference
between consecutive mg points is greater than or equal to some positive value z. Each of the mg’s
produced generates a distinct initial condition for the Riemannian optimization.

In practice, when one curve changes direction frequently and the other curve is relatively simple
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in shape, choosing which curve is used as the basis for the generation of the set of of mg’s depends on
the context of the distance computation. Two curves with significantly different shape are expected
to have a large distance. If the application requires an accurate approximation of the large distance
then the curve with the more complicated shape should be used to generate the myg’s. If, however,
large distances need not be approximated accurately, e.g., when distances are used to determine
that the shapes are not in the same class, then the simpler curve should be used to generate the
myg’s and the computational complexity of the optimization is reduced. This is quite different from
DP which often requires a large number of break points to get a satisfactory result in either case
above.

Nj is taken as min(27/ (m(()Hl) - m((]i))) where m((]i) is the 4-th initial condition of m. It is used
for all runs of the Riemannian optimization algorithm. In practice, N5 can be chosen by another

set of mg’s that result from the procedure above applied with a different threshold T}, rather than

the threshold T}, used to generate the initial conditions for the parameter m.

Part of closed curve 1 Part of closed curve 2

Figure 13.1: Choosing initial m for Riemannian quasi-Newton algorithms

13.6 Experiments

13.6.1 Overview of Experiments

The performance of the Riemannian optimization approach and Coordinate Relaxation meth-
ods to computing the elastic distance metric for curves in R? is assessed in three stages. First,
the problems Algorithms 9 and 10 have with multiple coordinate relaxation iterations, as discussed
in Section 13.3.2 are illustrated. Second, the performances of the Riemannian optimization algo-
rithms, RBFGS, LRBFGS, RTR-SR1, LRTR-SR1 and RSD, are compared to identify the preferred

Riemannian method. Third, the preferred Riemannian method is compared systematically with the

253



\\C - *\**’
\-‘\0"‘
\‘6\\\\\
A\d SREE

Figure 13.2: Samples of leaves from Flavia leaf dataset. One sample per species is illustrated.

DP-based algorithm used by Srivastava et al. in their experiments [SKJJ11], i.e. the Coordinate
Relaxation method using only one iteration that we denote CR1.

Two public datasets are used in the experiments: the Flavia leaf dataset [WBX'07] and the
MPEG-7 dataset [Uni]. The Flavia leaf dataset contains images of 1907 leaves from 32 species.
Figure 13.2 shows an example leaf from each species. MPEG-7 contains 1400 images in 70 clusters
each of which contains 20 shapes. Figure 13.3 shows an example shape from each cluster. The
boundary curves of the shapes are extracted using the BWBOUNDARIES function in Matlab and
piecewise linear interpolation is used to resample the curve at 100 points in R?, ie., a 2 x 100

matrix.

13.6.2 Examples of Coordinate Relaxation Difficulties

For the experiments using Coordinate Relaxation based on DP, the mesh size, h defined in
(13.3.2), is 6 and every 4-th point is chosen as a break point. The shapes from MPEG-7 dataset

shown in Figure 13.4 are used to illustrate the problems of Algorithm 9 and Algorithm 10.
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Figure 13.3: Samples of curves from MPEG-7 dataset. One sample per cluster is illustrated.

Figure 13.4: Two shapes from the MPEG-7 dataset.

The variation in the shape of curve 5 in Algorithm 9 was identified as a serious problem. Figure
13.5 shows the shape of s initially and in the first 4 iterations of the algorithm along with value of
the cost function. The change to the shape is clear with many of its details disappearing gradually.

Most significantly, the cost function is increasing and the algorithm is not reliable for optimization.
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Figure 13.5: The variance of curve fs during the iteration in Algorithm 9.

The potential conflict in Algorithm 10 between the value of the cost function,H¢, evaluated
during iteration k for ﬁémin’k) computed using (13.3.4) and the value of H for the theoretically
identical curve 3*+1) computed using (13.3.5) is also observed for the illustrative pair of shapes.
Table 13.1 shows the variations of cost function. The value of H¢ in the second row for iteration
k should be the same as the value in the first row for iteration k 4+ 1. Clearly, the values are
significantly different. Note also the values in the second row, which are the ones used by the
algorithm in optimization decisions, are not decreasing. They, in fact, increase in subsequent

iterations and the algorithm is unreliable.

Table 13.1: The variations of the cost function values in Algorithm 10

iteration (k) 1 2 3 4
HC for B of (13.3.5)  1.684911 0.267587 0.338316  0.285586

He for BS™™F) of (13.3.4) 0.227343  0.202650 0.196659 0.205583

The two difficulties illustrated by this pair of shapes were observed at some point in the iterations
for every pair tested. This does not necessarily result in a significant error in the distance, but it
does result in the inability to trust that additional iterations improve distance accuracy.

The difficulties can be avoided by only performing a single iteration of Coordinate Relaxation.
This was done by Srivastava et al. [SKJJ11] and as a result they did not observe the problems.
However, the accuracy of the distance computed using a single iteration is thereby limited by the
quality of the choice of the initial reparameterization and rotation. Of the two, the initial reparam-
eterization is the main difficulty since the optimal rotation for any particular reparameterization is

given by the SVD.

256



Using a standard initial reparameterization such as the identity map does not reliably give an
accurate distance. Figure 13.6 shows the optimization results for a single iteration of Coordinate Re-
laxation (CR1), using the identity map and the SVD, and for the Riemannian algorithm LRBFGS
iterating until the cost function value is invariant to three digits. The final cost function is a factor
of 2 smaller for LRBFGS and the superior quality of the final rotation and reparameterization from

LRBFGS is clearly illustrated.

y functions LRBFGS, f:0.12233 CR1, £:0.22734

N w1 O

Figure 13.6: Results for LRBFGS and CRI1.

13.6.3 The Preferred Riemannian Quasi-Newton Algorithm

The two public datasets were also used to compare the performances of several Riemannian op-
timization algorithms in minimizing the cost function (13.5.3). For these experiments, the stopping
criterion for the Riemannian algorithms requires the relative change of the cost function in two
successive iterates to be less than 1072, and the minimum number of iterations is 10. The number
of points used to get the third component of the initial condition for the Riemannian algorithms,
Ng, is set as described in Section 13.5.3. The weight, w, in the cost function (13.5.3) is 1/8 initially
and decreases on each iteration by w < 0.8w. For the Flavia dataset, the values T,, = 37/4,
T7w = m and z = 4 are used when setting initial mg and N,. Since the shapes in the MPEG-7
dataset are more complex, the values Ty;, = 7/2 and z = 2 are used. For both datasets if the value
recommended automatically for Ny is less than 40 it is reset to 40.

All codes are written in C, compiled with gec and run on the Florida State University HPC
system using Quad-Core 2356 2.3 GHz Opterons [Cen]. The output time is the average CPU time
of 10 runs with identical parameters. (The times observed had very low variance.)

To find the preferred Riemmanian method, all of the methods were run on several sets of
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randomly chosen pairs of shapes from the two datasets. Table 13.2 reports, tq.e, the average time
to compute the distance between two shapes and, L., the average cost function value for one of
these sets from the Flavia and MPEG-7 shapes. The trends in other sets were similar.

The RBFGS and RTR-SR1 methods produce the smallest final cost function values, but this
comes at the cost of computational times that are approximately 2 to 3 times those of the other
methods. This is easily explained by noting that the computational complexity per step for these
two methods is O(N?) due to the use of a dense matrix vector product. Note this also implies O(N?)
space complexity. Both are less complex than the CR1 method with computational complexity per
step of O(N?3) and O(N?) space complexity.

The RSD method has low computational times due to its relatively low O(NN) computational
complexity per step, but it does not result in a competitive final cost function value due to the
simplicity of the approach.

The limited memory methods of LRBFGS and LRTR-SR1, do not require an N x N dense
matrix vector product or N x N dense matrix storage. The final cost function values they achieve
are not as small as those from RBFGS and RTR-SR1 but they are close, e.g., within 5% for
LRBFGS.

Table 13.2: Comparison of Riemannian Methods for representative sets from the Flavia
and MPEG-7 datasets: average time per pair (f4..) in seconds and average cost function

per pair (Lgye)-

RBFGS LRBFGS RTR-SR1 LRTR-SR1 RSD

Flavin datae_Lave 01783 0.1841 0.1779 01041 0.2068
tove 03012 0.1136 0.3337 01398 0.1211
Love 03485  0.3656 0.3421 04030 _ 0.4506
MPEG-T dataset — 00 o 0.3021 1.0433 0.3807  0.3331

The computational complexity per step for LRBFGS is O(Nkms) where k is the number of
iterations and mg is the number of initial conditions. Given two curves and a fixed stopping
criterion, the mg and k do not vary that much as NV increases. Therefore, practically, the complexity
of LRBFGS is O(N). The effect of the substantial difference in the complexities of LRBFGS and
CR1 is illustrated in Figure 13.7 for a representative pair of leaf shapes from the 27th species of

the Flavia dataset. Boundary curves were extracted with different number of points N to test the
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relationship between N and time costs for LRBFGS and CR1. The break points of CR1 are chosen
to be every 4 points and the time cost is the average of 10 runs with identical parameters.

In summary, all of the Riemannian algorithms were competitive with CR1 in terms of complexity
and LRBFGS with its acceptable optimization of the cost function and its low computational and
storage complexity is chosen as the preferred Riemannian algorithm for use further comparisons to

CR1 from the point of view of quality of shape distance computations.

12 T
—— LRBFGS
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g 8f :
c
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Number of samples (closed curves)

Figure 13.7: Comparison of complexities of CR1 and LRBFGS.

13.6.4 Performance Comparison for Flavia and MPEG-7 Datasets

In order to compare the cost and efficacy of the preferred Riemannian algorithm, LRBFGS,
to those of the current state-of-the-art, CR1, all pairwise distances in the Flavia and MPEG-7
data sets were computed (1,819,278 and 980, 700 pairs respectively) using the testing environment
described in Section 13.6.3. For CRI1, the effect of the number of break points was considered by
running each pair with a break point every 2, 4, 8 and 16 points given a fixed initial point, i.e., the
sets are nested.

In addition to comparing the computation times and cost function values for the two algorithms,
the quality of the distance computations was assessed using the one-nearest-neighbor (1NN) metric
of cluster (species) preservation for the MPEG-7 (Flavia) shapes. The 1NN metric, p, computes

the percentage of points whose nearest neighbor are in the same cluster, i.e.,

1 & . . 1 if point ¢ and its nearest neighbor are in the same cluster
=130, co- .
n =1

0 otherwise
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A very significant improvement in the final value of the cost function achieved by LRBFGS
compared to the value achieved by CR1 is observed. For the Flavia dataset, LRBFGS reduces the
cost function more than CR1 in 93.65%, 94.84%, 96.28% and 97.85% of the pairs when choosing
break points every 2, 4, 8 and 16 points for CR1 respectively. For the MPEG-7 dataset, LRBFGS
minimizes the cost function better than CR1 in 88.39%, 90.66%, 93.35% and 96.02% of the pairs
when choosing break points every 2, 4, 8 and 16 points for CR1 respectively.

The distribution of the ratio of the cost function value of CR1 to that of LRBFGS is shown in
the histograms in Figure 13.8. Ratios where LRBFGS was more than 4 times better are not include
for presentation purposes. The maximum ratios for the Flavia data set (and the number of ratios
exceeding 4) were 13.3 (215), 17.4 (525), 30.9 (1393) and 40.9 (4312) when choosing break points
every 2, 4, 8 and 16 points for CR1 respectively. The maximum ratios for the MPEG-7 data set
(and the number of ratios exceeding 4) were 11750 (2), 11750 (7), 11750 (27) and 12329 (232) when
choosing break points every 2, 4, 8 and 16 points for CR1 respectively. The amazingly large ratios
beyond 4 occur for pairs of shapes that are fairly close in shape where LRBFGS achieves a very
small cost function value. Not only is it clear from this data that, in general, LRBFGS reduces
the cost function more than CR1, but also in the cases when CR1 produces a smaller cost function
value it is usually very close to the value produced by LRBFGS.

Of course, if the improvement in the reduction of the cost function requires a very large increase
in computation time then the argument in favor of LRBFGS and the other Riemannian methods
weakens. The histograms of computation times for CR1 and LRBFGS for the MPEG-7 and Flavia
datasets in Figure 13.9 show that LRBFGS has a significant advantage in computation time. The
largest computation time for LRBFGS is smaller than all computation times of CR1 using N/2
and N/4 break points for both Flavia and MPEG-7 datasets and also when using N/8 break points
for the Flavia dataset. When using N/8 break points for the MPEG-7 dataset only 0.03% of the
pairs have CR1 computation times smaller than the largest LRBFGS computation time. When
using N/16 break points 0.06% and 13% of the pairs have CR1 computation times smaller than the
largest LRBFGS computation time for the Flavia and MPEG-7 datasets respectively. Therefore,
the Riemannian approach to the cost function and its optimization using LRBFGS yields superior
optimization in significantly less time than CR1 for the vast majority of the pairs computed.

A more careful examination of the the times indicates that the Riemannian approach has another
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advantage. The computation time for a pair of shapes using CR1 is essentially proportional to the
number of break points used. There is very little variation between computation times when using
the same number of break points as is seen in the CR1 spikes in Figure 13.9.

Figure 13.9 also shows that the, much smaller, computation times for LRBFGS have significant
variation. Recall that the Riemannian methods automatically select the position and number of
initial conditions used to compute the distance for a pair of shapes. The computation time per
initial condition (PIC) for LRBFGS varies only slightly as is shown also in Figure 13.10, and the
computation time for a pair of shapes is essentially proportional to the number of initial conditions
used. Since the number of initial conditions is a simple measure of the complexity of one or both
of the shapes in the pair, the Riemannian methods have the additional advantage of only requiring

a computation time that reflects the difficulty of the problem.
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Figure 13.8: Histograms of ratios of the CR1 cost function value to the LRBFGS cost
function value (C/L) for MPEG-7 and Flavia datasets. N/i,i = 2,4,8,16 denote the
number of break points in CR1. Bins are (0,0.1),...,(0.9,1.0),...,(3.9,4.0).
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Figure 13.9: Histograms of computation times of LRBFGS and CR1 for MPEG-7 and
Flavia datasets.
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Figure 13.10: Histograms of computation times of LRBFGS and computation times per
initial condition (PIC) of LRBFGS for MPEG-7 and Flavia datasets.

Table 13.3 shows the average time cost and 1NN for both datasets. The trends are as expected
given the examples in Figures 13.2, 13.3. For the MPEG-7 dataset, the shapes in different clusters
are very distinct compared to the significantly greater similarity of shapes in certain pairs of species
in the Flavia dataset, e.g., species 1 and 21. Therefore, the p values are expected to be higher for
MPEG-7 distances since the distinctions are easier to make while lower u values are expected for
Flavia distances. For CR1 it is expected that u values would increase as the number of break points
increases. All of these trends are observed in the u data.

The comparison of u achieved by LRBFGS to those of CR1 shows a clear advantage to L-
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RBFGS. LRBFGS achieves a value of p higher than CR1 using the densest set of break points.
Not surprisingly, given the distributions of computation times discussed earlier, the average time
for LRBFGS is significantly smaller than the average time for even the sparsest set of CR1 break
points (N/16).

Table 13.3: The average computation time and 1NN of LRBFGS and CR1 with break
points chosen to be every 2, 4, 8 and 16 points.

CR1
LRBYGS —oms—~7s ~va 2
average time(seconds)  0.1596 0.5754 1.0683 2.0541  4.1077
INN of 32 species 87.41%  80.02% 82.01% 84.58% 87.31%
average time(seconds)  0.3509 0.5744  1.0665 2.0507  4.1010
INN of 70 clusters 97.21%  95.21% 97.00% 97.21% 97.00%

Flavia leaf dataset

MPEG-7 dataset

13.7 Conclusion

We have explored the computation of the elastic distance metric for open and closed curves in
R? and reviewed CR1, the DP-based algorithm of Srivastava et al., [SKJJ11], the approximations
upon which it is based, its computational complexity, its difficulties, and its performance in terms
of time and cost function reduction. As an alternative to CR1, we have derived a Riemannian
approach to computing the elastic distance metric and developed an efficient implementation using
various Riemannian optimization algorithms.

Empirical comparisons of the Riemannian approach using LRBFGS and CR1 and shapes from
the MPEG-7 and Flavia datasets were performed. The results demonstrate that the Riemannian
approach produces more useful distance estimates, as measured by the INN metric for clustering,
in significantly less time and that the computational time required adapts to the complexity of the
shapes being compared.

The efficiency and efficacy of the Riemannian approach to computing the elastic distance metric
promises to improve considerably shape analysis computations that are based upon distance com-
putations, e.g., the Karcher mean of a set of shapes, geodesic paths between shapes, and inferences

on shapes. These improvements will be demonstrated in future work.
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CHAPTER 14

SECANT-BASED NONLINEAR DIMENSION
REDUCTION

14.1 Introduction

The problem of dimension reduction occurs in many forms. In its most straightforward form,
sample data is given in a metric space of unknown dimension or a Euclidean space of high dimension
and the problem is to determine a representation for the data in a sufficiently low dimensional
Euclidean space while approximately preserving some specified property, e.g., pairwise distances,
[LVO7a]. The techniques are commonly used in manifold learning (see [ZZ04] and its references). It
is used often also in model reduction of dynamical systems where the data represents one or more
solution trajectory in the state space (see for example [Li00, Rew03, FST88, MT&89, JKT90, BK05,
TAJPO08)).

The work in this chapter is based on the work of Broomhead and Kirby [BK05]. They consider
dynamical systems that are defined on high-dimensional spaces, but which have low-dimensional
attractors. The low-dimensional attractor may be approximated by a subspace or a submanifold
M. The idea of Broomhead and Kirby is based on Whitney’s Theorem [Whi36] and uses a cost
function that is optimized in the sense that the projection is easy to invert. Our work is to compare
the performance of different optimization methods.

This chapter is organized as follows. The problem is stated in Section 14.2. Section 14.3
provides some details of the computation of the two cost functions considered in the experiments.

Experimental results are presented in Section 14.4 and conclusions are discussed in Section 14.5.

14.2 Problem Statement

Suppose M is a manifold with dimension m embedded in R™. Let U denote a tall thin n x p
matrix with full rank, col(U) denote the column space of U and 7y denote the orthogonal projection
onto col(U),

my =UWUTU) Ut
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Since 7y is a projection onto a space, it is related to the Grassmann manifold. Based on the
implementation of Section 10.6, we consider that an orthonormal matrix U such that [U] represents
an element of the Grassmann manifold. Noting that the projection is invariant to the choice of

representations in [U], we define the projection
™ U] = UUT.

The Whitney Embedding Theorem [Whi36] says that when p > 2m + 1, there is a large
(open dense) set of projections 7y, such that mr|a, the projection restricted to M, is invert-

ible. Specifically, let col(U)* denote the perpendicular space of col(U/). There is a function
g : dom(g) C col(U) — col(U)* such that

M = {(z.9(x))|x € dom(g)},

and mnlm @ M = (z,9(x)) = =, called an embedding projection of M into the p-dimensional
linear space col(U), is invertible. Note a invertible linear function is smooth. Therefore, W[UH M 1S

a diffeomorphism.

Remark 14.2.1. p > 2m—+1 guarantees that there is an open dense set of embedding projections for
M, but for a given M, it is quite possible that there is an open dense set of embedding projections
for smaller p. For example, let M be the unit circle in span{ej,es} C R™. We have m = 1 (the
circle is a one-dimensional manifold) and 2m+1 = 3, but it is clear that there is an open dense set
of n x 2 matrices U such that my is an embedding of M. It is also clear that the "best” col(U) is
span{ey, es}, in which case g : spanf{ey,es} — span{es} is the zero function with dom(g) the unit

circle in span{ey, ea}.

The Whitney Embedding Theorem provides conditions for the existence of the projections.
Broomhead and Kirby [BK05] further search for projections that are easy to invert. The function

77[;]1} : dom(g) — M is Lipschitz due to diffeomorphism, i.e., there exists a constant Kz, such that
kﬂ[u] [z =7l < HT"[UP% - W[U}@H% (14.2.1)

for all z,5 € M. k is taken as a measure of the conditioning of the inverse of the projection.

)

The larger kﬂm is, the more slowly varying the inverse is, and the easier it is to fit the function g.

Based on (14.2.1), kr, satisfies

w o
) (T — 7)

ke —
12 = 9ll2

] —

2
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Therefore, k can be defined as

7I'[U

(T —7)

kr . = inf —
12 — 7l

14.2.2
W & geM,i#q ( )

Let ¥ denote the set of unit secants of the manifold M,

Y= {L Vi,ye M, :L";éy}
12 —gll2

and ¥ denote the closure of ¥. Using ¢([U]) to denote the square of (14.2.2), gives the cost function
$([U]) = min || k|3 (14.2.3)
kex

o([U]) is a partly smooth function defined on the Grassmann manifold. Broomhead and Kirby

[BKO05] did not work on this cost function directly. Instead, they proposed a smooth cost function

14.2.4
oy Z ||7rU]k:||2 (14.2.4)

where |X| denotes the number of elements in ¥. In (14.2.4), small projections of unit secant norms
are heavily penalized while in (14.2.3) the smallest projection is forced to be large. Maximizing
#([U]) and minimizing F([U]) have similar goals, however, whether and when they have same
optima are still open questions.

The horizontal lift of the gradient of ¢([U]) at U is
(grad ¢([U]))y, = (I = UUT)(2kk] ),

where k. = arg min, .5(||[UTk|)). If minc5(||[UT%|)) has more than one solution for a given U, then

o([U]) is not differentiable at [U]. The horizontal lift of the gradient of F([U]) at U is

kkTU
(grad (U =15 ,;E [UUTHTE

and the action of Hessian of F([U]) on a vector £ in the horizontal space Hy is

_yuT Te _ ¢prTy T TrreT T
(tess P01y [63,] =~ g 30 (Mot - Bl e D)

S\ TR T0THIG
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14.3 Properties of the Cost Functions and Discretization

Given a manifold M and U, the projection mi;|pm @ M — dom(g) may not be an invertible
function. If it is not, then there exist Z, y and & # g such that 2 = my)y. Therefore,

||7r[U]1%||2 = 0, where k = (& — §)/||# — §||2- By the definitions of ¢([U]) and F([U]), we have that
¢([U]) = 0 and F([U]) = oo,

where oo represents a positive number divided by 0. Let Z denote the set of [U] that defines a

non-invertible projection W[U]’ M, l.e.,
Z ={[U] € Gr(p,n)|my)|m : M — dom(g) is not invertible. }

If the initial [Up] is in the set Z, then F([U]) cannot be used as a cost function. Furthermore,
Z may contain a dense open set N. When the initial [Up] is in this open set A, the gradient
grad ¢([Up]) is a zero tangent vector. All of the gradient methods cannot escape from this point
[Up]. Therefore, ¢([U]) cannot be used as a cost function. Overall, a bad choice of initial [Up] may
cause serious problems for both cost functions.

Since the number of the points on manifold M is infinite, the number of elements in ¥ is also
infinite and it is impossible to compute ¢([U]) and F([U]) exactly in practice. A practical method
must discretize the manifold and choose a finite set of points making the number of elements in X
finite. Let M denote the discretized manifold. Let 3 denote the finite set and let ¢([U]), F([U])
denote the cost functions for .

There are some consequences of discretization. First, accuracy depends upon the discretization.

Second and more important, Z is replaced with the finite set

Z ={[U] € Gr(p,n)|m; : M — dom(g) is not invertible.}

Since the number of elements in Z is finite, it is unlikely for [Up] to be in Z. ¢([U]) and F([U])
are therefore well-defined for most of initial conditions. The new cost functions ¢([U]) and F([U])
may have many local optima over A rather than the flat profiles of ¢([U]) and F([U]) at the values
of 0 and oo respectively. Escaping from the local optima becomes an algorithmic problem. In
the implementation used for the experiments in the next section, the manifold is discretized and

multiple initial conditions are used.
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14.4 Experiments

In [BKO05], Broomhead and Kirby use RCG(Algorithm 11) based on the Polak-Ribiére formula
with parallel translation and exponential mapping to optimize the smooth cost function F([U]).
Details of an RCG implementation that do not depend on a retraction and a vector transport are
discussed in Chapter 9. For the cost function F([U]), the behavior of RCG is compared to the
behaviors of RBFGS, LRBFGS, RTR-SR1, RTR-Newton and LRTR-SR1. For the partly smooth
cost function ¢([U]) the behaviors RBFGS and RGS are presented. Aspects of the implementations

specific to the two cost functions are given below.

Algorithm 11 Conjugate gradient for minimizing F'(Y') on the Grassmann manifold
1: Given Y such that Y{ Yy = I, compute Gy = grad F(Yp) and set Hy = —Go;
2: for k=0,1,... do
3:  Minimize F(Yy(t)) over ¢ and find t,,;, where

Y (t) =YV cos(Zt)VT 4 Usin(St) VT

and UXVT is the compact singular value decomposition of Hjy.

4:  Set tp = tmin and Yiy1 = Yi(tk).

5. Compute Gyy1 = grad F(Yi41).

6:  Apply parallel translation for tangent vectors Hy and Gy, and transport them to the horizontal
space of Yi11:

Pvl;j_OHk = (=Y}, Vsin Sty + U cos Sty ) SV,
P'ilj_OGk =Gy — (Y Vsin Sty + U(I — cos Xty UL Gy,

where 7y is a geodesic from Y} to Yy such that v4(0) = Y; and v, (1) = Yiy1.

7. Compute the new search direction

(Gry1— PLTOGy, Grya)

_ 10 _
Hk—i—l = _Gk—i-l + O-k?P’y;_ Hj., where o) = <Gk,Gk>

and (A1, Ag) = trace AT A,.
8:  Reset Hyy1 = —Gryq1 if k+1 mod p(n —p) =0.

9: end for

For the Riemannian methods other than RCG, the retraction is (10.6.11) and the vector trans-
port is (9.5.2) or (4.4.9) depending on whether the locking condition is imposed or not. The
algorithmic parameter settings of RBFGS, LRBFGS, RTR-SR1 and LRTR-SR1 are the same as
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example

Figure 14.1: The example P = G(S!).

those in Section 11.3. The exact line search algorithm of RCG is based on the function FMINUNC
in Matlab. The comparison is performed in Matlab 7.0.0 on a 32 bit Windows platform with a 2.4
GHz CPU (T8300).

We consider the example that first appeared in [BK00] and is also used in [BK05]. The manifold

M is the range of a map of circle
G:S' = R3, 6 — (sin6, cos f,sin 26),

and as shown in Figure 14.1. The experiments consider projecting this manifold from R? to R2.
Thus, n is 3 and p is 2. W is defined by 50 points uniformly separated in [0, 27] and the manifold
is discretized as P = G(S') by M = G(W). The initial iterate is chosen by orthonormalizing the
columns of a matrix with elements drawn from a normal random distribution. Since the dimension
of the Grassmann manifold Gr(2, 3) is only 2 and the parameter m in LRBFGS an LRTR-SR1 are
usually chosen to be less than the dimension of the manifold, we choose the m to be 1.

Given a [U] € Gr(2,3), the functions gg[U] (n) = é(Exp[U} (n)) and F[U] (n) = F(Exp[m (n)) are
defined on the tangent space Ty, Gr(2,3) which is a 2-dimensional flat space. Figure 14.2 shows
the graphs of QAS[U*](n) and F[U*](n) where [U,] is the desired optimum (see Figure 14.3 and 14.5).
The tangent space of two figures in the left column is [—m, 7] X [—7, 7] and tangent space of the two
figures in the right column is [~7/2,7/2] x [-7/2,7/2]. For all U € Gr(2,3), n € Ty Gr(2,3) and
[nll2 = 7/2, we know Expy;)(2n) = U and thus Expjy(n) = Exppy)(—n). We only need to observe

the region where ||| < /2.
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Figure 14.2: The top two figures show the contours of é[U*] (n) and the bottom two figures
are the contours of F[U*](n).
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Figure 14.3: The left figure is the projection of [U,] onto 2-dimensional space 7y, P and
the matrix on the right is the desired optimizer. The optimal projection ;) projects P
onto the X-Y plane [BK00].

From the figure of é[U*}(n) in Figure 14.2, we can see the origin is a maximizer which verifies
the way we choose [U,]. What is more, within the region ||n|l2 < 7/2, the origin is also the only
significant maximizer, i.e., other local maxima with much smaller cost function values are not
visible. Around the maximizer, there is a large flat region that corresponds to the set Z on which
the function my) is non-invertible. Let Exp[_Ul*] Z denote this flat region. Ideally, é[U*}(n) should be
0 in Exp[_Ul*} Z. Due to the discretization, it is not 0 and there are many local optima in Exp[_Ul*] Z
(see discussion in Section 14.3). From the figure of F[U*}(n), the origin is a minimizer. Based on
the discussion in Section 14.3, F] [U*}(n) should be oo in Exp[_Ul*} Z or at least in practice much larger
than the value of the cost function at the origin. However, the figure clearly shows that this is not
the case for the discretized problem and this cost function. Instead of using 50 points to represent
the manifold, 100, 200 and 400 points are also used and similar contours are observed.

To test the efficiency of the optimization algorithms, we use an initial point [Uy] € Z to make
all algorithms tested converge to the desired optimizer [U.]. The method of choosing the set of
initial conditions to improve the likelihood of converging to [U,] or at least to an invertible local
extrema is still an open question for both cost functions.

Tables 14.1 and 14.2 show the performance of the algorithms. We can see for the partly smooth
function ¢([U]), RBFGS is the fastest one and for the smooth cost function F([U]), LRBFGS is
the fastest.
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Table 14.1: Comparison of RTR-Newton, Riemannian quasi-Newton algorithms and RCG
for smooth cost function F([U]). F([U.]) = 1.355322.

RTR-Newton RBFGS LRBFGS RTR-SR1 LRTR-SR1 RCG

iter 6 15 11 22 32 6
nf 6 23 19 22 32 37
ng 6 19 15 22 32 37
nH 12 28 0 47 0 0
nVv 0 46 34 21 79 36
nR 5 22 18 21 31 31
gff 8.34_9 1.44_7 2.58_7 6.38_11 1.06_11 6.02_9
9fr/afo 2.66_g 4.60_7  8.25_; 2.04_19 3.38_1;  1.92_g4
¢ 1.41 1.53 1.19 1.72 2.55 4.19

Table 14.2: Comparison of RBFGS and RGS for partly smooth cost function &([U])
¢([U.]) = 2.006318e-001

RBFGS RGS
iter 20 33
nf 54 330
ng 54 297
nH 38 0
nV 96 264
nR 53 625

gff 801, 801,

gfr/9fo  3.32 3.32
t 1.70 9.75
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Figure 14.4: The initial points U; ¢ Z,i = 1,...5 in the contour graphs of QAS[U*](n) and F[U*](n).

RCG, used by Broomhead and Kirby [BK05], is the slowest algorithm, despite its small number
of iterations, due to the relatively large number of function evaluations and gradient evaluations
required by its exact line search. RCG using the modified Polak-Ribiére formula (see [NWO06,
(5.45)]) and an inexact line search algorithm based on the Wolfe conditions was investigated as
a potentially more efficient algorithm. While the cost per iteration decreased, the computational
time increased significantly since the number of iterations increased to 52. RTR-Newton converges
quadratically and requires fewer function and gradient evaluations. However, its computational
time is larger than LRBFGS and comparable to that of RBFGS due to the expense of computing
the action of the Hessian on a tangent vector.

To show the influence of the choice of initial condition to the combination of cost functions
and optimization algorithms, 20 initial conditions [U;] € Z,i = 1,2,...,20 are used. The first 5,
U] € Z,i=1,2,...,5, are used as typical examples in Figures 14.4, 14.5 and Table 14.3. Figure
14.4 shown the 5 initial conditions [U;] € Z,i = 1,2,...,5 lifted into Ty,) Gr(2,3). Table 14.3
presents the performance results and Figure 14.5 presents the 2-dimensional projections of the
computed optimizers for the 5 initial conditions. Table 14.4 presents the types of optima obtained
by the combinations of the cost functions and the algorithms for the 20 initial conditions.

The partly smooth cost function ¢([U]) is Lipschitz continuous. As we discussed in Chapter 7,
on such cost functions, RBFGS is typically faster than RGS due to its smaller number of function

and gradient evaluations. This does not mean RGS is useless. RGS is more resistant than RBFGS
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Table 14.3: The cost function values at the optimizers from 5 initial conditions for the
different methods. The 2-dimensional projections of the optimizers are shown in Figure

14.5 at the indices given.

F(U7]) 1.3555  1.3573 13555 13555  1.3535
FER-Rewton ndex (1) 2 3) () (5)
F(UT) 13537  1.3535 13535  1.3535 13555
RBFGS  “dex  (6) (7) (8) () (10)
F(U7])  1.3535  1.3535 13555 13535  1.3535
LRBFGS % dex () (12) (13) (14) (15)
F(U7) 13555  1.3535  1.3537 L3573 L.3555
RTR-SRI index (16) (17) (18) (19) (20)
F(U7)  1.3535  1.3535 13537  1.3573  1.355
LRTR-SRL ) ex (21) (22) (23) (24) (25)
R F(U7]) 1.3555  1.3573  1.3555  1.3555  1.3535
index  (26) (27) (28) (29) (30)
S([UF])  2.8641_; 1.4792_5; 7.3108_; 3.1011_; 5.7567_4
RBFGS — Ldex (1) (32) (33) (34) (35)
2GS S([UF])  2.0063_; 1.2965_5 2.0063_; 2.0063_; 1.8031_5
index  (36) (37) (38) (39) (40)

Table 14.4: The results of algorithms using 20 initial points in Z. NNIP denotes the
number of non-invertible projections. NIP denotes the number of invertible projections,
NDP denotes the number of times the desired global optimizer was found and AT denotes
the average computational time of the 20 initial conditions(second).

Function | Algorithm | NNIP | NIP(NDP) | AT
F RTR-Newton | 18 2(2) 8.27
F RBFGS 18 2(2) 2.08
F LRBFGS 19 1(1) 2.64
F RTR-SR1 18 2(2) 2.59
F LRTR-SR1 18 2(2) 3.31
F RCG 16 4(4) 117,
b RBFGS 15 5(5) 1.37
b RGS 0 20(16) | 1.41;
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to getting stuck in the neighborhood of a local maxima. Using the same set of initial conditions,
RGS is able to avoid the flat region of ¢([U]) and converge to the global maximizer, [U,], for 16 of
the 20 initial conditions. (Since all of the sampled gradients in the flat region are fairly random in
direction and RGS tends to behave more like a random walk algorithm than a line search descent
method.) For the other 4 initial conditions, RGS converges to points that are only local maxima
but that have the desired property of invertibility.

For the same 20 initial conditions to optimize ¢([U]), RBFGS does not perform as well. It finds
15 local maximizers that are different from one another and different from all of the maximizers
found by RGS. The values of cost function ¢([U]) at the local maximizers [U] of RBFGS are

relatively small compared to the value at [U,] and therefore are located in the flat region Z which

was to be avoided. Additionally, the projected curves of the [U] of RBFGS are self-intercepting

and the Ty#]|lm are not invertible making these local maxima not desirable solutions.

The 20 initial conditions were used also in an attempt to optimize the discretized smooth cost
function F([U]). As seen from Table 14.4, all of the algorithms have difficulty to escape from
local minima for the smooth cost function F([U]). The sequence generated by the algorithms
with most of the initial conditions converge to similar minimizers of F([U]) and the projected
curve is self-intercepting(see Figure 14.5 for 5 examples). Therefore, W[Ui*]\ M is not invertible and
these minimizers are clearly not desirable. Furthermore, the values of F([U]) at some of these
minimizers are approximately 1.353, which is even smaller than the function value, 1.355, at the
desired invertible minimizer. The fact that F([U]) at the undesired minimizers is smaller than
the desired one is also true when 100, 200, and 400 points are used in the discretized manifold
M. This indicates that discretization of F([U]) produces an approximation F([U]) whose global
minimizer does not match the corresponding global minimizer F([U]). So minimizing F([U]) does
not approximately solve the problem of minimizing F([U]). However, the value of ¢([U]) at the
desired maximizer is much larger than the value at the other local maximizers (see Table 14.3).
This indicates that unlike for the cost function F([U]), finding a global maximizer is sufficient to
find the desired one for the cost function ¢([U]).

As seen from Table 14.4, the most efficient algorithm is RBFGS for the smooth cost function
F([U]). RTR-Newton needs a relatively large number of iterations before detecting a neighborhood

of a local minimizer. Therefore, RT'R-Newton needs much large computational time compared to
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the problem with an initial point close to the desire minimizer. The RCG, used by Broomhead and
Kirby [BKO05], is still the slowest method for F([U]). For the partly smooth cost function ¢([U]),
even though RGS needs more computational time than RBFGS, it shows its robustness of finding

invertible projection.

14.5 Conclusion

We compared the performance of algorithms for F(U') and <;~S(U ) and also compared the two cost
functions F(U) and ¢(U) for the discretized manifold M. F(U), the discretization of a smooth
approximation to the original partly smooth cost function ¢([U]) was shown to be unsatisfactory
for reliably solving the example problem. The discretization &([U ]) does not have these difficulties.
For QNS([U ), RBFGS has advantage of converging fast but does not reliably produce an invertible
projection even at a local maximizer with an acceptably large cost function value. RGS exhibited
the desirable ability of escaping from the flat region Z to move toward an acceptable invertible
projection. The resulting reliability of RGS as a potential global optimization algorithm for this
problem must be weighed carefully against the speed of any future modifications of RBFGS that

mitigate is problems with local maxima.
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CHAPTER 15

CONCLUSIONS AND FURTHER RESEARCH

In this dissertation, we generalized the Euclidean quasi-Newton methods which are used for opti-
mizing sufficiently smooth functions to the Riemannian setting with a combination of line search
and trust region strategies. In addition, two optimization algorithms, the gradient sampling al-
gorithm and a modified version of BFGS, which are used for optimizing partly smooth functions,
were generalized to the Riemannian setting. Experiments and applications were used to illustrate
the value of Riemannian quasi-Newton methods.

The major contributions of this dissertation are:

1. Generalizing the Broyden family of methods to the Riemannian setting and com-
bining it with line search strategy;
This is a significant extension of the core theory and implementation for Riemannian opti-
mization. Previous work has concentrated on generalizing the BFGS member of the Broyden
family. There are two main Riemannian versions and both have strong constraints on the
retraction and vector transport allowed. The version of Qi [Qil1] requires the use of the expo-
nential mapping and parallel translation and the version of Ring and Wirth [RW12] requires
the often computationally expensive differentiated retraction. Our work weakens significant-
ly the requirements on a retraction and a vector transport and proved the RBroyden family

algorithm to be well-defined.

2. Systematic and complete analysis of the convergence properties of the line search
based RBroyden family methods;
The convergence analyses are generalized from [DM77], [GT82], and [BNY87]. Global and
linear convergence analyses are given for a twice continuously differentiable and retraction-
convex cost function. Superlinear convergence is proven when the Hessian of the cost function

satisfies the generalized Holder continuity condition at the minimizer (Assumption 6.2.2).

3. Generalizing limited-memory BFGS algorithm to the Riemannian setting;
The LRBFGS method in this dissertation is the first general Riemannian version of the
limited-memory BFGS algorithm. Imposing the limited-memory constraint, may decrease
the convergence rate, however, LRBFGS is useful in the sense that it not only reduces the
complexity of storage, but also reduces the computational time for each iteration and the

computational time of the vector transport in particular.
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4. Generalizing the SR1 update to the Riemannian setting and combining it with
trust region strategy;
Previous work for the Riemannian setting based on the trust region strategy is given by
Baker [Bak08]. To obtain a fast local convergent rate, his algorithm needs the action of
the Hessian which may be unavailable or too expensive computationally. This dissertation
avoids the requirement of the action of the Hessian by generalizing the SR1 update to the
Riemannian setting while maintaining a satisfactory convergence rate. Unlike the restricted
Broyden family update, SR1 update does not guarantee the positive definiteness of the Hessian
approximation. However, the result of producing a better Hessian compared with restricted
Broyden family update and combining it with the trust region strategy produces an effective
and efficient method. Even though the known convergence rate of RTR-SR1 is slower than
the RBroyden family, there are some important benefits of RTR-SR1. For example, the SR1
update is a cheaper update and its combination with trust region strategy completely avoids

the requirement of the information of the differentiated retraction.

5. Systematically analyzing the convergence properties of RTR-SR1;
The global convergence analysis of a Riemannian trust region approach given in [Bak08] does
not require the information of the second order term in the local model. Therefore, our work
focused on the local convergence analysis and it is based on the work of [CGT91], [KBS93] and
[BKS96]. Comparing to the work in the Euclidean setting, we weaken the accuracy required
when solving the local model. By assuming the Lipschitz continuity of the Hessian of the
cost function around the minimizer, d + 1-superlinear convergence is obtained, where d is the

dimension of the manifold.

6. Generalizing the limited-memory SR1 trust region method to the Riemannian
setting;
Similar to LRBFGS, LRTR-SR1 is also the first general Riemannian version of a limited-
memory SR1 algorithm. It also has the benefits of reducing the storage requirements and

computational time per iteration.

7. Generalizing some important concepts and theorems to the Riemannian setting
based on the framework of retraction and vector transport;
The main Euclidean concepts and theorems generalized are:
e Concepts:

— Lipschitz continuity of the Hessian of a function (see Assumptions 3.3.3 and 3.3.4);
— Convexity of a function (Definition 4.3.1);
— Lipschitz continuity of the gradient of a function (Definition 5.2.1);

e Theorems:
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10.

11.

12.

— Equivalence property of the Broyden family of methods (Theorem 4.7.1);

— Dennis Moré conditions for root solving and optimization (Theorem 5.2.2, Corollary
5.2.1 and Theorem 5.2.4).

. Generalizing two algorithms, the gradient sampling algorithm and modified ver-

sion of RBFGS, for optimizing partly smooth functions to the Riemannian setting
without convergence analysis;
The generalizations of the gradient sampling algorithm and modified version of BFGS are

based on previous Euclidean work [BLO05] and [LO13] respectively.

. Efficient implementation design for four types of manifolds;

A frequently encountered situation is that an element in a manifold can be represented by a
n-dimensional vector and this happens commonly in four situations. The implementations of
metric, adjoint, linear operator and vector transport for these kinds of manifolds are discussed

in detail in Chapter 9.

Providing detailed efficient implementations for four particular manifolds, the
sphere, the Stiefel manifold, the orthogonal group and the Grassmann manifold;
Implementations of different kinds of retractions, non-isometric and isometric vector trans-
ports and cotangent vectors required by Ring and Wirth’s RBFGS are given in detail. The

efficiency of the implementations is also discussed.

Providing empirical assessments and comparisons of the performance of proposed
Riemannian algorithms and existing Riemannian algorithms.

The preferred pair of retraction and vector transport for the RBroyden family and RTR-SR1
are identified. RBFGS (¢ = 0) is the best in the restricted Broyden family algorithms for
the problems tested. The systematic selection of the parameter ¢ to improve performance
remains an open problem. The value of limited-memory versions of RBFGS and RTR-SR1
is shown in both moderately sized and large scale problems. RBFGS shows an advantage
of computational time for Lipschitz continuous partly smooth function and RGS shows an

advantage of robustness for non-Lipschitz continuous partly smooth function.

Applying Riemannian quasi-Newton algorithms to applications and illustrating

their effectiveness and efficiency;

e The joint diagonalization problem for ICA
RTR-SR1 and LRBFGS are the two relatively fastest algorithms for this problem when
N is sufficiently large. RTR-Newton requires the action of the Hessian which is expensive
in this problem for large N and, therefore, Riemannian quasi-Newton algorithms show

advantages in computational time for large N.
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e Synchronization of rotation problem
RBFGS and LRBFGS are the two relatively fastest algorithms for this problem. Similar
to the joint diagonalization problem, the action of the Hessian is also expensive in this

application. RTR-Newton does not converge relatively fast.

e Rotation and reparameterization problem of curves in elastic shape analysis
The closed form of the Hessian of the cost function in this application is unknown
and, therefore, RTR-Newton cannot be applied. Riemannian quasi-Newton algorithms
can be applied for this problem, even though the dimension of the domain of the cost
function is infinite. The Riemannian quasi-Newton algorithms are shown to outperform
RSD. LRBFGS is chosen as the representative Riemannian quasi-Newton algorithm
and is significantly faster the existing method, DP, in most of the problems tested .
Additionally, the quality of the solution is assessed by INN and LRBFGS has competitive

or superior performance to DP with dense breaking points.

13. Applying RGS and a modified version of RBFGS for a problem in secant-based
nonlinear dimension reduction and illustrating their advantages;
Two cost functions are proposed in [BK05]. The partly smooth cost function ¢([U]) is shown
in this dissertation to be a better cost function. The modified version of RBFGS converges
quickly for initial conditions sufficiently close to the global minimizer, while RGS is more
robust in the sense of escaping from the flat region of the domain and obtaining a desirable

invertible projection.

14. The Matlab and C packages have been developed .

There are several avenues of future research in both algorithms and their applications. For
algorithms, we will consider modifications to the RBroyden family algorithms to extend the con-
vergence properties to a wider range of ¢ (especially for ¢ < 0), to nonconvex objective functions,
and without requiring information about differentiated retraction. Additionally, the convergence
analysis of RGS and the modified version of RBFGS for optimizing partly smooth functions will
be developed. All algorithms in this dissertation find a local minimizer of an objective function
efficiently and effectively without the guarantee of finding a global minimizer. We will investigate
the global optimization properties on Riemannian manifolds. Finally, one of the most important
topics for future algorithmic research is the optimization of problems with constraints that are a
non-manifold subset of a Riemannian manifold. Such problems arise in many areas, e.g., rank-

constrained matrix approximation and reconstruction.
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For applications, the growing body of advanced theory, understanding of efficient design, and
implementation of efficient computational libraries are increasing the acceptance of Riemannian
optimization methods. This is evident in the many applications of RTR variants in the literature.
The work in this dissertation provides the promise of successfully applying Riemannian quasi-
Newton algorithms to problems in many fields. We will continue to conduct systematic comparisons
with existing methods to adapt and improve both the Riemannian methods and our understanding
of their behaviors and relationship to application characteristics. In particular, the results will be
presented in so far as it is possible from application’s point of view. These fields of interest include
but are not limited to large scale data mining, image analysis, signal processing, machine learning

and shape analysis.
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