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Symmetric Positive Definite (SPD) Matrix

Definition

A symmetric matrix A is called positive definite A = 0 iff all its
eigenvalues are positive.

ST, ={AeR™:A=AT A0}

2 x 2 SPD matrix 3 x 3 SPD matrix

Averaging positive definite matrices 3



Motivation of Averaging SPD Matrices

@ Possible applications of SPD matrices

- Diffusion tensors in medical imaging
[CSV12, FJO7, RTMO7]

- Describing images and video
[LWM13, SFD02, ASF*05, TPMO06,
HWSC15]

@ Motivation of averaging SPD matrices
- denoising / interpolation

- clustering / classification
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Averaging Schemes: from Scalars to Matrices

Let Ay, ..., Ak be SPD matrices.

K
@ Generalized arithmetic mean: % STA
i=1
— Not appropriate in many practical applications
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Averaging Schemes: from Scalars to Matrices

Let Ay, ..., Ak be SPD matrices.

K
@ Generalized arithmetic mean: % STA
i=1
— Not appropriate in many practical applications

A+B
A ALB B
det A =50 det(4%5E) = 267.56 det B =50
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Averaging Schemes: from Scalars to Matrices

Let Ay, ..., Ak be SPD matrices.

K
@ Generalized arithmetic mean: % STA
i=1
— Not appropriate in many practical applications

A+B
A ALE B
det A =50 det(4%5E) = 267.56 det B =50

o Generalized geometric mean: (A; --- Ag)Y/K
— Not appropriate due to non-commutativity

— How to define a matrix geometric mean?
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Desired Properties of a Matrix Geometric Mean

The desired properties are given in the ALM list!, some of which are:
° G(Ara),---»Ar(k)) = G(A1, ..., Ak) with T a permutation of (1,...,K)
@ if A1, ..., Ax commute, then G(Ai,...,Ax) = (A1,..., Ax)/¥
° G(A1,...,Ak) "= G(ATY, ... A

0 det(G(Ai, ..., Ak)) = (det(Ar) - - - det(Ax))/ ¥

1T, Ando, C.-K. Li, and R. Mathias, Geometric means, Linear Algebra and Its
Applications, 385:305-334, 2004
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Geometric Mean of SPD Matrices

@ A well-known mean on the manifold of SPD matrices is the Karcher
mean [Kar77]:

G(Ay,...,Axk) =ar m|n— 52XA 1
(A A) =g min Z ). &

where §(X, Y) = || log(X~1/2YX~1/2)||¢ is the geodesic distance
under the affine-invariant metric

g(nx, €x) = trace(nx X Tx X 1)

@ The Karcher mean defined in (1) satisfies all the geometric
properties in the ALM list [LL11]
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Algorithms

G(Ay,...,A —argmln— 52(X, A;
( k) rEmin 2 Z )
@ Riemannian steepest descent [RA11] for Karcher mean

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12] for general problems applied to
Karch mean

@ Richardson-like iteration [BI13] for Karcher mean

@ Riemannian Barzilai-Borwein method with nonmonotone line search
and the Karcher mean computation [IP17]
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Jeuris et al. [JVV12] Results

G(Aq,...,Ax) =ar . 52 (X, A
() =g 3004

@ Considered RTR-Newton-CG, RBFGS, RSD, RCG.

First two considerably more complex per step than last two.

@ RSD and RCG preferred.

Higher rate of convergence for RBFGS (superlinear) and
RTR-Newton-CG (quadratic) did not make up for extra complexity.

Simpler first order methods recommended over a wide range of
problems.
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Recent results on SPD Karcher mean
computation

Based on Xinru Yuan, Wen Huang, Pierre-Antoine Absil, & Kyle A.
Gallivan, A Riemannian quasi-Newton method for computing the Karcher
mean of symmetric positive definite matrices , 2018.
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Conditioning of the Objective Function

Hemstitching phenomenon
for steepest descent

well-conditioned Hessian ill-conditioned Hessian

@ Small condition number = fast convergence

@ Large condition number = slow convergence
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Conditioning of the Karcher Mean Objective Function

@ Riemannian metric:

gx(&,m) = trace(§X " 'nX 1)

Condition number « of Hessian at the minimizer yu:

@ Hessian of Riemannian metric:

C(HRY <1+ In(max k)

where k; = /i(,ufl/zA,-,ufl/z)

- k(HR) <20 if
max(x;) = 10%
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Conditioning of the Karcher Mean Objective Function

@ Riemannian metric: @ Euclidean metric:
gx (&, n) = trace(EX X ™1) gx(&,m) = trace(&n)

Condition number « of Hessian at the minimizer yu:
@ Hessian of Euclidean metric:

@ Hessian of Riemannian metric:
In(max k)
2 ' 2(p
FUD < (H) < w(HR)R ()

- k(HR) <1+
where k; = /i(,ufl/zA,-,ufl/z)

- k(HR) <20 if
max(x;) = 10%
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BFGS Quasi-Newton Algorithm: from Euclidean to Riemannian

e Update formula:

LTk
Xk+1 = Xk + Nk

@ Search direction:
—1
e = —B, ~ grad f(xx)
° Bk update: Optimization on a Manifold
Bisks) Bk | ykyid
s/ Bisk vi sk’

Biy1 = Bk —

where s, = xx11 — Xk, and yx = grad f(xc41) — grad £(xx)
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BFGS Quasi-Newton Algorithm: from Euclidean to Riemannian

replace by Ry, (7«)

e Update formula: 1

Lk TTk
Xk+1 = Xk + Nk

@ Search direction:

e = —B " grad f(xk)
o Bk update: Optimization on a Manifold
Bksks;Z—Bk yky,;r

Bk+1 — Bk - ’
s[ By sk ykTsk

where s, = xx11 — Xk, and yx = grad f(xc41) — grad £(xx)
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BFGS Quasi-Newton Algorithm: from Euclidean to Riemannian

replace by Ry, (7«)

e Update formula: 1

Lk TTk
Xk+1 = Xk + Nk

@ Search direction:

e = —B " grad f(xk)
o Bk update: Optimization on a Manifold
BkSkS;Z—Bk yky,;r

Bk+1 — Bk - ’
s[ By sk ykTsk

where s, = xx11 — Xk, and yx = grad f(xc41) — grad £(xx)

T T

replaced by Rx_kl(Xk+]_) on different tangent spaces
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Riemannian BFGS (RBFGS) Algorithm

e Update formula:
Xk+1 = Ry, (auni) with n, = fl’)’k_l grad f(xx)

e By update [HGA15]:
s Bisi(Bisk)’ .
Bry1 = Bi — k~k( kb ) yl;yky
(Bisk)’sk  Yesk

Where: Sk = Tom Ok Mker Ye = ﬁ;l grad f(xis1) — Taun, grad f(xx),
and By = Taun, © Bk o T+

QkMk*
@ Stores and transports Bk_l as a dense matrix
@ Requires excessive computation time and storage space for

large-scale problem
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Limited-memory RBFGS (LRBFGS)

Riemannian BFGS:

o Let Hyy1 = Bk__&l

o Hyy1 = (id — pryisy)Hi(id — pryisy) + pisisy
where s, = 7—04k77kak77k'~yk = ﬁ;l grad f(xii1) — Taun, grad f(xx),
Pk = 1/g(yk,sk) and Hie = T, 0 Hi o To

Mk

Limited-memory Riemannian BFGS:
@ Stores only the m most recent s, and

@ Transports these vectors to the new tangent space rather than Hy

o Computational and storage complexity depends upon m
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Implementations

@ Representations of tangent vectors

@ Retraction

@ Vector transport
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Implementations

@ Representations of tangent vectors: Tx ST, = {S € R™"|S=5T}
o Extrinsic representation: n’-dimensional vector

e Intrinsic representation: d-dimensional vector where d = n(n+1)/2

@ Retraction

@ Vector transport
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Implementations

@ Representations of tangent vectors: Tx ST, = {S € R™"|S=5T}
o Extrinsic representation: n’-dimensional vector

e Intrinsic representation: d-dimensional vector where d = n(n+1)/2

@ Retraction

o Exponential mapping: Expy(€) = X'/2exp(X~/2eX~1/2)x1/2

@ Vector transport

_1 1
o Parallel translation: 7, (£) = Q¢Q7, with Q = Xz exp(Xi
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Implementations

@ Representations of tangent vectors: Tx ST, = {S € R™"|S=5T}
o Extrinsic representation: n’-dimensional vector

e Intrinsic representation: d-dimensional vector where d = n(n+1)/2

@ Retraction
o Exponential mapping: Expy(€) = X'/2exp(X~/2eX~1/2)x1/2

o Second order approximation retraction [JVV12]:

Re(€) = X+ €+ 26X

@ Vector transport

_577X_’

N\»—A

o Parallel translation: 7;, (£) = Q¢Q7, with Q = Xz exp( )X~

e Vector transport by parallelization [HAG15]: essentially an |dent|ty
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Complexity Comparison for LRBFGS

Extrinsic approach: Intrinsic approach:
@ Function @ Function
@ Riemannian gradient @ Riemannian gradient
@ Retraction @ Retraction

@ Riemannian metric Reduces to Euclidean metric

(2m) times of vector transport

No explicit vector transport

Complexity comparison:

o f+Vi+ o f+Vi+
27n% + 12mn*+ 22n%/3 + 4mn?

2m x Vector transport cost
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Problem Related Functions

@ Cost function:

—1/2v, 2—1/2y112
F(X) = 2KZdlst (Ai, X) = 2KZHIog XAY2)|12

@ Riemannian gradient:

grad F(X Z A2 log(AT P XA AT X1/

@ Riemannian Hessian action on tangent vector:

Hess F(X)[¢x] = Kng log(A;1X) ——ng (XA”

1 K

+ 50 > XD(log) (AT X)[AT ]
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Numerical Results: Comparison of Different Algorithms

K =100, size=3x3,d=6

RSD-QR 1098 RSD-QR.
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Figure: Evolution of averaged distance between current iterate and the exact
Karcher mean with respect to time and iterations
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Numerical Results: Comparison of Different Algorithms

K = 30, size = 100 x 100,

d = 5050

10° RSC 101
—B8-RBB
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i
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Figure: Evolution of av
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eraged distance between current iterate and the exact

Karcher mean with respect to time and iterations
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Euclidean Metrics

e

RBFGS-Euc
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@ K =30, n=100, and 1 < x(A;) < 10°.
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Figure: Evolution of averaged distance between current iterate and the exact
Karcher mean with respect to time and iterations
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@ Karcher mean computation on S7
@ Divergence-based means on ST |

@ Riemannian L' median computation on Sh,

Applications

Conclusions
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@ Karcher mean

K
_ H 1 2 .
K(Al,,..,AK)—a;gggan E (X, A, ()

€51y

i=1
where §(X, Y) = || log(X Y2 YX~1/2)||¢
o pros: holds desired properties

e cons: high computational cost

@ Use divergences as alternatives to the geodesic distance due to their
computational and empirical benefits

@ A divergence is like a distance except it lacks
o triangle inequality

e symmetry
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LogDet a-divergence and Associated Mean

The LogDet a-divergence is defined as

G(Ay1,...,Ax) = argmin 52 (A X 2
(A1 k) X%S" KZ LD ), (2)

where the LogDet a-divergence on S, is given by

4 det(152 O’X+1+°’Y)
1t

3p (X, Y) = og
LpalX.Y) = 770 det(X) 7" det(Y)™*

@ The LogDet a-divergence is asymetric in general, except for a = 0

@ (2) defines the right mean. The left mean can be defined in a similar
way.
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Karcher Mean vs. LogDet a-divergence Mean

@ Complexity comparison for problem-related operations

function | gradient total

2Kn? 3 11Kn?
3 3Kn 3

LD a-div. mean

Karcher mean 18Kn3 5Kn? 23Kn?

@ Invariance properties

scaling rotation congruence| inversion
invariance | invariance | Invariance | invariance

LD a-div. mean X

Karcher mean
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Numerical Experiment: Comparions of Different Algorithms

11—«
K =100, n =3, and 10 < k(A;) < 10° Fixed Point iteration?: stepsize = o
a=0.9 a=09
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27 Chebbi and M. Moakher. Means of Hermitian positive-definite matrices based on the
log-determinant -divergence function. Linear Algebra and its Applications, 436(7):1872C1889, 2012
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Numerical Experiment: Comparions of Different Algorithms

Averaging

@ K =100, n=3, and 10 < s(A;) < 108
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sitive definite matrices
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@ Karcher mean computation on S%

H n
Divergence-based means on S}

e Riemannian L' median computation on S |

Applications

@ Conclusions
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@ The mean is sensitive to outliers

@ The median is less sensitive to outliers

o®

® points
o outliers
mean

+ median

it e

°
E ° &

°
: deoe o

o
itoe e
°

o o o
(- 2 3 4

Figure: The geometric mean and median in R? space.
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Riemannian Median of SPD Matrices

The Riemannian median of a set of SPD matrices is defined as
1 K
M(As,..., Ax) = arg min > 6(ALX)

xesy, 2 i=1

where § is a distance or the square root of a divergence function

@ The cost function is nonsmooth at X = A;

@ If § is the geodesic distance, the median is unique
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Algorithms

K
.1
M(Ay, ..., Ax) = a;gg:m K E I(Ai, X)
SN i=1

@ Riemannian Weiszfeld's algorithm [FVJ09]

@ Our approach: Riemannian quasi-Newton algorithms

Smooth RBFGS [HAG18]
- Modified RBFGS [Hual2]
- Nonsmooth RBFGS [HHY18]

- Limited-memory versions of the above three [HAGH16]
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n a
4+

Numerical Results for L! Median Computation on

Comparison of Different Algorithms

@ K =100, size =3x3

@ well-conditioned A;

——EW
——LRBFGS-Wolfe

0 10 20 30 40 50 0 001 002 003 004 005 006
iterations time (s)

Figure: Evolution of averaged distance between current iterate and the exact
Riemannian median with respect to time and iterations.
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Numerical Results for L' Median Computation on S"

++°

Comparison of Different Algorithms

@ K =100, size =3x3

@ well-conditioned A; + 5% ill-conditioned outliers

——EW
——LRBFGS-Wolfe

——NS-RBFGS

dist (i, X;)

0.02 0.04 0.06 0.08 0.1
time (s)

iterations

Figure: Evolution of averaged distance between current iterate and the exact
Riemannian median with respect to time and iterations.
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Karcher mean computation on S
H n
@ Divergence-based means on &7 |

@ Riemannian L' median computation on Sty

Applications

o Application I: Structure tensor image denoising

o Application II: EEG classification based on the minimum distance to
mean classifier

o Application Ill: Image clustering

@ Conclusions
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Application: Structure Tensor Image Denoising

@ A structure tensor image is a spatial
structured matrix field

. 2 n
7:QCcZ —S8h,

@ Noisy tensor images are simulated by
replacing the pixel values by an outlier
tensor with a given probability Pr

@ Denoising is done by averaging
matrices in the neighborhood of each
pixel

@ Mean Riemannian Error:

1 o
MRE = Za Z or(Zij, i)
(ij)EQ
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Structure Tensor Image Denoising: Pr =

Pr=0.1

0.948
— 0.407
Pr=0.1 007 [ 005
A-m LE-m J-m K-m R-median ao-m  a-median
Means
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Structure Tensor Image Denoising: MRE and Time

o MRE comparison

Pr=0.1
5
4 3959
0.948
0.407
0078 [ _0.055
A-m LE-m J-m K-m R-median a-m a-median
Means
@ Time com parison
Pr=0.1
16
14.31
14
12 11.32
—~ 10
=
g 8
| 6.47
£
4.66
4
2
0 0.04 0.40 0.31
A-m LE-m J-m K-m R-median a-m  a-median
Means
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Application |I: Electroencephalography (EEG) Classification

13 Hz 17 Hz 21 Hz No led

LI L

@ The subject is either asked to focus on one specific blinking LED or
a location without LED

@ EEG system is used to record brain signals

@ Covariance matrices of size 24 x 24 are used to represent EEG
recordings [KCB*15, MC17]
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EEG Classification: Examples of Covariance Matrices

Resting Class 13 Hz Class
]
-
5 -
10
15
20
5 10 15 20
17 Hz Class 21 Hz Class
5 5
10 n : 10
- .
15 15
-
20 20 x
| |
5 10 15 20 5 10 15 20
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EEG Classification: Minimum Distance to Mean classier

Goal: classify new covariance matrix using Minimum Distance to Mean
Classifier

@ For each class k =1,..., K, compute the center uy of the
covariance matrices in the training set that belong to class k

o Classify a new covariance matrix X according to

k = arg min 6(X, k)
1<k<K

Averaging positive definite matrices 40



EEG Classfification: Accuracy and Computation Time

@ Accuracy comparison

100

o5y, SLIT% 8L2T% BL50% SLOTL  sLsy 8230%  8207%

78.98%

Eue. LogEuc. Ind.  JDiv. Rie. a-Div. S-a-Div. Rie-Med. a-Med. S-a-Med

Means
@ Computation time comparison
45
40
30 29.41 ms

2744 ms

T
ERY
E

15

10.61 ms =
9.78 ms
o 65 ms SOLmS .
r .. = N ]
o 1.03 ms
0.27 ms
0

Enc ac. Ind.  J-Div.  Rie.  aDiv. S-a-Div. Rie-Med. a-Med. S-a-Med
Means
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Application IlI: Image Clustering Using K-means Method

@ The KTH-TIPS2 dataset [MFT*06]

- Region Covariance Matrices: 23 x 23

@ Performance metrics to measure the quality of K-means clustering

- F1-Score
- Normalized mutual information (NMI)

@ Performance metrics to measure the timing of K-means clustering

- Total computation time
- Computation time per iteration
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Image Clustering: Comparison of Different K-means Variants

@ Quality comparison

@ Timing comparison

Averaging positive definite matrices

55.43%

56.68%

55.74%

1476%

Buc. LogEue.  Ind Ri.  a-Div. Rie-Med SaDiv. aMed. S-a-Med
Means
22565

500 per Ieration

700

600
z 50 msa0s
£ 100

300

23365
200
12665 5 121805 13196 5
100
0

Enc

Log-Eue

Ind.

J-Div

Rie

a-Div
Means
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a-Med,
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@ Karcher mean computation on S%

H n
Divergence-based means on S}

o Riemannian L! median computation on 87,

Applications

@ Conclusions
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Conclusions

o Investigate different averaging techniques for SPD matrices,
including the computation of means and medians centers

@ Use recent developments in Riemannian optimization to develop
efficient and robust algorithms on ST

@ Provide empirical assessments and comparisons of the performance
of considered Riemannian optimization algorithms and existing

stat-of-the-art algorithms

@ Contribute a C++ toolbox for various averaging techniques (based
on ROPTLIB)

@ Evaluate the performance of different averaging techniques in
applications
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Aver:

ing positive definite matrices

Thank you!
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Intrinsic Representation of Tangent Vectors

@ Tangent vector nx € Tx M can be represented by its intrinsic

representation, i.e., a d-dimensional vector of coordinates n a given
basis of Bx of Tx M

o If By = {bl,. .. bd}, nx = aib; + -+ 4+ agby, then 77% = BE(’I]X and
n$ = (a1,...,aq)"

@ Reduces storage of tangent vectors and simplifies certain
Riemannian objects if Bx is orthonormal and the coefficients «;’s
are easy to compute
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Vector Transport by Parallelization

@ Vector transport by parallelization is defined as 7 = ByB')’(, where
By and Bx are bases of Ty M and Tx X, respectively

o If By and Bx are orthonormal bases of Ty M and Tx M,
respectively, then the vector transport by parallelization is the
identity

@ Parallelization is an isometric vector transport
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Jointly Geodesically Convexity

Let (M, g) be a Riemannian manifold. A function f : M — R is said to
be geodesically convex if for any x,y € M, a geodesic vy such that

v1(0) = x1 and y(1) = y, and t € [0, 1], it holds that

f(y(t)) < (1 = t)f(x) + tf(y) (3)

Let (M, g) be a Riemannian manifold. A function f : M x M — R is
said to be jointly geodesically convex if for any xi,x2, y1,y» € M,

geodesics vy, and vy, such that v,(0) = x1, (1) = x2, 7,(0) = y1 and
Yy (1) = y», and t € [0,1], it holds that

F(1x(8), 1 (2)) < (1 = ) (1, 1) + (2, y2). (4)

4
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Divergence Symmetrization

A divergence is asymmetric in general. There are two common ways to
symmetrize a divergence [CCA15]:

o Type 1:
1
03(X, Y) = 5(05(X, V) + 55(Y, X)),
o Type 2:
1 X+Y X+Y
5§¢(X7 Y)= 5((55)(X, T) + 5@(\/7 T))
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ALM List

P1

P2

P3

P4

P5

P6

P7

P8
P9

Consistency with scalars. If Ay,..., Ax commute then
G(A1,...,Ak) = (A1 --- Ak)VK.

Joint homogeneity.

G(alAl, ey OLKAK) = (Oq s aK)l/KG(Al, . ,AK).
Permutation invariance. For any permutation w(As, ..., Ax) of
(A1,..., Ak), G(A1,...,Ak) = G(7(A1, ..., Ak)).

Monotonicity. If A; > B; for all i, then

G(A1,...,Ak) > G(By,..., Bk) in the positive semidefinite
ordering.

Continuity from above. If {A{"}, ... {A} are monotonic
decreasing sequences (in the p05|t|ve semidefinite ordering)
converging to Ay, ..., Ak, respectively, then G(A(ln), e ,A(;))
converges to G(Ay,...,Ak).

Congruence invariance.

G(STALS,...,STAKS) = STG(Ay,...,Ak)S for any invertible S.
Joint concavity. G(AA1 + (1 — A)By,..., Mk + (1 — N)Ak) >
AG(A1, ..., A)+ (1 =N)G(By,. .., Bk).

Invariance under inversion. G(A17 .. AK) ! G(Al_ yen [1(2
Determinant identity. det G(A1,...,Ax) = (det A; - - - det AK) /
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Tangent Vector

o Definition: The tangent space Tx M is
the vector space comprised of the tangent
vectors at X € M. The Riemannian
metric is an inner product on each tangent

space. A‘<

@ Tangent vectors can be represented by an
intrinsic representation, which reduces the
storage and simplifies certain Riemannian
objects
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Retraction
"M
@ Maps tangent vectors back to the manifold @

o Definition: A retraction is a mapping R
from T M to M satisfying the following:

o R is continuously differentiable
e R(0)=x
e DR(0)(n) =7

Euclidean Riemannian

X1 = Xk + i | Xi1 = R (cueni)
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Vector Transport

@ Some algorithms need to combine
information on different tangent spaces
to determine the next search direction

oM
@ Vector transport: transport a tangent
vector from one tangent space to
another

M

o T, &, denotes transport of &, to
tangent space of Ry(7x)
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Stepsizes for RSD

o Classical stepsize strategy in [WNO06, (3.44)]

2(F (xk+1) — F(xk))
g(grad f(xx11), — grad f(xx))

k41 = min{1,1.01 -

}

o Different versions of BB stepsizes
- sk = Taymi (aknk), vk = grad f(xiki1) — Taym, (grad f(x«))

- BB1: akr1 = g(sk,sk)/8(sks k)

- BB2: ayq1 = g(sk, vk)/8(vks vi)

- ABBpin:
N {min{a}382 i =max(1,k —ma),..., k}, if aB52/afB < 7
k+1 = BB1 .
Tt otherwise
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Stepsizes for RSD

o Classical stepsize strategy in [WNO06, (3.44)]

2(F (xk+1) — F(xk))
g(grad f(xx11), — grad f(xx))

k41 = min{1,1.01 -

}

o Different versions of BB stepsizes
- sk = Taymi (aknk), vk = grad f(xiki1) — Taym, (grad f(x«))

- BB1: akr1 = g(sk,sk)/8(sks k)

- BB2: ayq1 = g(sk, vk)/8(vks vi)

- ABBpin:
N {min{a}382 i =max(1,k —ma),..., k}, if aB52/afB < 7
k+1 = BB1 .
Tt otherwise
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LogDet a-divergence Mean: CM's Fixed-point lteration

Chebbi and Moakher's fixed-point iteration [CM12] can be rewritten as

K
1 l-a l+a,,_1. 1
Yier= Y (oo A+ =22y, 1
k+1 K,-:1( 5 + 5 ) (1)
—y, @ dF(Ye) (2)
— Tk 2K gra k

where grad f(Y') denotes the Riemannian gradient of f(Y’) and

K
4 l-«a l+a,, 4
T ;Zl{logdet(TA, + 5 Y+

1+«

f(yY)= log det Y}

The fixed-point iteration is a Riemannian steepest descent using
@ a constant stepsize (1 — a)/2K

o Euclidean retraction Rx(nx) = X + nx
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Background

Update for steepest descent:
Nk = —ay grad f(xy)
X1 = R (k)

e RSD:
- ay is taken as the classical strategy in [WNOQ6]

- no use of second order information

e RBB:

- choose ay so that —ay grad f(xx) approximates — Hess f(xx) ™" grad f(xx)

i.e., axl approximates Hess f(xx) ™"

- make use of second order information
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Background

Update for steepest descent:
Nk = —ay grad f(xy)
X1 = R (k)

e RSD:
- ay is taken as the classical strategy in [WNOQ6]

- no use of second order information

e RBB:

- choose ay so that —ay grad f(xx) approximates — Hess f(xx) ™" grad f(xx)

i.e., axl approximates Hess f(xx) ™"

- make use of second order information

Goal: investigate the relationship between the BB stepsizes and the
eigenvalues of the Riemannian Hessian of the objective function
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Numerical Experiment |I: BB Stepsizes and the Hessian Eigenvalues

Goal: investigate the relationship between the BB stepsizes and the
eigenvalues of the Riemannian Hessian of the objective function

Objective function used: f(X) = 5k S210, 621, (A, X)

° {A(lk), . .,)\Ef)} are eigenvalues of the Riemannian Hessian of f
e Compare 1/ay and {)\gk), . .7)\E,k)}

@ RBB is used with Armijo backtracking line search

BB1, BB2, ABB, are compared
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Numerical Experiment IlI: o
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