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Background and Applications
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Fig. 1: A third-order tensor: X € RIX/*X,

Tensor Data
@ A tensor is a multidimensional array. Such as a third-order tensor has three
indices, as shown in Figure (1). The rapid advance in imaging technology has
given rise to the wide presence of high-dimensional data:

color images;

video data;

multispectral /hyperspectral images;
traffic data;
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Problem Statement

@ Problem Tensor completion problem with sparse noise and missing values

min F(L£,€) = | Pa(X — L —&)||% + M€,
L.E (1)

s.t.rank, (L) = 7,

where £ € R™*"2X73 ig 3 |ow-rank tensor, rank; denotes a transformed
multi-rank,E € R™*"2Xn3 g sparse, QO C {1,2,...,n1} x {1,2,...,na} X
{1,2,...,n3} is an index set, and P, denotes the projection operator onto 2,
that is,

Xijkn if (iaj7 k) € Qv
0, otherwise, denoted by .

(Po (X)), = {

@ Our aim is to recover the underlying low-rank tensor £ from Pq(X).

@ Model (1) relies on the assumptions: the data can be approximated well by
a low-rank tensor L, the noise £ is sparse, and the rank of the tensor can be
estimated well.
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Introduction

Related Work

@ Tensor completion: Tensor completion aims to recover data from partially
observed samples.

min rank(L),
Jd

2
s.t. PQ(X) :PQ(E), ( )

where the definition of rank varies in literatures.
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Tensors of corrupted observations Underlying low-rank tensors

Fig. 2: Tensor completion by low-rank prior on data.
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Introduction

Related Work

@ Tensor denoising: All the entries are observed but may be corrupted by noise.
minrank(£) + A|€]1,
L,E (3)
st. X =L+E,

where the definition of rank varies in literatures.

Tensors of corrupted observations  Underlying low-rank tensors ~ Sparse etror tensors

Fig. 3: Tensor denoising by low-rank prior on data and sparsity prior on noise.
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Related Work

@ Tensor completion and denoising: The natural extension of (3) is

minrank(L) + A||€]|1,
L.E (4)

sit. Po(X)=Pq(L+E).
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Tensors of corrupted observations Underlying low-rank tensors Sparse error tensors

Fig. 4: Tensor completion and denoising by low-rank prior on data and sparsity prior on

noise.
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Introduction

Compare the existing models with the proposed model
@ The existing models:

121+ AELL
min |[£]. + A€l

(5)
st. Po(X) =Po(L +&).

@ The proposed model:
min F(L,€) = | Pa(X — L = )[[F + A€,
s.t.rank, (L) = 7.

Compared to (5):

@ Model (6) does not need the constraint || Po(X) — Po(L + £)||% = 0 to be
true, but Model (5) needs.

@ Model (6) needs to estimate the transformed multi-rank of of the tensor £ and
uses this fixed rank manifold M,., but Model (5) is different.

@ The parameter A in Model (6) control the balance between the low-rank tensor
error and noise.
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Preliminaries on Tensors

o For a third-order tensor A € R™1X72X1s the tensor A is defined by taking the
DCT of all the tubes, that is,

VeC(A(i7j7 )) = dCt(VEC(A(i,j, :)))’ Vi, j,

where vec is the vectorization operator that maps the tensor tube to a vector,
and the DCT is expressed by dct.

A = dct(A,]],3).
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Preliminaries

Preliminaries on Tensors

Dedfinition 2.1 (Block diagonal form of third-order tensor)

Let A be the block diagonal matrix of the tensor A € R™*"2%"s jn the transform
domain, namely,

AWM
_ . A®@
A = blockdiag(A) = . € RMnsXnans

VZ{(%)

-~

The inverse of blockdiag is denoted by fold, i.e., fold(blockdiag(A)) = A.
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Preliminaries on Tensors

Dedfinition 2.2 (t.-product,[KKA15])

The t.-product A x B of A € RM*"2X"s gpnd 3 € R"2*"4X"s js 3 tensor
C € R™*m4xns which is given by

-~ -~

C = A x B = idct[fold(blockdiag(.A) x blockdiag(B))],

0

where " x” denotes the usual matrix product. (,Z represents the tensor obtained
by taking the DCT of all the tubes along the third dimension of A.
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Preliminaries

Preliminaries on Tensors

Dedfinition 2.3 (¢.-SVD)
For A € R™"1*m2X"s the t.-SVD of A is given as

A=UxS*VT, @)
where U € R™M > X3 apnd ) € R™2X"2X"3 gre orthogonal tensors, that is

UT «U =Ty, VT %V =Tge, and S € RM*"2X7s s 3 djagonal tensor,
respectively.

ng ng

ml A = U

n, Ny ny

Fig. 5: The t.-SVD of a tensor A € R™ *"2%"3
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Preliminaries on Tensors

Algorithm 1 ¢.-SVD for third-order tensors

InpuE: A € Rrixn2xns.
1. A= dCt[A];
2. fori=0,1,...,n3 do
3 [U,8,V]=SVD (A0);
00 = 1,50 =8, 0 =V,
5. end for R R R
U = idet|U], S = idct[S], V = idet(V];
Output: U € RM>XmXns § ¢ Rxn2xns ) ¢ RnzXnzXns,

»

=i
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Preliminaries

Preliminaries on Tensors

Dedfinition 2.4 (transformed multi-rank and tubal rank)

The transformed multi-rank of a tensor A € R"**"2*"3 denoted as rank,(A), is a

~

vector r € R™® with its i-th entry as the rank of the i-th frontal slice of A, i.e.,
ranky(A) = r = (rq,79, -+ ,rn,), where r; = rank (ﬁ(i)) , 1=1,...,n3.
The tubal rank of a tensor, denoted as rank.(A), is defined as the number of

nonzero singular tubes of S, where S comes from the t.-SVD of A=U+S* VT,
ie.,

ranke (A) = #{i : S(4,4,:) # 0} = maxr; =r.
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Preliminaries on Tensors

@ The skinny ¢.-SVD:

For A € R™m*m2Xns et ranki(A) = (rq,79, - ,Tn,) = 7, ranky = 7,
and Z, = idct[Z,], and each frontal slice of Z; are Iu(li) = (161 8) (i =

1,2,---,n3). Then the skinny ¢.-SVD of A is given as A =U*S*V ", where
U € RM*™"3 and Y € R™2*7%"s satisfy

UT xU=T,. V' xV = Iy, ranks(U) = rank (V) = r,
rank.;(U) = rank. (V) =7,

and § € R™*"*"s js a diagonal tensor.
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A Block Coordinate Descent Algorithm

A Block Coordinate Descent Algorithm
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lterative form of the proposed problem (1)

@ We propose to solve Problem (1) by alternating optimizing over £ and L.

@ Given k-th iterate of Ly, the next iterates £;,41 and L41 are computed by
(approximately) solving

Ery1 :argmginHPQ(X—ﬁk—5)||%+>\||SH1, (8a)
Lunn ~ g min |[Pa(C — (¥ — &) 3, (85)

where (8a) is called E-subproblem and (8b) is called L-subproblem.
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E-subproblem

@ The closed-form solution is available for x4 1.
@ We have

Ekr1 = arg min [Pa(X — Lr = E)F + MEIh
= arg11f1€111§|| Po(€ — (X — L))l + §|| Po(E)|lr + §|| Po (&)
1 . A 9)
= arg min §|| Pqo(€) — Pa(X — Ly)||7 + 5“ Po(&)lh
A
+ arg min 5 [Pal&)lh,

where Q is an index set including the positions of unknown entries in X
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E-subproblem

o Note that P (&) is the solution of the proximal mapping of one-norm
(see [BA17, Lemma 6.5]) and Pg(&) must be zero.

@ We have
(1 = L4l — 3] sign(x — £,))
0, if (i,5,k) € Q,

it (i, 4,k Q
(Exv1)ir :{ ik ! (i,5,k) € , (10)

where [u] is denoted by

(] u, ifu >0,
u =
+ 0, otherwise.
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L-subproblem

@ When solving the L-subproblem, we drop the subscript for simplicity and denote
Problem (8b) by
in f(L)=|[Pa(L— A3 11
fin f(L) =[[Pa(l - A)lF, (11)
where A =X — 1.

@ Note that the linear conjugate gradient algorithm solves problems in the form

of
min }xTMz —b'a, (12)
zER 2
where M = M T is symmetric positive definite.
@ Problem (11) can be written in a similar form:
min ltr(cT Po L) —tr(LT Pg A). (13)

LEM,. 2
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A Block Coordinate Descent Algorithm

Riemannian conjugate gradient algorithm for approximately
solving L-subproblem (11) |

Algorithm 2 Riemannian conjugate gradient (RCG) algorithm for approximately
solving Problem (11) [SWN20]

Input: [P (A), L ], where Pg(A) € R™1X"2Xns is given, ¢ > 0 is a parameter
for stopping criterion, and initial iterate point £° € M,.;
Output: L%,
1 i=0,n°=—grad f(L%); ro < Mz —b,pg < —19, k < 0;
2: while || grad f(£)|| > ¢ do

3:  Initial step size o = 7%; Qg *p:rzjé);k;
4:  Setm =0; '

5. while f(£Y) — f(R.:(0.5™a’n?)) < —0.0001 x 0.5™a (¢4, n%) do

6: m=m-+1;

7. end while

8: Lt = Rp: (O5maz771). Th+1 < Ti + QPk;
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A Block Coordinate Descent Algorithm

Riemannian conjugate gradient algorithm for approximately
solving L-subproblem (11) II

_ _ (erad F(LY).Pa(Tpim1, (™)) | T Mpr |
o p= (Teim1 e Pa(Toi-1 s (=) Pt pr Mpy, '
if - Merad F(LD) Toia, oo (1 1)

10: Tarad F(CIF T i1 i (7 De — 510"

[ grad f (L) > w2l Tzi-1s2i(n" )|+ then
11: B =0;
12:  end if

13:  Search direction: 1’ = —grad f(L£%) + BTzi-1_ (0" 1);
Tyt & Mxpyr — b pey1 ¢ —Tpg1 + Ber1Prs
14: i=1+1;
15: end while
16: Return £* = L°.

@ Note that the L-subproblem is not required to be solved exactly.
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Algorithm Statement

Algorithm 3 A block coordinate descent (BCD) algorithm for solving Problem (1)

Input: Observed Pq(X) € R™*"2X"3  an estimation of the transformed multi-
rank r > 0, initial iteration point £y € M,., parameter A > 0 in the objective
function, a positive sequence {e;} satisfying limg_, . £ = 0;

: for k=0,1,2,... do

Obtain &;41 by the solution (10) of the £-subproblem (9);

3. Obtain L}, for solving the L-subproblem (11) by invoking RCG Algorithm 2:

L; ., = Algorithm2[Pq(X — Epy1), L}, exl;

4. end for

N =
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Convergence Analysis

Assumption 3.1

The transformed multi-rank of the tensor L% is r, i.e., rank; (L) = 7.

Dedfinition 3.1

The subset ¢ of {(E, L) € R™*m2Xn3 x M,.} s called bounded, if there exists a
positive number N such that V(f,’ Lye( ie {1,2,--- ,m}, j€{1,2,--- ,na},
ke {1,2,---,n3}, inequalities || < N and |£”k| < N hold.

Lemma 3.2

The sublevel sets of the function F' = f + g are bounded, meaning that for any
a € R, the sublevel set Lev(F, o) = {(E, L) € Rm*m2xns 5 M,.: F(E,L) < a}
is bounded. Therefore, the sequence {(Ey, L)} generated by Algorithm 3 is
bounded.
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A Block Coordinate Descent Algorithm

Convergence Analysis

Proposition 3.3 ( [AMS08, Van13, SWN20])

Suppose {L'} be an infinite sequence of iterates generated by RCG Algorithm 2.
Then, every accumulation point L* of {L'} satisfies
Pr,. Po(L*) = Pr,. Po(X — £).

Theorem 3.4

Suppose Assumption 3.1 holds, and let the sequence {(Ey, L})} generated by
BCD Algorithm 3 and {(E., LE)} is an accumulation point of the sequence
{(&, L})}. Then,

&, =argmin F(E, L),V & € RMxn2xns (14)

and

grad, F(&, L) =0. (15)
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Implementation Details of BCD Algorithm (3)

Implementation Details of BCD Algorithm (3)
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E-subproblem and the function of L-subproblem

@ The &E-subproblem (10) can be compute by
min(0, Po(X — L) + A/2) + max(0, Po(X — L) — A/2),

and its complexity is 3|Q| flops.

@ Function evaluation: The complexity of the objective function f(L£) = |Po(L—
A)||%, where A =X — &1, is 4| flops.

@ The set M, = {£L € R™*"2*"s : rank,(L) = 7} has been well-studied
in [SWN20] and it is known to be a manifold.

Manifold geometries:

Tangent space

Riemannian metric

Orthogonal projection to tangent space
Vector transport

Retraction
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Tangent space

e Given any £ € M,., the tangent space at L is given by
TeMp={Us W VT + U« VT + UV, -
W e R 1y, € R™7 UT < U, = 0,V, € R™77", VT V), = 0}.

where £ =U+S* VT denotes the t.-SVD decomposition of £, U € R+ X7%"s,
and VY € Rn2xrxns,

@ The tangent bundle is defined as the disjoint union of all tangent spaces of
M., that is

TM, ={(L,)|L € My, 6 €T M} = (] TeM,.
LEMy
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Metric

@ The Euclidean metric on the embedding space R"1*"2%"3 jg

nip Nz N3

(A,B) = Zzzaijkbijk~ (16)

i=1j=1k=1

Fig. 6: The Riemannian metric of M, is endowed with the Euclidean metric (16),i.e.,
gc(&,m) = (&,n), where L € M, and &, € T M.
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Orthogonal projection

@ Orthogonal projection:
Since L is available as an ¢.-SVD, the orthogonal projection onto the tangent
space T M, becomes

Proa, (2) =PyuxZ %Py +(Z —Py+Z)« Py +Pyx(Z27 —Pyx2")T,

where Py =U xUT and Py, =V« VT,

@ Riemannian gradient:
The Riemannian gradient at £ = U * S x V" is the orthogonal projection of
2Pq(L — (X — &ky1)) onto the tangent space at L.
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step size

@ step size:
The initial step size is the exact minimizer along the search direction on the
tangent space,

o' = argmin f(£" + an’)
= argmin || Po(L") + aPa(n') — Pa(4)|%,
and is given by

i <77iag1"adf(£i)> _ <PQ(nl)7PQ(~A — ‘Cz)> (18)
2(nt, Pa(n')) (Pa(n'),Pa(n’))
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Retraction

Fig. 7: The Retraction: R.

@ For manifold M,., a retraction is given by projection retraction, that is

Re(§) = arg min ¥ = (£+8)]r.
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Retraction

@ Retraction:
The retraction can be directly computed by the ¢.-SVD of £ + &.

o Fortunately, the tensor to retract has the particular form

S+wW 1

LyeE=[U up]*[ A

[+

where £ =U*SxVT € My and  =UsWHVT +U, VT +UxV,] € T M,
The retraction can be gain by Algorithm 4.
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Calculate the Retraction

Algorithm 4 Calculate the retraction by metric projection

Input: Tensor L=U+S* V1 € M., tangent vector E =U + W x VT +Up * VT +U * V;,r;

Output: retraction Rz (§) = P, (L + &) =UL S V]

1 U < det(Uh), S + dct(S), V + det(V), W < det(W), Up < det(Up), Vp <+ dct(Vyp);
(2n1 + 2n2 + 2r)rng log na flops

2: fori=1:n3 do

3: (Qulss 1), Ru(s,5519) + arUp(:,:54),0), (Qu(s 1), Ru(:5,7) + ar(Vp(s,:,1),0);

10(n1 + n2) Y32, r# flops
SCGy5i) W51 Ry G, :9)

4 S(:y:10) +— Ra(:rir1) 0 ; w3, 3 flops

5: (Us (25 :,4),Ss (55 1,3), Vs (5,1, 1)) <= svd S(:, 1, );

6:  St+(5,5,7) «— Ss(L:7i,1:74,%) + €machs

T Up(s, 1) — UG ) Quls (1 2 rgy 1), V() < V(i) QuolVs(,1 ¢ 7i,1);
4(n1 + n2) Y12, r? flops

8: end for

9: Uy < idet(Uy), Sy + idet(S4), V4 « idet(V)+; (n1 + 7+ n2)rnslogng flops

10: L{+S+VI. 2n1 ZZil rﬁ + 2n1ng 2211 T + ninenglogns.
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Storage

@ Any point £ € M,. is stored by (L,U,S,V).
L=UxS*VT" is the compact t.-SVD.
StoringU, S,V for L reduces the computational cost of the gradient evaluation
and retraction evaluation [Van13, HAGH16].

o Any tangent vector n € T;M,. is stored by (n, W, Uy, Vp).
A tangent vector n € T, M, at L=U+S*« V| € M, can be written as

n=UxW*VT +U,*V +U*YV,

where W € R™™x"s, 1f, € R™*1s with YT % U, = 0, and V), € RM2X7xns
with VTV, = 0.
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Implementation Details of BCD Algorithm (3)

The complexity of BCD Algorithm 3

E-subproblem

39

Objective function

419

Riemannian gradient|

(2ninge + 3n1r + 3n2r +72)ng log(ns)
+(6n1 + 2n2)

k i 7"k + 10n1n9 Zk 1Tk
+(n1 + n2)rng + 2n1nzng

Initial step-size

419

(Bn1 + 3n2 + 3r)rn3 log(ns)

L-subproblem Retraction +(16n1 + 14ng) Y703 r2 45702 v
+2n1n2 Y12 | T 4+ ningns log(ns)
4Q| + (2n1nz2 + 3n1r + 3nar + r2)ng log(ns)
B calculation|  +(6n1 4 2n2) Y72, r2 + 10n1n2 302 i

+(n1 + n2)rn3 + 2ninang

Search direction

+(r2 + n1r + nar + nin2)nsz logns
+2n1 ZZil 7",% + 6n1nsg 223:1 ri + 2ninong

2rnz(r +n1 + n2)

Total

(6n1ng + 10n17 + 10n2r + 672)n3 log(ns)

+28n1n2 > 2, T + 15|Q] + rn3(2r + 4ny + 4na)

n 3
+6n1nons +5°,3 Iry
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Special Case: Tensor Denoising

@ When Q is the entire set, the tensor completion and denoising problem (1)

becomes ) 2

which is a model for tensor denoising.

Algorithm 5 A block coordinate descent (BCD) algorithm for solving Problem (19)

Input: Observed X' € R™*™2*"3  an estimation of the transformed multi-rank
r > 0, initial iteration point £y € M,., parameter A > 0 in the objective
function;

: for k=0,1,2,... do
Obtain &;41 by the solution (10) of the E-subproblem;

Obtain Ly, by the solution (20) of the £-subproblem;
end for

Hwn e

@ The L-subproblem, in this case, has a closed-form solution, see Theorem 4.1.
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Implementation Details of BCD Algorithm (3)

Special Case: Tensor Denoising: L-subproblem

Theorem 4.1

Let the t,-SVD of Z € R"1*™2X"3 pe given by Z =U xS+ VT and
r=(r1,re, - ,Tny) forr; <min(ni,ne2), ¢ =1,2,--- ,ng, define
Ap =U*Sp+x VT,
then,
Ay =arg min |2 - Alr,
)

A 5 (i
where S,. is a diagonal tensor with S\ = (81”61:” 8) ,(0=1,2,--+ ,n3).

@ The closed-form solution of the L-subproblem is therefore given by
L1 =UxSp x VT, (20)

where X — Epp1 =U * S * VT is the t.-SVD of X — Eky1-
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Implementation Details of BCD Algorithm (3)

Convergence of Special Case

Theorem 4.2

Let {(&k, L})} be the sequence generated by BCD Algorithm 5 and {(&., L)} be
a limit point of the sequence {(Ex, L})}. Then,

5* - argminF(E’ﬁz),V £ e Rn1><n2><n3’

and

L; € argmin F(E,, L),V L € M.
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Numerical Experiments

Numerical Experiments
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Measurements

@ The peak signal-to-noise ratio (PSNR) is defined as follows

ninans (‘Cmax - Emin)2

PSNR = 10log;, -
1£. = LI

b

where L, is the recovered solution, L is the ground-truth tensor and Loinax
and L, are maximal and minimal entries of L, respectively.

@ The relative error (Res) is defined by

where L, is the recovered solution and L is the ground-truth tensor.
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Stopping criterion

@ Stopping criterion of the algorithm

L — L2
[ £r+1 2k||F < tol,
1Lkl %

where tol = 10~° for BCD Algorithm 3, tol = 106 for BCD Algorithm 5.

@ The maximum number of iterations: 200.
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Numerical Experiments

Test by BCD Algorithm 3 with different ranks

e rhos =0.1, RS = 0.8.
@ Image named ‘“facade” with different ranks to test by Algorithm 3.

Original(256x256%3) Observed 10, 49.53 15, 38.39

20, 33.02 25, 30.23 30, 29.01 35, 26.88

Fig. 8: The original image, the observation image, the recovered images and PSNR
values by taking 10,15,20,25,30,35 for the rank respectively.
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Algorithm of Rank Estimation

Input: Observed X € R™1X"2X"3  the indices of know pixels €2, a threshold 71 for controlling the

upper bound of the rank (default 71 = 0.10), a threshold 72 for estimating the rank (default

7o = 0.985);

Tmae = T1 min(ni,n2);

20 T = (35,0 eq Xijk — 0.5#rhos* SRxny xn2 *ng)/(|Q] — rhos « SR+ ny xna *n3), where
rhos denotes the noise rate, SR denotes the sampling rate, and || denotes the number of
entries in €;

ja—y

3: Define X by
- X, if (ijk) € Q
Xi]’k _ ijks | (7"7 .)E s (21)
T,  otherwise;
4: Compute X = dct(X,[],3);
5: for i=1:n3 do
6: (04,8, Vi] = svd(X(:,3,));
7 S = dzag(S );
8: end for ,
s . 2 SToa(80)3 9.
9: 7 = arg min, s 3,,_,,,(Jn1 "2)(5 2 > T3
Output: r =7y =rog =+ =rp, = mm(?’7 Tmagz ), 1.€. an estimation of the transformed multi-
rank 7.
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Numerical Experiments

Performance using Color Images

@ Compare the BCD algorithm 3 with other tensor completion algorithms on

color i

mages.

o Test the first eight color images from Berkeley Dataset! with the size 321 x

481 x

3.

TABLE 1 The average results of PSNR and Res values of first eight color images from
Berkeley Dataset by different algorithms with rhos = 0.10, SR = 0.60,0.70, 0.80.

TNTV

TNTV

SILRTCTT|STTC[TRLRFTRALS[TRWOPT|BS-TMac| BCD

(DCT)|(Data)
| PSNR| 19.97 [20.0919.96/26.89] 26.70 | 23.06 [34.27/34.25[39.81
Efé‘t:'"aasgf Res | 024 [024]024[0.11] 0.11 | 0.16 [0.04/0.04]0.02
"~ [ime(s)| 419 [27.01/37.03[71.69| 41.72 | 0.40 |13.05/12.66/53.19
~_ [PSNR| 20.24 [20.44[20.36]26.31] 26.11 | 22.80 [32.8432.8837.27
FEht imaEe Res | 0.3 |0.23]0.23 |0.11 | 0.12 | 0.17 |0.05)0.05|0.04
time(s.)| 5.03 [20.2340.64/60.21| 42.43 | 0.43 |13.05]12.68/68.23
~[PSNR| 20.44 [20.82(20.75|25.58] 25.44 | 22.50 |30.9631.0233.69
FEht imaEes Res | 0.23 |0.22]0.22|0.12| 0.2 | 0.17 |0.07]0.07|0.06
time(s.)| 6.60 [34.69/39.90(66.30| 44.22 | 0.49 [14.21[13.67/97.21
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Performance using Synthetic Data |

o The first ground-truth tensor £; € R™ *"2%"s is randomly generated by
rand(nl,r,n3)*rand(r,n2,n3).

@ Set n; =50,n0 =50,n3 =3,r = 1.

TABLE 2 PSNR and Res values of different algorithms for synthetic data with the size
50 x 50 x 3 . rhos =0.1,0.2, SR =0.6,0.7,0.8.

. TNTV | TNTV
SR|rhos|SiLRTCTT|TRLRF|TRALS|[TRWOPT|BS-TMac (DCT) | (Data) BCD
PSNR 22.13 |21.81|18.31| 23.34 | 19.81 [24.97|24.97|51.07

Res 01022 022034 019 | 028 |0.13 | 0.13 |0.0078
time(s.)0-8 0.0363 [0.2556/1.0988] 0.3318 | 0.0426 [0.2748]0.2924]0.4060

PSNR 18.890 |18.99(16.03| 2022 | 17.40 |21.16|21.16|45.14
Res 027032 031044 027 | 038 | 020 0.20 |0.0155
time(s.) 0.0464 [0.8980(0.9104 0.3118 | 0.0512 [0.2293]0.3202(0.5606
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Numerical Experiments

Performance using Synthetic Data Il

PSNR 22,55 [21.85[16.61] 21.37 | 19.71 [23.60(23.54]50.63
Res 0117021 [022]041] 024 | 029 |0.15]| 0.15 [0.0082
time(s)0-7| | 0.0535 |0.5965(0.8668| 0.3007 | 0.0744 [0.2284]0.3329/0.5360
PSNR 10.25 [19.28]16.42| 17.94 | 17.03 |20.47 |20.47|44.75
Res 0217030 [030]042] 035 | 0.40 | 0.22 | 0.22 0.0163
time(s.) 0.0570 |0.6051/0.9343| 0.3195 | 0.0755 |0.2370(0.2921[0.7185
PSNR 22.85 |22.04/13.99] 20.58 | 18.73 |22.24(22.23|49.78
Res 0117020 [022]056| 026 | 0.34 |0.18 | 0.18 [0.0091
time(s.)[0.6 0.0549 |0.5719(0.8309| 0.3266 | 0.0928 [0.2268(0.2959|0.6324
PSNR 19.53 |19.48]13.76| 17.82 | 16.75 |19.73|19.73|44.68
Res 0217029 [029|057| 036 | 043 | 024024 [0.0164
time(s.) 0.0680 |0.6177/0.8749] 0.3141 | 0.1311 |0.2530(0.2914]0.8012
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Performance using Synthetic Data |

@ The second ground-truth tensor £y € R™ *"2%%s is randomly generated by
1/3*rand(nl,r,n3)*rand(r,n2,n3).

@ Set n; = 50,n9 = 50,n3 = 50,r = 1.

TABLE 3 PSNR and Res values of different algorithms for synthetic data with the size
50 x 50 x 50 . rhos =0.1,0.2, SR =0.6,0.7,0.8.

SR|rhos|SILRTCTT| TRLRF| TRALS|TRWOPT|BS-TMac (TDNCTT\; (TD'\'aIa\g BCD
PSNR 20.61 |20.00[26.74| 26.74 | 16.65 |29.98|28.74|55.70
Res 0.1170.1486 [0.1486(0.0617| 0.0603 | 0.2347 |0.0396/0.04450.0026
time(s.)|0-8 045 |250|1.10| 427 | 0.11 | 3.05 | 3.15 | 7.65
PSNR 17.53 [17.185/25.08| 25.03 | 13.15 |26.28|25.65 | 50.94
Res 0.270.2120 [0.2105(0.0796| 0.0778 | 0.3530 |0.0602/0.0635/0.0045
time(s.) 058 |[5.22 183 428 | 0.12 |3.04 | 3.43 | 10.86

Jianheng Chen (cjh868@126.com) Xiamen University il 2023.4.9 49 /59



Performance using Synthetic Data Il

PSNR 21.04 [20.50[26.79] 27.22 | 16.60 [28.46[27.79]50.89
Res 0.1170.1415 |0.1406/0.0634] 0.0619 | 0.2361 |0.0463(0.0501/0.0045
time(s.)|0.7 049 |089|076| 450 | 0.13 [3.03]3.08| 9.75
PSNR 17.94 [17.69(25.08| 24.38 | 13.10 |25.47|25.30|49.18
Res 0-2170.2023 |0.1985/0.0819| 0.0807 | 0.3563 [0.0658/0.0685/0.0055
time(s.) 061 | 527 |1.06]| 421 | 0.14 | 3.02 ] 3.09 | 12.87
PSNR 21.52 |21.08(25.29] 26.45 | 16.43 |27.30]26.86 | 47.64
Res 0.1170.1338 [0.1318[0.0997| 0.0660 | 0.2409 |0.0545/0.0574/0.0066
time(s.)|0.6 056 | 529 |6.02]| 425 | 0.16 | 3.07 | 3.14 | 11.62
PSNR 18.41 |18.24|25.41| 2452 | 13.16 |25.03|24.68 | 46.45
Res 0.2170.1916 [0.1859/0.0852| 0.0844 | 0.3515 |0.0728/0.0750/0.0075
time(s.) 068 | 531 |1.12]| 421 | 0.17 | 3.03 | 3.13 | 14.01
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Numerical Experiments

Special Case: Tensor Denoising about Color Image
Recovery

e Compare the BCD algorithm 5 with TRPCA [LFC*20].

@ Consider the Berkeley Dataset such as starfish and bird with the size 321 x
481 x 3.

@ Set noise rate rhos = 0.10 and 0.15.

Low-rank Observed TRPCA, 39.00 BCD, 39.35

Original

Fig. 9: Original images, original low-rank images, observation images, and the recovered
images of TRPCA and BCD, respectively. rhos = 0.15.
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Special Case: Tensor Denoising about Color Image

Recovery

TABLE 4 PSNR and CPU time of different algorithms for two color images from the

Berkeley Dataset. rhos = 0.10,0.15.

rhos TRPCA | BCD

0.10 PSNR 4411 45.57

<tarfish time(s.) 8.39 1.94
0.15 PSNR 39.51 | 42.63

' time(s.) 8.16 2.61

010 PSNR 42,46 | 43.70

bird ' time(s.) 8.51 1.87
0.15 PSNR 39.00 | 39.35

' time(s.) 8.20 2.53
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Conclusion

Conclusion
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Conclusion

@ We consider the new optimization model on a transformed multi-rank manifold
to complete and denoise tensor data. A block coordinate descent algorithm is
designed to solve this model.

@ When all elements are known, it is a special case, i.e. the tensor denosing
problem. We design a simplified block coordinate descent algorithm to solve
it.

@ Some numerical examples show that the new tensor completion model and

algorithm are feasible and effective to solve the low-rank tensor completion
problem.
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Environment and Parameters

Environment

@ All the experiments are performed under Windows 10 and MATLAB R2021b
running on a laptop (Intel(R) Core(TM) i7, @ 2.80GHz, 16.0G RAM).

Parameters
o In the BCD algorithm 3, the parameter [LFC*t20] A\ = 1

max(ni,ns)*ns ’

@ In the Riemannian CG Algorithm 2:
Set € = i where k is the kth outer iteration of BCD Algorithm 3;
Set the maximum number of iterations to 10.

Set k1 = 0.1 and k5 = 1 for restarting conditions.

o All the hyper-parameters of the algorithms for comparison: default settings in
the corresponding papers.

o SILRTCTT [BPTD17], STTC [YLZ*18], TRLRF [YLM*19],
TRWOPT  [YCZ+18],  TRALS [WAA17], BS-TMac  [GF19],
TNTV(DCT) [@BNZ21] and TNTV(Data)) [SNZ20, QBNZ21].
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