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A Riemannian BFGS method without differentiated retraction for
nonconvex optimization problems

Wen Huang 1 P.-A. Absil ¥ K. A. Gallivan ®

Abstract

In this paper, a Riemannian BFGS method for minimizing a smooth function on a Riemannian
manifold is defined, based on a Riemannian generalization of a cautious update and a weak line search
condition. It is proven that the Riemannian BFGS method converges (i) globally to stationary points
without assuming the objective function to be convex and (ii) superlinearly to a nondegenerate minimizer.
Using the weak line search condition removes the need for information from differentiated retraction. The
joint matrix diagonalization problem is chosen to demonstrate the performance of the algorithms with
various parameters, line search conditions and pairs of retraction and vector transport. A preliminary
version can be found in [HAG16a).

1 Introduction

In the Euclidean setting, the BFGS method is a well-known quasi-Newton method that has been viewed for
many years as the best quasi-Newton method for solving unconstrained optimization problems [DS83, NW06].
Its global and superlinear local convergence have been analyzed in many papers for convex problems (see
[DS83] and references therein). For many years, it was not clear whether the standard BFGS method could
be shown to converge globally for a nonconvex cost function. In fact, it is only recently that [Dail3] has
given an example where the cost function is smooth (polynomial) and nonconvex and the BFGS method
cannot converge, which means that modifications of the BEFGS method are required if the global convergence
for general nonconvex problems is desired. Such modifications have been proposed and shown to converge
globally in [LF0la, LFO1b, WLQO06, WYYL04]. In the Riemannian setting, quasi-Newton methods are also
favored in many applications and much attention has been paid to generalizing the Euclidean BFGS method.
So far, many Riemannian versions of the BEGS method have appeared, e.g., [Gab82, BM06, QGA10, SL10,
RW12, SKH13, HGA15], and only two of them [RW12, HGA15] have general discussions with complete global
and local convergence analyses rather than considering only a specific cost function or manifold. In spite of
this, both of them require cost functions to satisfy a Riemannian version of convexity in their analyses.

In this paper, we adopt the approach in [LF01b] for nonconvex problems, which updates the Hessian
approximation cautiously, with a weak line search condition [BN89, (3.2), (3.3)]. Global and local superlinear
convergence analyses of the proposed cautious Riemannian BFGS method are given. In addition, unlike the
Riemannian versions of the BFGS method in [RW12, HGA15], the global convergence analysis of the cautious
Riemannian BFGS does not require a convexity assumption on the cost function.

The Riemannian BFGS method (RBFGS) in this paper has another advantage over the approaches in
[RW12, HGA15]. The Riemannian versions of BFGS method in [RW12, HGA15] and this paper all rely on
the notion of retraction and vector transport developed in [ADMO02, AMS08]. The version in [RW12] involves
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the vector transport of differentiated retraction which may not be available to users or may be too expensive.

The version in [HGA15] uses less information from differentiated retraction—probably the least possible if
the Wolfe condition is used in line search. The Riemannian BFGS method in this paper also allows the use
of line search conditions other than the Wolfe condition and the requirement of differentiated retraction is
completely avoided. For example, the Armijo-Goldstein condition is such a condition and is satisfied by step
size found by the frequently-used back-tracking line search algorithm.

The joint diagonalization problem [TCAQ09] is used to demonstrate that the proposed Riemannian BFGS
framework makes it possible to use simpler line search procedures and simpler vector transports than in
earlier Riemannian BFGS methods (such as the one in [HGA15] which was found to be the best performing
Riemannian method for this problem), without significantly affecting the efficiency of the algorithm.

This paper is organized as follows. Section 2 presents notation used in this paper. Section 3 defines
the Riemannian version of BFGS method. Global and local convergence analyses are given in Sections 4
and 5 respectively. The corresponding limited-memory version of the RBFGS method is given in Section 6.
Numerical experiments are reported in Section 7 and finally conclusions are drawn in Section 8.

2 Notation

The Riemannian concepts follow from the standard literature, e.g., [Boo86, AMS08| and the notation of
this paper follows [AMS08]. Let f denote a cost function defined on a d-dimensional Riemannian manifold
M with the Riemannian metric g : (0s,&z) = 9202, &) € R. T, M denotes the tangent space of M at
x and T M denotes the tangent bundle, i.e., the set of all tangent spaces. The Riemannian gradient and
Hessian of f at z are denoted by grad f(z) and Hess f(z) respectively and the action of Hess f(x) on a
tangent vector 7, € T, M is denoted by Hess f(z)[n.]. Let A, be a linear operator on T, M. A% denotes
the adjoint operator of A, i.e., A% satisfies g, (1z, Azs) = g (ALns, &) for all n,, &, € T, M. A, is called
self-adjoint or symmetric with respect to g if A* = A,. Given 1, € T, M, 1, represents the flat of 7,, i.e.,
n:Ta M =R & = go(ne, &)

A retraction is a C'!' map from the tangent bundle to the manifold such that (i) R(0,) = z for all
x € M (where 0, denotes the origin of T M) and (i) £ R(t&,)]—o = & for all &, € T, M. The domain of
R does not need the entire tangent bundle. However, it is usually the case in practice. In this paper, we
assume that R is well-defined whenever needed. R, denotes the restriction of R to T, M. A vector transport
T:TMETM — TM, (1, &) — Tp. & with associated retraction R is a mapping! such that, for all (z,7,)
in the domain of R and all £ € T, M, it holds that (i) 7,,£{ € Tgy,) M, (i) 7,, is a linear map. An
isometric vector transport 7s additionally satisfies gg, (n,)(7s,, s Ts,, Cz) = 92(8e, Cz), where ¢, € Ty M.
The vector transport by differentiated retraction 7g is defined to be Tg, &, := %Rz (N2 + t&€2)|t=0-

Coordinate expressions are denoted with a hat. Let (U, ) be a chart of a manifold M and z € U. The
coordinate expression of z is defined by & = p(z). E;, the i-th coordinate vector field of (U, ), is defined by

(Bif)(x) == 0i(f o 9™ ")(p(2)) = D(f o o™ ")(p(2))[e]-

These coordinate vector fields are smooth and every vector field £ on U has a decomposition

§=Y (i) Es.

7

Therefore, (E;)z,i = 1,...,d is a basis of T, M and the coordinate expression éx of &, with this basis is
(€xp1, -, €xpa). The coordinate expressions of a vector transport 7 and a linear operator A on a tangent
space are represented by matrices 7 and A respectively.

1This mapping is not required to be continuous. We make further assumptions when needed. Note that in the global
convergence analysis (Section 4), the only constraints on 7g are given in Assumption 4.2.
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The proposed Riemannian BFGS method with cautious update is stated in Algorithm 1.

Algorithm 1 Cautious RBFGS method

Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector transport Tg,
with R as the associated retraction; continuously differentiable real-valued function f on M, bounded
below; initial iterate xg € M; initial Hessian approximation By that is symmetric positive definite with
respect to the metric g; convergence tolerance € > 0;
k < 0;
while | grad f(zx)| > € do

Obtain ny € T,, M by solving Bynr = — grad f(zx);

Set

Try1 = Rey (rmi), (1)

where ay > 0 is computed by a line-search procedure that guarantees the existence of 0 < x; < 1 and
0 < x2 < 1, independent of k such that

h! (0)2
h(aw) — hi(0) < —xa ”';75”)2 (2)
hi (o) — hi(0) < x2hy,(0), (3)

where hy,(t) = f(Rq, (tn))-
5. Define the linear operator Byy1 : Ty, M — Ty, M by (7);
6: k+ k+1,;
7: end while

When M is a Euclidean space, the line search condition in Step 4 of Algorithm 1 is weak since it has
been shown in [BN89, Sections 3 and 4] and references therein that many line search conditions, e.g., the
Curry-Altman condition, the Goldstein condition, the Wolfe condition and the Armijo-Goldstein condition,
imply either (2) or (3) if the gradient of the function is Lipschitz continuous. In the Riemannian setting,
note that function fo R, : T, M — R is defined on a linear space. It follows that the Euclidean results
about line search are applicable, i.e., the conditions above also imply either (2) or (3) if the gradient of the
function satisfies the Riemannian Lipschitz continuous condition in Definition 3.1:

Definition 3.1. [AMS08, Definition 7.4.1] The function f = fo R is radially L-C' function for all x € Q
if there exists a positive constant Lo such that for all x € Q and all n, € T, M, it holds that

d . d .
|- f(Tn2)le=t = = F (71 r=o| < Latlln||” (4)

where t and n, satisfy that R, (tn,) € Q.

In an RBFGS method, the search direction 7y is given by solving

me = —By ' grad f(zy), (5)

where B,;l, a linear operator on T,, M, approximates the action of the inverse Hessian along grad f(xy)
direction. It remains to define the update formula for By to be used in line 5 of Algoriithm 1. The classical
(Euclidean) BFGS update admits several Riemannian generalizations; see [HGA15, Section 6]. We will start
from the following one: ~ ~
Bowt = By — Bk;fk(BZSk)b yky;b€7
(B sk) sk Y S

(6)
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where By = Ts,, , © By o TS;ink, yr = B; ' erad f(zr41) — Ts,,,, erad f(zk), sk = Ts, , Ok, and By is
arbitrary number satisfying that |8, — 1| < Lgllaxnkl, 185" — 1| < Lgllaxnk| and Lg > 0 is a constant.
The motivation for introducing fj is to make this update subsume the update in [HGA15], which uses
B = o lewnell -y Algorithm 1, 8 can be chosen as 1 for all k. Note that it is well-known that there

T N TRraym, exnell”

exists an update formula for Bk_l, which is given later in (50).

XN

If y}:sk > 0, then the symmetric positive definiteness of B, implies the symmetric positive definiteness of
Bj+1 [HGA15]. The positive definiteness of the sequence {By} is important in the sense that it guarantees
that the search direction (5) is a descent direction. However, not all line search conditions imply stk > 0.
In [RW12] and [HGA15], the Wolfe condition with information about the differential of the retraction R,
Tr, is used to guarantee y,bcsk > (. In this paper, instead of enforcing yzsk > (0, we guarantee the symmetric
positive definiteness of By11 by resorting to the following cautious update formula

(7)

5 Besk(Bisk)’ | ykyp  ie Yisk
By = { B0 “Eares t e iz 2 9lgrad @l
ks otherwise,

where ¥ is a monotone increasing function satisfying ¢#(0) = 0 and ¥ is strictly increasing at 0. Formula (7)
reduces to the cautious update formula of [LFO1b] when M is a Euclidean space. Since sy > 0 is not
longer enforced, we have more flexibility in the line search procedure, which only needs to satisfy Line 4 of
Algorithm 1. It is pointed out that one also can reset By to be any given matrix, e.g., id, rather than B,

b
YrSk

when ;s 7 9(|| grad f(x)||). Using either approach does not affect the theoretical results given later.

Note that it is important to ensure that ¥(0) = 0 and ¢ is strictly increasing at 0. If ¢ is not strictly
increasing at 0, then the update (7) still guarantees the positive definiteness of the Hessian approximation
sequence {By}. However, the global convergence of Algorithm 1 for nonconvex problems may not hold (let
¥ = 0 and see the example in [Dail3]). If 9(0) > 0, then the global convergence of Algorithm 1 holds for
nonconvex problems but the local superlinear convergence does not hold generally (see the proofs in Theorem
5.1). If ¥(0) < 0, then Algorithm 1 may not be well defined in the sense that the search direction (5) may
not be descent.

4 Global Convergence Analysis

The global convergence analysis of Algorithm 1 is generalized from the Euclidean analysis in [BN89, LF01b)]
and the differences for the Riemannian setting are highlighted.

The convergence analysis is built on the next two assumptions, which are not blanket assumptions and
invoked only when needed. Assumptions 4.1 and 4.2 generalize the assumptions of Euclidean setting [LF01b,
Assumption A].

Assumption 4.1. The level set @ = {x € M | f(z) < f(xo)} is compact.

Multiple Riemannian versions of Lipschitz continuous differentiable functions have been defined, e.g.,
[AMSO08, Definitions 7.4.1 and 7.4.3]. Definition 4.1 gives another version which is slightly more general than
[AMSO08, Definition 7.4.3] in the sense that Definition 4.1 reduces to [AMSO08, Definition 7.4.3] when T is
chosen to be the parallel translation along the shortest geodesic. Assumption 4.2 assumes that the function
f satisfies the Lipschitz continuous differentiability in Definition 4.1. Note that if f further satisfies [AMSO0S,
Definitions 7.4.1] or equivalently Definition 3.1, then the line search conditions e.g., the Wolfe condition and
the Armijo-Goldstein condition imply condition either (2) or (3).

Definition 4.1. Let T be a vector transport associated with a retraction R. A function f on M is said to
be Lipschitz continuously differentiable with respect to T on U C M if there exists L1 > 0 such that

|1 T grad f(x) — grad f(Ra(m)]| < La ]|
for all x € U and n such that R;(n) € U.
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Assumption 4.2. The function f is Lipschitz continuously differentiable with respect to the isometric vector
transport Tg on €.

Theorem 4.1 gives a sufficient condition for global convergence of Algorithm 1. This theorem is generalized
from [LFO1b, Theorem 3.1] but the proof is different since a different line search condition is used.

Theorem 4.1. Let {xy} and ny be sequences generated by Algorithm 1. If there are positive constants k1,
ko and k3 such that the inequalities

1Bl < mallnell,  w2llml® < ngBrnw < rallml|? (8)
hold for infinitely many k’s, then liminfy_, || grad f(xg)| = 0.
Proof. Let K denote the index set such that (8) holds. Using (5) and (8) yields

rallnell < |l grad f(zp)ll < wallnel- (9)
It follows from either (2) or (3) that

k k
00 > f(zo) — f(Tk41) = Z(f(l“i) = f(ziy1)) = Z(hi(o) — hi(ei))

i=0 i=0
>Zm1n Xl |)2 , —x2h% (0 Zmln grac}{)(:r;) )’ ,—xzg(grad f(z;),m:))
= Z mln %{;ﬁc) (grad f(%), 771‘)7 —ng(grad f(xi)a 77i))

k
> min(xiea,x2) S (—glgrad f(zs),m).
i=0,i€K
Therefore, it holds that
lim inf —g(grad f(zx), k) = 0. (10)

Combining (10) with (9), (8) yields

[ grad f(zx)[I* < &3l < w1y g(m, Brmk) = wiwg ' g(m, —grad f(z1)),
which implies lim infy_, || grad f(ag)| = 0. O

Theorem 4.1 shows that the global convergence is ensured if there exist three positive constants k1, ko, k3
such that (8) holds for infinitely many k’s. Lemma 4.1 proves that if (11) holds, then such three constants
exist. Lemma 4.1 is generalized from [BN89, Theorem 2.1]. The main difference is that in the Euclidean
setting, By is equal to By if the update is skipped. However, in the Riemannian setting, even the update
is skipped, By1 is still different from By due to the existence of the vector transport 7Tg.

Lemma 4.1. Let T = {jo,j1,j2....} be an infinite index set, and {By} be the sequence generated by the
Riemannian BFGS update

~ B" s (B*Sk)b ykyb i ~

By — ==kt Tk Gf ke T

Bep1 =13 F  Biss T / ’
I otherwise.

Suppose By is symmetric and positive definite and there are positive constants ag < aj such that for all
k>0, y;, and s;, satisfy

b . 2

- .
ka Jké > ao, ||i/]k” <ay. (11)
155l Y3, S
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Then for any p € (0,1) there exist constants k1, ko, k3 > 0 such that, for any positive integer k,

cosf;, > k1, (12)

FEQ S qj; S k3a (13)

Ry < ||Bji77ji @ (14)
7

hold for at least [(k+ 1)p] values of i € {0,1,...,k}, where cosb;, = %, g, = % and [a]

denote the greatest integer that is smaller than a.

Proof. Since both tr(B;) and det(B;) are independent of the choice of basis, they are well-defined. Since

B, =Ts. 00T 0Bj, 0TS} 0...0Tg!

Je—1Mjk =1 -1 +1Mi 141 Qg 141141 o =14y, —1
we have tr(B;,) = tr(B;,_,+1) and det(B;,) = det(B,,_,+1). Using the update formula of (6) yields that
5 _ 5.\ ”BjksijQ ||y]k||2 )
g(sjk’Bjk Sjk) g(yjk7sjk)

g(sjk ) Bjk Sjk)

det(Bj

k+1)
which have been used in [HGA15, pp. 5 and 13]. The Euclidean versions of these equations can be found

in [NWO06, (6.44) and (6.45)]. Define 1(B;,) = tr(B;,) — In(det(B;,)) and it follows from the approach in
[BN89, Section 2] or [NW06, Section 6.4] that

|12 . .
Y(Bj,..) =v(Bj,) + M —1-1In 9Wie: 551) + In cos® 0,

9(Yjis Sin) [EPAIE
1-— 1 . 15
+ cos? 0, +in cos? 0, (15)

Using (11) and (15) yields

z/J([;’jHl)S@[J(Bjk)—i—al—1—1na0+1n(30829jk+1— i +1In D

cos? 0, cos? 0,
k
R 5 qj; dj;
<Y(Bpy)+ (a1 —1—1Inag)(k+1)+ Zz:;(lncos 0;, +1— cos? 0, +1In cos2 0, )

Define 7, = —Incos?6;, — (1 — —%i— +1n —%i—). Note that the function £(£) = 1 — ¢ + In(¢) is nonpositive

cos? 05, cos? 05,
for all ¢ and Incos?#;, < 0 and therefore 7;, > 0. Also note that (Bj,,,) = E?:l()‘i —1In ;) > 0, where d
is the dimension of M and J); is the eigenvalue of l’;’kH. It follows that

k

1 B
il ZTji < i(—f—ol) + (a1 — 1 —Inag). (16)
=0

Define Jj, to be the set of the [(k + 1)p] indices corresponding to [(k + 1)p]| smallest values of 7;, for i < k.
Let 7, denote the largest of the 7;, for ¢ € Jj. It follows that

k k

1 1

T Z et 2 ) 2 mm(1-p). (17)
=0 1=0,i¢ Ty
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Combining (16) with (17) yields

1 .
T < ?p(ﬂ)([)’o) +a1—1—-Ilna) =w

for all ¢ € J;. By the definition of 7;,, we have that

—Incos?0;, <w (18)

45 95
1- 1 > — 19
cos? 0, i cos? 0, Y (19)

for all i € Jj. Inequality (18) implies cosé;, > exp(—w/2) := &1 which completes the proof of (12).

Using (19) and noting £(t) — —oo both as ¢ — 0 and as t — oo, it follows that there exist positive
constants &3 and b for alli € J, 0 < b < Cogg;)j' < k3. Additionally using (12) yields &9 := &b < q;, < R3

for all i € J; which completes the proof of (13).
Finally, inequalities &g < w < 2—? follow from ||B;,n;,

/linj:

The desired global convergence result for a nonconvex function f is stated in Theorem 4.2.

= qj,/ cosb;,. O

Theorem 4.2. Let {x}} be sequences generated by Algorithm 1. If Assumptions 4.1, and 4.2 hold, then
liminf || grad f(zx)|| = 0. (20)
k—o0

Proof. Define the index set from Algorithm 1

b
_ Y5k

If 7 is finite, then there exists a kg > 0 such that By has the same eigenvalues as By, for all k£ > kq. Since
By, is symmetric positive definite, it is obvious that (8) holds. Therefore, Theorem 4.1 yields the desired
result.

Contradiction is used to prove the result when Z is infinite. Suppose (20) does not hold. Therefore, there
exists a constant 0 > 0 such that || grad f(xy)|| > d for all k. It follows that from the definition of Z that

b
YeSk_ < (s 21
sl =) )

holds for all k£ € Z. Note Assumption 4.2, the definition of 8, and the compactness of 2, we have

Iyl =18, * grad f(zri1) — Ts,, ,, grad f(z)]|
<18, ' grad f(zgq1) — grad f(zpi)| + || grad f(zri1) — Ts,, . grad f(z)]|
<Lgllsilll grad f(zr41)ll + Lallskll < Lsllskll

|2

L3

ol < (a7 Therefore, (20) follows from Lemma 4.1 and Theorem

Y2 Sk
4.1, a contradiction. O

where L3 is a constant. It follows that

5 Local Convergence Analysis

Section 5.1 lists the assumptions and definitions used in the local convergence analyses. Section 5.2 builds
the connections between the global and local convergence analyses and shows that Algorithm 1 eventually
reduces to the ordinary RBFGS method, i.e., Algorithm 1 without skipping updates. Since Algorithm 1 is
equivalent to an ordinary RBFGS locally, the R-linear and superlinear convergence analyses are presented
for the ordinary RBFGS in Sections 5.3 and 5.4 respectively.
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5.1 Basic Assumptions and Definitions

Throughout the local convergence analyses, let 2* denote a nondegenerate local minimizer, i.e., Hess f(z*)
is nonsingular. Three blanket assumptions are made in Assumption 5.1. Note that it follows that f o R is a
twice continuously differentiable function.

Assumption 5.1. (i) The objective function f is twice continuously differentiable in the level set Q; (ii)
the retraction R is twice continuously differentiable; (iii) the isometric vector transport Tg with associated
retraction R is continuous, satisfies Ts, &x = & for all §, € T, M. Additionally, given any x € M, there
exists a neighborhood U of x such that Ts satisfies ||Ts, — Tr, || < Ll and ||7é;1 - TR_an < L|n||, where

R.(tn) €U for allt € [0,1] and L is a positive constant.

Since n = 0 implies ||7s, — T, || = 0 and ||’7'S;1 —’TRTH = 0, we have that Tg € C* implies ||Ts, — Tz, || <
L|n|| and ||7'ST1 —TRT < L||n]|. Tt follows that Assumption 5.1 (iii) is weaker than Tg € C'!. This assumption
has been used in [HGA15] and therefore the analysis framework of [HGA15] can be applied here.

As in the Euclidean setting, we also have the result that a C? function on a compact set implies its
gradient is Lipschitz continuous on the set, i.e., f € C? implies the function f satisfies Assumptions 4.2 and
Definition 3.1 (see [AMSO08, Section 7.4] and [Hual3, Section 5.2.2] for details).

Definition 5.1, given in [HGA15, Definition 3.1], generalizes the convexity of a function on & C M from
the Euclidean setting to the Riemannian setting.

Definition 5.1. For a function f : M — R : z — f(x) on a Riemannian manifold M with retraction R,
define my () = f(Rz(tn)) for x € M and n € T, M. The function f is retraction-convex with respect to
the retraction R in a set S if for allz € S, alln € T, M and ||n|| = 1, my ,(t) is convex for all t which
satisfy Ry(tn) € S for all T € [0,t]. Moreover, f is strongly retraction-convex in S if mg ,(t) is strongly

2
convez, i.e., there exist two constants 0 < ar < ag such that a; < 2 T (t) < as, forallz € S, all ||n]| =1
and all t such that Ry(mn) € S for all 7 € [0,1].

It has been shown in [HGA15, Lemma 3.1] that such a neighborhood, in which the function f is strongly
retraction-convex, always exists around a nondegenerate minimizer. In addition, for any neighborhood W
of * € M, it can be shrunk such that it is an R-star shaped neighborhood of z, i.e., R,(tR;*(z)) € W for
all z € W and t € [0,1]. Therefore, there exists a neighborhood W of z* satisfying

A.1 W is a R-star shape of z*;

A.2 The object function f is strongly retraction-convex in W;

A.3 For any x, & € W, inequalities (23) hold. (This can be seen from Lemma 5.1 given later)
Assumption 5.2 is used in the later proofs with € satisfying some or all of A.1-A.3.

Assumption 5.2. There exists K > 0 such that the iterates xy, stay continuously in a neighborhood Q of
x* for all k > K, meaning that Ry, (tng) € Q@ C Q for all t € [0, ag].

Note that the iterates zj, must stay in Q continuously. The ”continuously” assumption cannot be
removed. To see this, consider the unit sphere with the exponential retraction, where we can have zp1 ~ zy,
with agnp = 27. (A similar comment was made in [HAG15] before Assumption 6 and in [HGA15] before
Assumption 3.3.)

Assumption 5.3 is used to guarantee that R, *(y) is well-defined and has been used in existing papers,
e.g., [HAG15, HGA15]. This assumption is also a blanket assumption for the local convergence analysis.

Assumption 5.3. There exists r > 0 such that for each x € Q, R.(B(0,,7)) D Q and R, (-) is a diffeomor-
phism on B(0,, 1), where Q is defined in Assumption 5.2.
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Assumptions 5.2 and 5.3 are used in Section 5.3 to show R-linear convergence. Assumptions 5.4 and 5.5

are used in Section 5.4 to prove superlinear convergence.

When a retraction is considered, a generalization of the Euclidean triangle inequality in Q must be
assumed in the proofs below. As shown in [Hual3, Lemma 6.2.1], choosing the exponential mapping for the
retraction R implies Assumption 5.4.

Assumption 5.4. There is a constant ag such that for all x,y € Q,

m[gu)i dist(R,(tn), z*) < ag max(dist(x, x™), dist(y, ™)),
telo,

where n = R, 'y.

Assumption 5.5 generalizes the Euclidean property of twice Holder continuously differentiability of f at
z* to a Riemannian manifold.

Assumption 5.5. There exist positive constants a1y and ay1 such that for all y € Q,
|| Hess f(y) — Ts, Hess f(2*) T !l < axolln]|**,

where n = R,'y.

It can be shown that Assumptions 5.3, 5.4, and 5.5 hold if Q is sufficiently small. It follows that if
f,R € C? T € C', and the series {3} converges to z*, then all the assumptions in this section hold for
{zr}72 , with K sufficiently large.

5.2 Preliminaries

Before giving the local convergence analysis, we first state an important property that holds in the Euclidean

setting but may not hold in the Riemannian setting. The property is used in Theorem 5.1 and Section 5.1.

In the Euclidean setting, suppose f is strongly convex on S C R%. It is well-known that y = G5, where

yr = grad f(zp41) — grad f(zx), sy = Trp1 — o5 and Gy = fol Hess f(xy + 7s)d7 is the average Hessian. It
follows that

as|lsk|* < i s < asllsell® and [lyx]|* < acy; s, (22)

where a4, as and ag are positive constants. Derivations can be found in, e.g., [BN89, NWO06].

The RBFGS generalized by Ring and Wirth [RW12] satisfies (22) when the cost function is uniformly
convex, see, [RW12, Proposition 10]. The Riemannian Broyden family of methods generalized by Huang et al.
[HGA15] also satisfies (22) when the cost function is retraction-convex. However, the RBFGS in this paper
does not generally imply (22) for either uniformly convex or retraction-convex cost functions. This is the main
difference and probably the main difficulty compared to the existing work in [LF01b, BN89, RW12, HGA15].
Nevertheless, as shown in Lemma 5.1, we know (22) holds when iterates {z;} are in a neighborhood of the
nondegenerate minimizer =*.

Lemma 5.1. Suppose Assumptions 5.1, 5.2 and 5.3 hold. Let x* be a nondegenerate minimizer of f. Then
there exists a mneighborhood V of x* and positive constants ay, as and ag such that for oll x,Z € V satisfying

R.(tR;1(%)) €V for t € [0,1], it holds that
aglls||* < g(y,s) < asls|* and |ly[* < aeg(y, s), (23)

where y = 5 grad £(7) — T, grad f(2), € = By (3), 5 = Ts,&, B TM — R satisfies B(€) = 1+ O([]l),
and O(t) means that lim,_,o O(t)/t is bounded.

Proof. Define y* and s* to be % grad f(Z) — 7—S£E grad f(x) and Tsff respectively, where 7'55 denotes an

isometric vector transport satisfying the locking condition, i.e., Tsﬂln = HTTHWHTR"U’ for all n € T M. The
7
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existence of TE (at least locally) can be seen from [HGA15, Section 4]. It follows from [HGA15, Lemmas

3.3 and 3.9] that there exist positive constants by, by and bs such that
bolls“II* < gy, s°) < bals“|* and [ly“|* < bag(y”, s°).

Using 5(§) =1+ O(||€]]), [HGA15, Lemmas 3.5, 3.6] and [GQA12, Lemma 14.5] yields

ey 1 7z
l9(s,y) — g(s™,y )I—Ig(<5(§)73s €|l

where € = max(dist(Z, z*), dist(x, z*)). It follows that

bolls“I* < gy, 5) + O(lls]|*) < balls“[* and [ly“[|* < bag(y, s) + O(lls]%).

7;!;) ¢ grad f(a?)) = o(ls]%o),

Therefore, by choosing sufficiently small neighborhood V such that € is small enough, we have that there
exist constants a4, @5 and ag such that (23) holds. O

We can now prove Theorem 5.1, which states that if the iterates {zj} stay in a sufficient small neigh-
borhood of a nondegenerate minimizer z*, i.e., Hess f(x*) is positive definite, then xj converges to x* and
Algorithm 1 reduces to an ordinary RBFGS. This implies that the local convergence analysis of an ordinary
RBFGS is equivalent to the local convergence analysis of Algorithm 1. This theorem is generalized from
[LF01b, Theorem 3.5].

Theorem 5.1. Under the assumptions of Lemma 5.1, if s — 0 and x* is an accumulation point of {x}
generated by Algorithm 1, then the sequence {xy} converges to x* and Algorithm 1 reduces to the ordinary
RBFGS when xy, is sufficiently close to z*.

Proof. The assumptions about =* imply that =* is an isolated minimizer of f. Since z* is an accumulation
point and s — 0, we have x; — x*. It follows that

lim | grad f(zx)| = 0. (24)
k—o00
By (23) of Lemma 5.1, there exists constant bo > 0 and an integer K > 0 such that ﬁTSH"Q > by for all
k > K. Therefore, by (24), the cautious update formula (7) reduces to the ordinary update formula (6)
when (|| grad f(zr)||) < b2 and k > K. O

5.3 R-Linear Convergence Analysis

Theorem 5.2 gives sufficient conditions that guarantee R-linear convergence for all quasi-Newton methods
with a line search condition satisfying either (2) or (3). It is generalized from [BN89, Theorem 3.1].

Theorem 5.2. Suppose Assumption 5.1 holds and Assumption 5.2 holds with Q satisfy A.1 and A.2; {z}
is generated by (1) and (5) such that the step size oy, satisfies either (2) or (3); and By, is positive definite
for all k > K. Assume that there exists p € (0,1) and ay2,a13 > 0, such that for any k > K, the inequalities

cosf; > aq2, (25)
1855l
< a3 (26)
155l
hold for at least [(k — K + 1)p] values of j € [K, k], where cosf; = %. Then {x} — x*; moreover
D Gkl < oo, (27)
k=K

and there is a constant 0 < a14 < 1 such that

flansn) = f(a*) < afy " (f(ex) = f(27)) (28)
holds for all k > K, where (i = R (x).
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Proof. Let J denote the set of indices for which (25) and (26) hold. Consider an iterate x; with j € J.

Using (2), (3), (25), and (26) yields that

hj(0) = Ry () > x|l grad f(z;)I?, (29)

where y = x1a3, if the line search condition (2) holds, or y = y2a12/a13 if the condition (3) holds. Define
Mg+ 1 (t) to be f(Ry (tCk/||Ck|)). Taylor’s Theorem gives

1 d?

_— 2
=3 @mx*,k(tﬂt:rHCkH ,

flar) = f(@") = mae ko ([€el) — max k(0)

where 7 € [0, [|¢x||]. It follows from Assumption 5.2 and Definition 5.1 that f(zx) — f(2*) > Faz[|¢x]|*. Using
the result from [HGA15, (3.9) in Lemma 3.7] gives f(xy) — f(z*) < bo|| grad f(xy)||? for some constant bg.
Therefore, we have for all k > K,
1 .
57 Gell* < flan) = f(2") < boll grad f(zx)||*. (30)
By (29) and (30), we obtain that for all j € 7, f(z;) — f(z;+1) > x(f(z;) — f(z*))/bo, which yields
Fajen) = f@") < oy (f () = f(@)),

where aﬂp =1—xby'. Since J N [K, k] has at least [(k — K + 1)p] elements, and since {f;} is decreasing,
it follows that

flanen) = f(a*) < afy B (f(ex) = f(27):
By the lower bound of (30), we obtain

> lal <4/ 2 3 Vi)~ < \/ AT ) §7 g < o,
k=K =K a7 k=K

The R-linear convergence rate of Algorithm 1 is seen easily and is given in Corollary 5.1.

Corollary 5.1. Suppose Assumption 5.1 holds; Assumption 5.2 holds with Q satisfy A.1-A.2; and Assump-

tion 5.3 holds. Let {xy} be the sequence generated by Algorithm 1. Then the iterates xy, converge to z* and
(27) and (28) hold.

Proof. The results of Lemma 4.1 follows from Lemma 5.1 and the results of this corollary follows from
Lemma 4.1 and Theorem 5.2. |

5.4 Superlinear Convergence Analysis

In this section, {z}, {Bx}, {Br}, {ax}, {5k}, {ux}, and {n;}, are infinite sequences generated by Algorithm
1. The following notation is used:

e, = max(dist(zy 1, 2*), dist(zg, 2%)), H. = Hess f(z*), ( = Ryl wg,
Hi ="Ts,, H*7A-5'_<i7 5k = H;iflsk, Uk = Hk__:{gyka Bp = H, '?BpH, 2,

_ _ _ $k,CkSk)  _ 9(3k,CiSk)
Co = H, ?BrH_ 9:9(‘9’“’7, _ 9k CkSk)
S G T T M P P

where H;/Z = 73% H*l/QTSTCi denotes a linear operator on T, M, H*l/2 satisfies Hi/zHi/z = H,, and Hi/z
is self-adjoint.
Lemma 5.2 generalizes [BN89, (3.23), (3.25)]. It is used in Theorem 5.3.
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Lemma 5.2. If Assumptions 5.1, 5.2, 5.8, 5.4 and 5.5 hold, then there exists a neighborhood U of x* such
that for xi,xr41 € U, it holds that

min(1,a11) ”ng

15k — 5|l < arse; min(Lai)y

and  g(Ux, 5k) > (1 — aieey, l[5k]1%,

where a5 and aig are positive constants.
Proof. Define y; = grad f(zx4+1)— P} % grad f(zx), where P is parallel transport and -, is the retraction line

from xj, to Tpi1, ie., Yk(t) = Ry, (LR, (Tx41)). From [HAG15, Lemma 8], we have [P yp — Hpapne| <

bollarne||? = bol|sk||?, where Hy = fol PO Hess f (71 (t)) PLOdt and by is a positive constant. It follows that

s — Hiprsell < llyr — yi |
+ PO yE — Hyagml| + [|1PLC He PO PL ey, — Hya Ts,,,, il
< |lgrad f(zy41)/Bx — grad f(zpp) || + | P70 grad f(ax) — Ts,,,, erad f(zr)|
+ bollskll® + |1 Py He Py Py oy — Py Hy P T, ) o
PSP T

ape — He1 Ts,, . i

apng apng

Simplifying the right hand side yields

lye—Hi+1sk] < |l grad f(ag+1)]11/8k — 1| (using [GQA12, Lemma 14.5])
+ 1P grad f(zx) = Ts.,,, grad f ()
(using [GQA12, Lemma 14.5] and [HGA15, Lemma 3.6])
+ bollsell® + | He||I1Py  ownie — Ts.,, ,, cwni|| (using [HGA15, Lemma 3.6])
TP B Py — i [l
(using Assumptions 5.4, 5.5 and [Hual3, Lemma 6.2.5])

YNk

min(1,a11

< breklskll + baerllskll + baex[skll + baey, sl

= baep " s

where by, ba, b3, by and b5 are positive constants. Therefore, we have

15 = 5l < boe ™ 5 (31)
wher.e bg is a positive constant. It follows that ||gx]l — ||5k|| < bseglin(l’a“)Hng and |||l — gkl <
b6ezun(1’a“)|\§k||, which yields

(1= b "Ikl < flgill < (1 +boe™ ) 5]l (32)

By squaring (31) and using (32), we have

min(1l,a _ _ _ _ _ _
(1 = boep ™V [54]12 — 2g(5, 1) + 156 1% < 176l — 20(x, 5) + 1135412

< (B ™) s

and therefore ¢(g, 5x) > (1 — bGG?in(l’a“))HEkHQ. O

Theorem 5.3 generalized from [BN89, Theorem 3.2] is the main result of this section. When Theorem 5.3
is combined with a Riemannian version of the Dennis-Moré condition, superlinear convergence follows, as
shown in Corollary 5.2.
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Theorem 5.3. Suppose Assumption 5.1 holds; Assumption 5.2 holds with Q satisfy A.1-A.3; Assumption 5.5

holds with a1 = 1; and Assumptions 5.8 and 5.4. Then

o lgrad £ (o) + Hess fo, (0u, o
e el

= 0. (33)

Proof. By pre- and post- multiplying the update formula (6) by H, +{ , we have

Cr5k(Ci3k)  Unl (34)

Boir = Cp — ,
LT G s g

It follows from the idea used in deriving (15) that

tr(Biy1) = tr(Cr) + p (5/: ”:k) - Cosq;“ i (35)
(det(BkH)) =1In(det(Cy)) + In g(f—k,HQ ) —1Incos? @y, — In cosikék' (36)
Using the property of a determinant, det(M; Ms) = det(M;) det(Ms), yields
det(Cy) = det(Hy {* By Hy {?) = det(H=?) det(By) det (H: /%) = det(By). (37)
It follows that
; ) (g 9 5)
— In(det(Chr1)) = —ln(det(Co))—&—;(—l g”i:’”; +Incos?d; + In 60829 ). (38)
Observing the relationship between tr(Cy) and tr(ék), we have
tr(C) — tr(Br) = tr(Ts.} | Too, BiTsk, Toe, B - 5 BTy, T )
(T BiTs ) Tse,, Hit) = te(Ts. BrTs, HY)
<75} Tsupn, = Tso IpIBRTs ) Tse,, B p
+1Ts) Tse,, — Toe, Il T ! Bille
<bo(ITs,) T, = Tol IBKTs ), Tse,, AV
+ 1l Sa;k Tser,, — Too AT 17'SclBk||) (by [Hual3, Lemma 6.2.6])
<bo(I s, Tsupn, Tse, = INBINE + 175, Tt Tse,,, = LIS B
< byl Brllr < bock tr(Br), (by [Hual3, Lemma 6.2.6)) (39)
where by, b; and by are positive constants, ¢, = HTSc '7;%” 7Afg<k+1 —I||. Tt follows that
5 5 5 Al Tk
tr(Crt1) <(1+ bask1) tr(Bry1) = (1 + bact1) <t1”(Ck) + 250 cos2 §k>

T [ A
<o [T+ (G~ ) L0

j=it1
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Note that 1 <[] L1+ bygi) < [T2 (1 + bos;) = exp(Djo log(1l + bag;)) < exp(d oo, basi) = by < oo by
(27) in Theorem 5.2, [HAG15, Lemma 3] and [Hual3, Lemma 6.2.5]. We have

k _ _
tr((fkﬂ)<b3tr(ég)+b32(g”yi”2 - q) (40)

—~\9(¥i5) cos?b;

It follows from (38) and (40) that

k _
Yi g\Yi, Si 5
tr(Cry1)/bs — In(det(Cri1)) <v(Co) + E ( 0 |s) —1—1In |(|Sz||2) + Incos? 6;
i 7
1-— — | — ] . 41
cos? 6; +h cos? 9i> (41)

On one hand, it holds that t/bs — Int = t/bg — In(t/bs) — Inbg > 1 — Inbs. Therefore, tr(Cpi1)/bs —
In(det(Cpyq)) = Zle()\i/bg —In)\;) > d—dlnbs, where d is the dimension of the manifold M and A; is the

i-th eigenvalue of ék+1. On the other hand, using Lemma 5.2 yields that g!g ”g 5~ 1—In g‘(lzl’nz) < bge ;mn(l a1

holds for all sufficient large ¢, where by is a positive constant. Therefore, it follows from (41), (27) in Theorem
5.2 and [HAG15, Lemma 3] that

k k

d—dlnb3Sw(éo)+b426i+z<lncos20i+[1— LB P ]>+b5

20, 2
= = cos? 6; cos? 0;

k — —
:w(éo) + bybg + Z <lnc032 0; + 11— 4 +1In di _ ]) + bs,

pard cos? 0; cos? 0;

where b5, bg are some constants. Both ln cos? 6; and 1-— cos2 7 T In COS2 g, are non-positive and we have
+In = 0. Note that the function £(t) = 1—t+1n(¢),t > 0
has a unique maximizer at t = 1. It follows that hrnl_>OO cos0; = lim;_, oo ¢; = 1, which implies

G —ids|? @

lim; o0 Incos28; = 0 and lim; oo 1 —

Cos2 0; 0052 0;

li — 2q; 1=0.

el |5k k—o0 cos 07 ot
Since ) )

2| (C — Dkl _ 1H: 2l ||(Hk+1Bka — DHE skl 1Bk — Her)skll
15| 1HZ, skl skl
we have ~
By — H X
S PN

Let §x = agni = ’7'5_1 sk. It follows that
XMk

—1 —1
(B — Ho)mell  I1Bx — HO&|l N BTs,,,, — HTs,,, sl

7% I a (A B skl
B H(TS%%Bﬂ:{ai% = TSeoms HkTS_aink)Sk”
a (B
(B — Hys1 + Hyr — TSaknkaT% )8kl
; skl
1B — Hian)sell |, 1 Hrr = T BT, )56
- skl skl

0. (by (42) and [Hual3, Lemma 6.2.5])
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What is more, from Assumption 5.5 and Bgn, = — grad f(xg), it holds that

o lgrad f(w) + Hess fo)mell _

k—o0 ll7% |

Define f, = f o R,. Using the continuity of Hess f and Hess f and Hess f(z*) = Hess fT(OT) yields the
desired result (33). O

Corollary 5.2. Suppose Assumptions 5.1 holds; Assumption 5.2 holds with Q satisfying A.1-A.3; Assump-
tions 5.3 and 5.4 hold; and Assumption 5.5 holds with ai1 = 1. Then there exists an index ko such that
a = 1 satisfies either (2) or (3) for k > ko. Moreover, if ay, = 1 is used for all k > ko, then xp converges
to x* superlinearly.

Proof. By [RW12, Proposition 5], (33) in Theorem 5.3 implies that aj = 1 satisfies the Wolfe condition
for all k > ko. Therefore, ay, = 1 also satisfies either (2) or (3) for k¥ > ko. Furthermore, using [RW12,
Proposition 8] yields the superlinear convergence result. O

Note that Assumption 5.5 with a;; = 1 reduces to a Riemannian generalization of twice Lipschitz con-
tinuous differentiability. We note here without proof that, analogous to the Euclidean setting, Corollary 5.2
still holds as long as a7 > 0.

It is shown in [Hual3, Theorem 5.2.4] that o, = 1 eventually satisfies the two frequently used line search
conditions, i.e., the Wolfe conditions

hk(ak) < hk(O) + Clockh;c(O) (43)
hi(an) = e2hy(0), (44)

where 0 < ¢; < 0.5 < ¢ < 1 and the Armijo-Goldstein condition
hk(ak) < hk(O) + O'Oékhjc(()), (45)

where ay, is the largest value in the set {t®|t() € [o1t(=1), ot =] #(0) = 1}, 0 < p; < 02 < 1 and
0 < 0 < 0.5.2 Therefore, if a; = 1 is attempted first using one of the line search conditions, then the
superlinear convergence of Algorithm 1 is obtained.

If A/(t) must be evaluated at ¢ # 0 in line search conditions, such as the Wolfe condition, then the action
of vector transport by differentiated retraction is necessary at least on a single direction. More specifically,
the term 1/ (t) = gr, (tn,)(grad f(Ra, (t0x)); Tr,,, 7) requires the action of vector transport by differentiated
retraction, 7, &, with 7 and & in the same direction. This has been discussed in [HGA15] and one approach
to resort to as little information on differentiated retraction as possible is also proposed therein. With line
search conditions (such as the Armijo-Goldstein condition) that do not require h'(t) at ¢t # 0, the use of
differentiated retraction can be completely avoided since ’TROM Nk = Nk

6 Limited-memory Riemannian BFGS Method

Analogous to the Euclidean BFGS method, the RBFGS method uses a dense matrix as the Hessian approx-
imation, which is not efficient in the sense of computations and storage especially in the case of large-scale
problems. In addition, the computations of By = TSyn, ©Br o Tszink may need matrix multiplication, which
may not be cheap. In [HGA15], a limited-memory RBFGS was proposed to overcome the difficulties. The
RBFGS method in this paper, Algorithm 1, also allows the definition of a limited-memory RBFGS method,
stated in Algorithm 2. Compared to the LRBFGS in [HGA15], Algorithm 2 avoids the dependence on
differentiated retraction.

2If 01 = o2, then ay, is the largest value in the set {1, o1, g%, ...}. The difference of g1 and g2 allows the use of a more

sophisticated approach to choose a point between glt(i’l) and th(i—1)7 such as based on a polynomial interpolation (see [DS83,
Section 6.3.2]).
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Algorithm 2 LRBFGS

Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector transport Tg,

13:
14:
15:

16:
17:

18:
19:

20:

21:

22:
23:

with R as associated retraction; continuously differentiable real-valued function f on M, bounded below;
initial iterate xg € M; convergence tolerance € > 0; integer m > 0.

ck=0,v%=1,1=0.
: HY = 7 id. Obtain 7 € T,, M by the following algorithm:

3: q + grad f(zg)
4: fori=k—-1,k—2,....,k—1do
5 & pig(syq);
k
6 g q— &y
7: end for
8 1 Hig;
9. fori=k—0Lk—Il+1,....,k—1do
100w+ pig(yt™,r);
: pig(y; "5 7);
1: 7 <—7‘+S§k)(fi —w);
12: end for
set n = —r;
find oy, that satisfies either (2) or (3);
Set xp11 = Ra, (apmi). If | grad f(2zg41)|| > €, then break.
Define si" ™) = TSen, ki and y = Bt grad f(zr41) — Ts,, . grad f(zx);

if %% > (] grad f(z,)]) then

Tsxll?
(k+1)

Define pr, = 1/9(s;" ",y ) and yies = gl ) /0|

y Yk
Add ,(;H_l), y,(ckH) and pj into storage and if [ > m, then discard vector pair {sk l,yk l} and scalar
pr—; from storage, else | < [+ 1; Transport s,(CJZH, s,(ﬁk)l”, .. s](f)1 and yl(ck)lJr17 y,(c )l+27 . ,y,(cjl from
k41 k+1 k+1 k-+1 k41 k41
Ty, M to Ty, ., M by Ts, to get sfﬂ_l_s_)l,sfc_l_s_)g, .. .,sé_l ) an nd y ( l+)1,y(_l+)2, ... ,y,g_l )
else i .
1) 1
Set 7k+1 — Yk {pka"wpk:fH»l} — {Pk 1y--ey Pk— 1}7 {S( +) PR S](gjg+)1 <~
k k+1 k+1 k
{d’]—slf)f’”"k Sk 1o ves 7-8‘%% 5; )l} and {yl(c )’ Ce ,y]i l+)1} — {7-Sﬂknkyk 1900 ’T”kﬂkyl(c )l
end i

k=k+1, goto Step 2.
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7 xXperiments

In this section, we compare the numerical performance of the Wolfe condition and the Armijo-Goldstein
condition on Algorithms 1 and 2. Since the Wolfe condition requires the evaluation of h'(t) at ¢ # 0,
the evaluation of the vector transport by differentiated retraction is needed. We use the locking condition
proposed in [HGA15], which restricts the retraction R and the isometric vector transport 7g:

el
7€l

7—S§£ = ﬂTRgga 6 = (46)

This condition requires less information about the differentiated retraction than the approach in [RW12].
However, it may need more computations in the vector transport compared to vector transports without
any information from vector transport by differentiated retraction. As shown in [HGA15, Section 4], a few
extra low-rank updates may be necessary in the vector transport. In contrast with the Wolfe condition, the
Armijo-Goldstein condition does not require any information from the differentiated retraction. Therefore,
it allows a cheaper isometric vector transport in general.

7.1 Problem, Retraction, Vector Transport and Step Size

The joint diagonalization (JD) problem on the Stiefel manifold [TCA09] is used to illustrate the performance
of the proposed algorithms:

N
. . . T 2
xin X)) = min ; | diag(X"Ci X3,
where St(p,n) = {X € R™?|XTX = [,}, matrices Cy,...,Cy are given symmetric matrices, diag(M)
denotes a vector formed by the diagonal entries of matrix M, and || - ||2 denotes the 2-norm.

The algorithms proposed in this paper have been used to efficiently solve applications such as the geo-
metric mean of symmetric positive definite (SPD) matrices [YHAGL7] and the phase retrieval problem [?].
We are also working on other applications including the matrix singular value problems [SI13], dictionary
learning on SPD matrices [CS17], computations in elastic shape analysis of curves [HGSA15, YHGA15], and
the matrix completion problem [Van13, BA14, Mis14].

The Riemannian metric g on St(p, n) is the Euclidean metric g(nx,£x) = tr(nk&x). With this Rieman-
nian metric g, the gradient is given in [TCAQ9, Section 2.3]. As discussed in [HAG15, Section 2.2] or more
specifically in [HAG16b], a tangent vector nx € Tx St(p,n) can be represented by a vector in the embed-
ding space R™*P or a d-dimensional coefficient vector of a basis of Tx St(p,n), where d = np — p(p + 1)/2
is the dimension of St(p,n). Note that Tx St(p,n) = {XQ+ X, K : Q7 = —Q, K € R"P)*P} where
the columns of X; € R"*("~P) form an orthonormal basis of the orthogonal complement of the column
space of X. Hence, an orthonormal basis of Tx St(p,n) is given by {%X(eiejT —ejel)i=1,...,p,j =
i+1,...,p}U {XLéieJT,i =1,....n—p,j =1,...,p}, where (e1,...,ep) is the canonical basis of R? and
(é1,...,€n_p) is the canonical basis of R P. In practice, one does not have to form the matrix X, . Only the
actions of X | and XI are needed, i.e., anx and X | K are needed given nx € Tx M and K € R(=P)XP pe.
spectively. It has been shown in [HAG16b] that the time and space complexities of computing d-dimensional
representation of a tangent vector are O(np?) and O(np) respectively.

By varying the basis and fixing the coefficients, one can define vector transport by parallelization [HAG15,
Section 2.3.1 and 5]. The implementation of this vector transport using a d-dimensional representation for
tangent vectors is the identity [Hual3, Section 9.5] and is used in our experiment. For detailed discussions
about the d-dimensional representation for tangent vectors and vector transport by parallelization on the
Stiefel manifold, we refer to [HAGI6b].

Three retractions are used. The first is the qf retraction [AMS08, (4.7)]

Rx(nx) = af(X +1x), (47)
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where gf denotes the Q factor of the QR decomposition with nonnegative elements on the diagonal of R.

The pair of gf retraction and vector transport by parallelization does not satisfy the locking condition, in
general, so we use the approach in [HGA15, Section 4.2] to modify the vector transport by parallelization in
order to satisfy the locking condition. The implementation of the modified vector transport is a rank-two
update matrix.

The second retraction is given in [Zhul7, (14)]

Rx(nx) = <I - ;an>_1 (1 + ;an> X, (48)

where W,,, = PxnxX' — XnkPx and Px = I — $XX”. A Cayley-based isometric vector transport
associated with this retraction is also given in [Zhul7, (22)]. This pair of retraction and vector transport
does not satisfy the locking condition and the approach in [HGA15, Section 4.2] also can be used, which
yields extra cost of rank-two update. It can be shown that the complexities of this retraction and the action
of this isometric vector transport, i.e., given {x € Tx M, the evaluation of 7, {x, are both O(np?). Note
that the isometric vector transport in [Zhul7, (22)] uses vectors in R™*? to represent tangent vectors rather
than a d-dimensional representation.

The third retraction [HGA15, (7.3)] is given by the approach in [HGA15, Section 4.3]

(Rxtns) (Rxtn)s )= (X X ew( g o K ) (49)

where Rx(nx) defines the retraction, A = XTnx, K = XTnx. As shown in [HGA15], the pair of re-
traction (49) and vector transport by parallelization, which uses (Rx(nx))L in (49) to form the basis of
TRy (nx) St(p,n), satisfies the locking condition with 3 = 1. Therefore, the X in (49) is computed and
stored explicitly. The time and space complexities are O(n?) and O(n?) respectively.

The initial step size at each line search follows from [NWO06, (3.60) and p. 60]. In our Riemannian
experiments, this initial step size in the line search algorithm eventually is one. The two algorithms for
finding a step size «j, satisfying the Armijo-Goldstein condition and the Wolfe condition are both based on
quadratic or cubic polynomial interpolation. Specifically, they are [DS83, Algorithm A6.3.1 and Algorithm
A6.3.1mod] respectively. We refer to [DS83, Section 6.3.2] for the technical details.

7.2 Environment and Parameters

All experiments are performed in C++ with compiler g++-4.7 on a 64 bit Ubuntu platform with 3.6 GHz
CPU(Intel(R) Core(TM) i7-4790).3
The inverse Hessian approximation update formula

%k o (ld Skylbc ) r}:zk (ld yksl;c ) + Sks?q 7_2k _ ,TS o Hk ° T—l (50)
1= - : - ) =s,, ;
i 9(Yr Sk) 9Wrssk) ) 9k, k) Ik S
is used since computing 1, = —Hy grad f(xy) is cheaper than solving the linear system Bin, = — grad f(zy).
The function 9(¢) in Algorithms 1 and 2 is chosen to be 107*¢. The stopping criterion is gff/gfo <
1075, where gff and gfy denote the final and initial norms of the gradients. The initial inverse Hessian
approximation is chosen to be the identity. The value m in Algorithm 2 is set to be 4.
The C; matrices are selected as C; = diag(n,n—1,...,1)+0.1(R;+RT), where the elements of R; € R"*"
are independently drawn from the standard normal distribution. The initial iterate Xg is given by applying

Matlab’s function orth to a matrix whose elements are drawn from the standard normal distribution using
Matlab’s randn.

3The code is available at www.math.fsu.edu/~whuang2/papers/ARBMDRNOP . htm.
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7.3 Tests and Results

The values n and p are chosen to be 12 and 8 respectively. The parameters ¢; and o are set to be a same
value 10~ since they play a same role the in line search conditions. Experimental results of averages of 1000
random runs for RBFGS and LRBFGS with various values of N, ¢z, 01 and g2 are reported in Tables 1 and
2.

Let RBFGSW and RBFGSA denote Algorithm 1 with the Wolfe condition and the Armijo-Goldstein
condition respectively and LRBFGSW and LRBFGSA denote corresponding limited-memory versions. Let
RV1 and RV4 respectively denote the pair of retraction (47) and the vector transport by parallelization
and the pair of retraction (48) and the Cayley-based vector transport, both of which do not satisfy the
locking condition; RV2 and RV5 respectively denote RV1 using approach [HGA15, Section 4.2] and RV4
using approach [HGA15, Section 4.2], both of which satisfy the locking condition but the vector transports
are not smooth; RV3 denote retraction (49) and the vector transport by parallelization, which satisfy the
locking condition and have a smooth vector transport.

Note that there are not results for RBFGSW and LRBFGSW with RV1 and RV4 since the well-definedness
of RBFGSW and LRBFGSW requires the locking condition. We observed in our experiments that the search
direction may not be a descent direction in these cases. It follows that the algorithms do not converge.

We do not report the experimental results of RBFGS with RV4 and RV5 since the complexities of
Hy = TS © He OTS:ink in RBFGS’s update is O(n?p?) for the Cayley-based vector transport. In contrast,

the complexity of vector transport by parallelization is only O(1) when the intrinsic representation is used
for tangent vectors..

We can see that increasing the range of [p1, 02] does not influence the performance of RBFGSA and
LRBFGSA significantly. However, as ¢y increases, RBFGSW and LRBFGSW tend to perform better in
the sense that the numbers of function and gradient evaluations and computational time decrease in most
cases. These phenomena lead us to recommend choosing a large co < 1 for the Wolfe condition. There is
no significant difference between the performance of RBFGSW with the largest co and RBFGSA when the
same pair of retraction and vector transport is used.

RBFGS with RV1 performs worse than RBFGS with RV2 in the sense of number of function and gradient
evaluations. This implies that the locking condition, to some extent, reduces the number of function and
gradient evaluations in RBFGS with either the Armijo-Goldstein condition or the Wolfe condition. Note that
even though h/(t) at ¢ # 0 is not used in the Armijo-Goldstein line search condition, the locking condition can
still reduce the number of function and gradient evaluations. However, due to the lower complexities of vector
transport (compared to RV2), the relationship between the efficiencies of RBFGS with RV1 and RBFGS
with RV2 depends on the costs on the function, gradient evaluation and the vector transport. Specifically,
if the cost on vector transport is not negligible compared to the function and gradient evaluation, then the
RBFGS with RV2 can be slower, such as results of N = 32 in Table 1. Otherwise, the RBFGS with RV1
can be slower, such as results of N = 512 in Table 1.

The pair of vector transport and retraction in RV3 satisfies the locking condition (46). Unsurprisingly,
the numbers of function and gradient evaluations and vector transports of RBFGS with RV3 are smaller than
RBFGS with RV1. Therefore, if the costs on the retraction and vector transport of RV1 and RV3 are not
significantly different, which is true for n = 12, p = 8, and N = 512, then RBFGS with RV3 is faster than
RBFGS with RV1 in the sense of computational time. Otherwise, RBFGS with RV3 can be unacceptably
slow, as we see in Table 3 discussed later.

Regarding LRBFGS method, Table 2 shows that the numbers of function, gradient evaluations and vector
transports are not influenced significantly by the choices of retraction and vector transports. Therefore, the
lower the complexity of retraction and vector transport is, the faster the algorithm is in terms of compu-
tational time. As discussed in Section 7.1, RV1 has lower complexity than RV2 and RV3, RV4 has lower
complexity than RV5. It is pointed out first that RV1 has lower cost than RV4. In LRBFGS method,
multiple tangent vectors need be transported to a new tangent space, as shown in Step 21 of Algorithm 2.
Suppose the number of tangent spaces is k. In RV1, the complexity of vector transport is independent of k,
i.e., O(np?). However, in the Cayley-based vector transport of RV4, the complexity is O(kn?p). It follows
that LRBFGSA with RV1 is the faster algorithm among all of them.
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Table 1: An average of 1000 random runs of RBFGS. iter, nf, ng, nV and t denote the number of iterations,
the number of function evaluations, the number of gradient evaluations, the number of vector transports and
the computational wall time in seconds. The subscript —k indicates a scale of 107,

Armijo-Goldstien: [o1, 02] Wolfe: co
N T 1 T3 T 15 1 63 T 3 5 63
[3.2] [3.5] [36-16] loz s 2 3 13 64
iter | 143 140 140 140 \ \ \ \
nf | 152 148 148 148 \ \ \ \
32 | ng | 144 141 141 141 \ \ \ \
nV | 286 280 280 280 \ \ \ \
t |6.39_5 6.36_3 6.40_5 6.46_3 \ \ \ \
RV1 -
iter | 163 161 160 160 \ \ \ \
nf | 175 171 171 170 \ \ \ \
512 | ng | 164 162 161 161 \ \ \ \
nv | 326 321 321 321 \ \ \ \
t 5.16_2 4.94_o 4.88_» 4.84_o \ \ \ \
iter 96 95 95 95 89 91 94 95
nf 103 102 101 101 113 105 102 101
32 ng 97 96 96 96 107 99 96 96
nV 192 191 190 190 285 280 282 284
RV2 t 7.55_3 T7.54_3 T.47_3 7.46_3 | 7.96_3 7.68_3 T7.70_3 7.80_3
iter 108 108 107 107 95 97 101 104
nf 118 116 115 115 126 117 114 114
512 | ng 109 109 108 108 118 110 107 107
nVv 217 215 215 215 308 303 308 314
t 3.97_5 384_5 3.79_» 3.83_2 [4.14_5 3.85_2 3.63_2 3.55_o
iter 121 116 116 116 109 110 114 115
nf 132 126 126 126 141 129 126 126
32 ng 122 117 117 117 131 119 117 117
nVv 241 232 231 231 349 338 343 347
RV3 t 9.76_3 9.36_3 9.40_3 9.42_3 [ 1.01_o 9.71_3 9.16_3 9.45_3
iter 141 135 134 134 122 121 127 131
nf 156 147 146 146 163 149 146 147
512 | ng 142 136 135 135 150 137 135 136
nV 283 269 268 269 392 379 388 397
t 4.89_o 4.53_5 4.54_o 448 5 | 5.00_2 4.91_5 4.70_o 4.61_»

In Table 3, we use LRBFGS to compare the performance of RV3 to RV1, RV2, RV4, and RV5 when
p < n. Only the Armijo-Goldstein condition is used and N is chosen to be 4. Multiple n and p are tested to
show the trend of computational time as n and p increase. As discussed in Section 7.1, RV3 is not competitive
with RV1 and RV2 in the sense of computational time due to the significant cost on X | and the matrix
exponential. Specifically, using RV3 can be slower by orders of magnitude than using the other four pairs.
RV1 again is the fastest methods in the sense of computational time.

8 Conclusion

In this paper, we generalize the cautious BFGS update in [LF01b] and the weak line search condition in
[BN89] to the Riemannian setting and define a framework for the RBFGS method by merging those two
ideas that allows differentiated retraction to be avoided completed. It is proven that the RBFGS method,
Algorithm 1, converges globally to a stationary point for a general nonconvex function, which has not been
done for earlier Riemannian versions of the BFGS method. A local superlinear convergence analysis is also
given. Experiments show that Algorithms 1 and 2 i) avoid the requirement of differentiated retraction and
therefore are easy to use in practice; and ii) have competitive performance compared with the RBFGS
and LRBFGS methods in [HGA15] which require information from differentiated retraction. Therefore,
Algorithms 1 and 2 should be the first choice of Riemannian BFGS method due to their robustness and
efficiency. They have been implemented in ROPTLIB [HAGH16] as the default RBFGS and LRBFGS
methods.
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Table 2: An average of 1000 random runs of LRBFGS. The subscript —k indicates a scale of 107F.

Armijo-Goldstien: [o1, 02] Wolfe: co
N T 1 T3 T 15 T 63 T 3 15 63
[z.3] (3.5 [15 78] [&5: 33l 3 : 1 61
iter | 142 142 142 142 \ \ \ \
nf | 145 145 145 145 \ \ \ \
32 | ng 143 143 143 143 \ \ \ \
nV | 1124 1122 1122 1122 \ \ \ \
t | 4.35_3 4.28_5 4.28_3 4.22_3 \ \ \ \
RV1 .
iter | 139 138 138 138 \ \ \ \
nf | 142 142 142 142 \ \ \ \
512 | ng | 140 139 139 139 \ \ \ \
nV | 1097 1093 1093 1093 \ \ \ \
t |3.94_, 3.87_, 3.88_, 3.87_, \ \ \ \
iter 141 140 140 140 136 139 140 140
nf 144 144 144 144 170 146 144 144
32 ng 142 141 141 141 168 144 142 141
nV 1112 1111 1111 1111 1242 1244 1249 1251
RV2 t 1.23_2 1.22_o5 1.22_o 1.22_o 1.28_2 1.19_o 1.19_5 1.19_9o
iter 137 136 136 136 133 135 136 136
nf 140 139 139 139 167 141 139 139
512 | ng 138 137 137 137 165 139 137 137
nV 1082 1077 1077 1077 1218 1202 1210 1212
t 5.17_2 4.69_5 4.68_2 4.64_o | 5.44_5 4.63_5 4.60_o 4.65_o
iter 142 141 141 141 136 139 140 141
nf 145 144 144 144 171 146 144 145
32 ng 143 142 142 142 169 144 142 142
nVv 1122 1114 1114 1114 1247 1242 1248 1254
RV3 t 8.68_3 8.60_3 8.60_3 861_3 | 1.02_», &8.88_3 8.62_3 8.62_3
iter 138 136 136 136 133 136 136 136
nf 142 140 140 140 168 143 140 140
512 | ng 139 137 137 137 165 140 138 138
nVv 1090 1080 1080 1080 1220 1214 1214 1216
t 4.44_o5 4.34_o5 4.34_5 4.30_5 | 5.30_2 4.49_5 4.33_5 4.35_»
iter | 141 141 141 141 \ \ \ \
nf | 145 145 145 145 \ \ \ \
32 | ng | 142 142 142 142 \ \ \ \
nV | 1115 1115 1115 1115 \ \ \ \
t 7.21_3 6.97_3 7.04_3 7.05_3 \ \ \ \
RV4 -
iter | 138 137 137 137 \ \ \ \
nf | 142 140 140 140 \ \ \ \
512 | ng | 139 138 138 138 \ \ \ \
nV | 1093 1080 1081 1081 \ \ \ \
t |427 5, 425 , 423 , 423, \ \ \ \
iter 141 141 141 141 137 139 140 140
nf 145 144 144 144 172 147 145 144
32 ng 142 142 142 142 170 144 142 142
nV 1117 1113 1112 1112 1250 1244 1249 1251
RV5 t 1.68_2 1.65_5 1.69_» 1.68_o [ 1.74_5 1.67_5 1.65_5 1.66_2
iter 137 136 136 136 133 135 136 136
nf 140 140 140 140 167 143 140 140
512 | ng 138 137 137 137 165 140 138 137
nVv 1082 1077 1077 1077 1214 1208 1212 1212
t 5.16_o 5.15_o 5.16_o 5.17_o 5.88_5 5.10_o 5.06_2 5.06_2
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Table 3: An average of 10 random runs of LRBFGS with Armijo-Goldstein condition, g1 = 1/64, 02 = 63/64,
and N = 4. The subscript —k indicates a scale of 107%. NA denotes “not run” due to its cost.

n:50 [n:100 | n:100 | n:200 | n:200 | n:400 | n:400 | n: 1600
p:2 p:2 p:4 p:4 p:8 p:8 p: 16 p:32

iter 137 203 729 954 1602 2461 3644 6993
nf 142 209 737 966 1616 2484 3672 7045
RV1| ng 138 204 730 955 1603 2462 3645 6994

nV 1087 1615 5816 7623 12807 | 19677 | 29137 55924
t 2.65_3 | 5.66_3 | 2.86_2 | 6.20_2 | 1.66_1 | 8.69_1 2.07 6.99

iter 124 205 T 1187 1785 2713 3233 7307
nf 127 210 785 1198 1800 2736 3258 7357
RV2 | ng 125 206 778 1188 1786 2714 3234 7308

nV 979 1628 6206 9485 14270 | 21690 | 25849 58435
t 9.13_3 | 1.96_5 | 8.06_2 | 1.70_1 | 3.63_1 1.75 3.25 8.541

iter 140 220 768 1128 1809 2581 3409 NA

nf 145 225 779 1139 1825 2603 3440 NA

RV3 | ng 141 221 769 1129 1810 2582 3410 NA
nV 1110 1750 6134 9015 14458 | 20632 | 27254 NA

t 1.44_1 | 6.76_1 2.43 1.991 3.29; 1.712 2.329 NA

iter 133 205 783 1122 1605 2641 3421 7557

nf 138 210 793 1133 1618 2663 3450 7614

RV4 | ng 134 206 784 1123 1606 2642 3422 7558

nV 1051 1628 6254 8966 12820 | 21114 | 27351 60437
t 3.24_3 | 6.63_3 | 3.98_5 | 1.20_1 | 2.69_ 1.34 2.47 8.134

iter 133 211 749 1096 1842 2895 3320 7897
nf 137 217 758 1105 1858 2916 3347 7957
RV5 | ng 134 212 750 1097 1843 2896 3321 7898

nV 1054 1679 5981 8759 14723 | 23145 | 26544 63161
t 1.13_2 | 1.89_2 | 9.34_5 | 2.29_1 | 6.07_1 2.58 4.62 1.072
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