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Abstract. In this paper, a Riemannian BFGS method is defined for minimizing
a smooth function on a Riemannian manifold endowed with a retraction and a
vector transport. The method is based on a Riemannian generalization of a cautious
update and a weak line search condition. It is shown that the Riemannian BFGS
method converges (i) globally to a stationary point without assuming that the
objective function is convex and (ii) superlinearly to a nondegenerate minimizer.
The weak line search condition removes completely the need to consider the differ-
entiated retraction. The joint diagonalization problem is used to demonstrate the
performance of the algorithm with various parameters, line search conditions, and
pairs of retraction and vector transport.

1 Introduction

In the Euclidean setting, the BFGS method is widely viewed as the best quasi-
Newton method for solving smooth unconstrained optimization problems
[DSR3,NWOA]. Its global and superlinear local convergence is well understood
for convex problems (see [DSX3] and references therein). However, for non-
convex problems, its convergence properties are more intricate. Recently, Dai
[DaiT3] has produced a nonconvex cost function for which the standard BFGS
method does not converge. Modified BFGS methods exist that converge
globally to critical points of nonconvex cost functions [LFOTa, LEOTH).

Many Riemannian versions of the BFGS method have appeared, e.g.,
gence analyses that are not restricted to a specific cost function or a manifold
are only given in two of them [RWI2HGATH]. The analyses of both methods
require the cost function to satisfy a Riemannian version of convexity for
global and superlinear local convergence.

In this paper, we generalize to manifolds the approach in [LEOIH] for
nonconvex problems by using a Riemannian version of the cautious update
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of the Hessian approximation, and additionally a weak line search condition
[BNRY, (3.2), (3.3)]. Global and local superlinear convergence results are
stated and the joint diagonalization problem [TTCAQY] is used as an example
to demonstrate numerical performance.

A key advantage of the proposed method over those in [RWI2 HGATH] is
that it offers more leeway on the choice of the vector transport. The version
in [RWI2] requires vector transport by differentiated retraction, which may
not be available to users or may be too expensive. The version in [HGATH]
requires only the action of the differentiated retraction along a particular
direction. In fact, any method that uses the Riemannian second Wolfe con-
dition will require at least the action of the differentiated retraction along
some particular direction. The proposed method is even less demanding: it no
longer requires the second Wolfe condition, and the differentiated retraction
can be completely avoided.

This paper is organized as follows. Section B presents notation used in
this paper. Section B defines the Riemannian version of BFGS. Global and
local convergence results are stated in Section A. Numerical experiments are
reported in Section B.

2 Notation

The underlying concepts of Riemannian geometry can be found, e.g., in
[Boo8H,ANS0OR]. We follow the notation of [AMSOR]. Let f denote a cost
function defined on a d-dimensional Riemannian manifold M with the Rie-
mannian metric g : (9, &) = Gz (N2, &) € R. T, M denotes the tangent
space of M at x and T M denotes the tangent bundle, i.e., the set of all
tangent spaces. For any 1, € T, M, 1 denotes the function such that
M TaM = R: & v go(ne, &)

A retraction is a C' map R : TM — M such that R(0,) = z for
all x € M and %R(tﬁm)hzo = &, for all £, € T, M. The domain of R
does not have to be the entire tangent bundle, however, it is usually the
case in practice. In this paper, we assume that R is well-defined whenever
needed. R, denotes the restriction of R to T, M. A vector transport 7T :
TMSTM — TM,(n:,&) — T, & with associated retraction R is a
mapping® such that, for all (x,7,) in the domain of R and all £, (, € T, M, it
holds that (i) 7;,& € Tr(y,) M, (ii) Ty, is a linear map. An isometric vector
transport 7g additionally satisfies gg, (,,)(7s,, &2, 7s,, Cz) = 92(8e, Cz). The
vector transport by differentiated retraction 7g is defined to be Tgr, & =

%Rff(nz + tfz)h:@.
3 Riemannian BFGS Method with Cautious Update

! This mapping is not even required to be continuous in the definition. The
smoothness is imposed in the convergence analyses.



The proposed Riemannian generalization of the BFGS method with cautious
update is stated in Algorithm M.

Algorithm 1 Cautious RBFGS method

Input: Riemannian manifold M with Riemannian metric g; a retraction R;
isometric vector transport 7g, with R as the associated retraction; continuously
differentiable real-valued function f on M, bounded below; initial iterate
ro € M; initial Hessian approximation By that is symmetric positive definite
with respect to the metric g; convergence tolerance € > 0; constants x1 > 0 and
x2 > 0 in the line search condition;
k < 0;
while || grad f(zx)|| > € do
Obtain 7 € Ty, M by solving Brni = —grad f(zr);
Set zx41 = Ra,(axnk), where ap > 0 is computed from a line search
procedure to satisfy either

_ __ hi(0)?
hi(ar) = he(0) < —x1 B (1)
hi(ar) — hi(0) < x2hi(0), (2)

where hi(t) = f(Ra, (tnx)).
5: Define the linear operator Byt1 : Tsy y M — Ty, M by (@);
6: k< k+1;
7: end while

When M is a Euclidean space, the line search condition in Step @ of
Algorithm @ is weak since it has been shown in [BNRY, Sections 3 and 4] that
many line search conditions, e.g., the Curry-Altman condition, the Goldstein
condition, the Wolfe condition and the Armijo-Goldstein condition, imply
either (O) or (B) if the gradient of the function is Lipschitz continuous. In the
Riemannian setting, note that the function fo R, : T, M — R is defined
on a linear space. It follows that the Euclidean results about line search
are applicable, i.e., the above conditions also imply either (@) or (2) when
the gradient of the function satisfies the Riemannian Lipschitz continuous
condition [AMSOR, Definition 7.4.1].

Among several possible Riemannian generalizations of the BFGS update

formula [RWT9,SKHT3,HGATH], we opt here for
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where B, = TS, © Br © ’Tszink, yr = By, ' grad f(zpi1) — TSu,n, grad f(zk),
S = TSaknko‘knkv and B is an arbitrary number satisfying |Br — 1] <
Lg|lagng| and Lg > 0 is a constant. The motivation for introducing py



is to make this update subsume the update in [HGATS], which uses S =
ok |l
1TRa ny kil

It stk > 0, then the symmetric positive definiteness of B, implies the
symmetric positive definiteness of Byy1 [HGATH]. The positive definiteness of
the sequence {By} is important in the sense that it guarantees that the search
direction is a descent direction. However, not all line search conditions imply
y2 s, > 0. In the existing papers [RWT2HGATH|, the Wolfe condition with
information about 7Tg is used to guarantee y,besk > 0. In this paper, instead of
enforcing y,"gsk > 0 by the Wolfe condition, we guarantee symmetric positive
definiteness of Bj1 by resorting to the following cautious update formula

(B;sk)b sk Yo sk’
k> otherwise,

5 Busu(Bise)® | wk¥L e visk
BM:{!% Dl il it s > o(lamad f@l)

where 9 is a monotone increasing function satisfying ¢#(0) = 0 and ¥ strictly
increasing at 0. Formula (H) reduces to the cautious update formula of
[CEOTH] when M is a Euclidean space. Using update (#) does not require
the Wolfe condition, which yields more leeway for choosing a line search

b
Y Sk

condition. When &5 2 9(]| grad f(x)]|), Br+1 can be set to be any given

constant matrix, e.g., id, rather than Bj, . The choice does not affect the
theoretical results given later.

4 Convergence Analysis

Due to length limitations, we only state the convergence results without
proofs. The proofs will be given in a forthcoming paper. Theorems 0 and B2
state the global and local convergence results respectively.

Theorem 1. Let {xx} be a sequence generated by Algorithm 0. Assume that
the level set 2 = {x € M| f(x) < f(zo)} is compact, that there exists Ly > 0
such that || T, grad f(x) — grad f(Rz(m))|| < L1|n|| for all x € U and n such
that Ry(n) € U, and that the function f = f o R is radially L-C* function
JAMS0O8, Definition 7.4.1] for all x € £2. Then liminfy_, « || grad f(zx)| = 0.

Theorem 2. Let {x}} be a sequence generated by Algorithm O that converges
to a nondegenerate minimizer x* of f. Suppose there exists a neighborhood
0 of x* such that

1. the objective function f is twice continuously differentiable in 2 and there
exists positive constants aio and ayy such that for ally € £2, || Hess f(y) —
Ts, Hess f(z*)’7;.—771 | < ayol|n|l, where n = R;}y;

2. the retraction R is twice continuously differentiable in 2 and there is
a constant as such that for all z,y € (2, maxyeo,1) dist(R.(tn), z*) <
ag max(dist(z, z*), dist(y, z*)), where n = R 'y;




3. the isometric vector transport Ts with associated retraction R is_continu-
ous and satisfies To, &z = & for all & € Ty M, ||Ts, — Tr, || < Lln|| and
HTs?l - TRjH < L|n|| for some constant L.

Then there exists an index ko such that ap = 1 satisfies either (I) or (B) for

k > ko. Moreover, if ay = 1 is used for all k > ko, then xp converges to x*
diSt(Ik+1,I*) _ O

superlinearly, i.e., limg_ oo Tot(zr.a)

It is shown in [Huall, Theorem 5.2.4] that ay = 1 eventually satisfies the
two frequently used line search conditions, i.e., the Wolfe condition

hk(ak) < hk(O) + clakh;(O) (5)
hie(aw) = 2l (0) (6)

where 0 < ¢; < 0.5 < ¢ < 1 and the Armijo-Goldstein condition
hk(ak) < hk(O) + Uakh%(O), (7)

where oy, is the largest value in the set {t()[t() € [01t(~1), 0ot~ 1)], (O = 1},
0 <01 <02 <1and0 < o < 0.5. Therefore, if a, = 1 is attempted first
using one of the line search conditions, then the superlinear convergence of
Algorithm M is obtained. At present, no conditions on y; and x2 in () and (2)
that guarantee a similar result are known.

If A'(t) must be evaluated at ¢ # 0 in line search conditions, such as
the Wolfe condition, then the action of vector transport by differentiated
retraction is required only in a particular direction. More specifically, the
term

h/(t) = YR, (tnk) (grad f(Rack (tnK)), 7th,7,,C k)
requires the action of vector transport by differentiated retraction, 7r, £, with
n and £ on a same direction. This is discussed in [HGATSH] and one approach
to resort to as little information on the differentiated retraction as possible is
also proposed. If ' (¢) is not required at ¢ # 0, such as in the Armijo-Goldstein
condition, then the differentiated retraction can be completely avoided since
TRon, Mk = Mk

5 Experiments

In this section, we investigate numerically the impact of choosing the Wolfe
versus the Armijo-Goldstein condition in Step B of on Algorithms 0.

5.1 Problem, Retraction, Vector Transport and Step Size
The joint diagonalization (JD) problem on the Stiefel manifold [TTCATNY] is
used to illustrate the numerical performance:

N

i X) = in — diag(XTC; X)|?,
Xe%%‘&n)f( ) x| ;H iag( )z



where St(p,n) = {X € R"?|XTX = I,}, matrices Ci,...,Cy are given
symmetric matrices, diag(M) denotes the vector formed by the diagonal
entries of matrix M, and || - ||2 denotes the 2-norm.

The Stiefel manifold St(p,n) can be viewed as a submanifold of R™*P.
The chosen Riemannian metric g on St(p,n) is the metric endowed from
its embedding space, i.e., g(nx,éx) = tr(nk&x). With this Riemannian
metric g, the gradient is given in [[CAQY, Section 2.3]. As discussed in
[HAGTH, Section 2.2], a tangent vector nx € Tx M can be represented
by a vector in the embedding space R™*P or a d-dimensional coefficient
vector of a basis of Tx M, where d = np — p(p + 1)/2 is the dimension
of St(p,n). In our experiments, we use a d-dimensional representation of
tangent vectors. By varying the basis and fixing the coefficients, one can
define the vector transport by parallelization [HAGIH, Section 2.3.1 and 5].
The implementation of vector transport is then simply an identity [Hual3,
Section 9.5].

The retraction is chosen to be gf retraction [ANMSUS, (4.7)]

Rx(nx) = af (X +nx), (8)

where qf denotes the Q factor of the QR decomposition with nonnegative
elements on the diagonal of R.

5.2 Tests and Results

The C; matrices are selected as C; = R; + RY, where the elements of
R; € R™"™ are independently drawn from the standard normal distribu-
tion. The initial iterate X, is given by applying Matlab’s function orth to
a matrix whose elements are drawn from the standard normal distribution
using Matlab’s randn. The code can be found in http://www.math.fsu.edu/
~whuang?2/papers/ARBMNOP. htm.

Let RBFGS-W and RBFGS-A denote Algorithm 0 with the Wolfe con-
dition and the Armijo-Goldstein condition respectively. Since the Wolfe con-
dition requires the evaluation of h/(t) at ¢t # 0, we use the locking condition
proposed in [HGATS], which restricts the retraction R and the isometric
vector transport 7g:

lel
[Tl

Let RV1 denote retraction (B) and the vector transport by parallelization,
which does not satisfy the locking condition (8); RV2 denote retraction (8)
and the vector transport using the approach of [HGATS, Section 4.2], which
does satisfy the locking condition (H) but the vector transport is not smooth
and relatively expensive.

The experimental results with various parameters and algorithms are
reported in Table M. Note that there is no result for RBFGS-W with RV1

Tse& = PBTrE, B = 9)


http://www.math.fsu.edu/~whuang2/papers/ARBMNOP.htm
http://www.math.fsu.edu/~whuang2/papers/ARBMNOP.htm
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Table 1. An average of 1000 random runs of RBFGS. n =12, p =8, ¢; =
o = 107%. The subscript —k indicates a scale of 107%. iter, nf, ng, nV and
t denote the number of iterations, number of function evaluations, number
of gradient evaluations, number of vector transport and computational time
(millisecond) respectively.

N Armijo-Goldstien: [01, 02] Wolfe: co
G.2] [3.4] [75.18] [Groaal| = i 15 &
iter 2.392 1.945 1.915 1.915 \ \ \ \
nf | 3.062 2.135 2.062 2.062 \ \ \ \
128 | ng 2.402 1.952 1.925 1.925 \ \ \ \
nV 4.77o 3.892 3.812 3.812 \ \ \ \
RV1 t 3.18_2 2.63_5 2.58_» 2.61_» \ \ \ \
iter | 1.962 1.915 1.915 1.915 \ \ \ \
nf 2.152 2.082 2.082 2.072 \ \ \ \
512 | ng 1.972 1.925 1.925 1.925 \ \ \ \
nV 3.92, 3.825 3.832 3.832 \ \ \ \
t 9.32_5 8.96_> 8.88_» 8.92_» \ \ \ \
iter | 1.462 1.642 1.672 1.472 1.232 1.3295 1.362 1.425
nf 1.702 1.972 2.032 1.682 1.862 1.84> 1.68> 1.655
128 | ng 1.475 1.652 1.682 1.482 1.672 1.622 1.502 1.475
nV 2.932 3.275 3.352 2.945 4.132 4.229 4.202 4.262
RV2 t 2.64_5 2.89_5 2.94_, 2.64_o [2.80_o 2.76_o 2.60_o 2.56_o
iter 1‘492 1.492 1‘532 1‘482 1,312 1‘382 1.402 1.512
nf 1.692 1.692 1.752 1.662 1.97; 1.892 1.712 1.802
512 | ng 1.502 1.502 1.545 1.495 1.762 1.662 1.532 1.562
nV 2.98, 2.99; 3.052 2.962 4.345 4.362 4.315 4.49,
t 7.82_o T.76_o 7.89_» 7.75_2 | 8.92_5 847_5 7.91_5 8.00_2

since the well-definedness of RBFGS-W requires the locking condition. It can
be seen that the performances of the Armijo-Goldstein condition and the
Wolfe condition with the chosen algorithms are similar.

RBFGS with RV1 performs worse than RBFGS with RV2 in the sense of
number of function and gradient evaluations. This implies that the locking
condition, to some extent, reduces the number of function and gradient
evaluations in RBFGS with either the Armijo-Goldstein condition or the
Wolfe condition. Note that even though A'(t) at ¢ # 0 is not used in the
Armijo-Goldstein line search condition, the locking condition can still reduce
the number of function and gradient evaluations. However, due to the low
complexities on vector transport, RBFGS-A with RV1 still have competitive
performance in the sense of computational time.

6 Conclusion

The results demonstrate the global convergence expected in the algorithm.
While the locking condition is no longer required, we see that using it reduces
the number of function and gradient evaluations. For problems such as joint
diagonalization with large enough N so those evaluations are dominated
computationally, a reduction in overall time results.
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