Riemannian Federated Learning via Averaging Gradient Streams with Partial
Participation

Speaker: Wen Huang
Xiamen University

@Shanghai University

Apr. 13 2026

Joint work with Zhenwei Huang, Pratik Jawanpuria, and Bamdev Mishra

Riemannian Federated Learning via Averaging Gradient Streams 1



1. Federated Learning Review

2. Riemannian Federated Averaging Gradient Streams with Partial Participation
3. Convergence Analysis

4. Numerical Experiments

5. Summary

Riemannian Federated Learning via Averaging Gradient Streams 1



1. Federated Learning Review

Riemannian Federated Learning via Averaging Gradient Streams 2



1. Federated Learning Review

General Federated Learning Optimization:
1 N
min F(x) = N;jf/(x), (1.1)

e N is the number of agents;
® f; is the local objective of agent i, and covers

F(x) = Eeop; [fi(X; €)] with D; being a local data distribution
M S fi(xzy)  with Dy = {Z;4,..., 2} being a local dataset;
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1 N
min F(x) = Zf(x), (1.1)

e N is the number of agents;
® f; is the local objective of agent i, and covers

F(x) = ]E§~D [fi(x; )] with D; being a local data distribution
AR SN f(x;zi;)  with D; = {z1,...,2zn} being a local dataset;

Riemannian Federated Learning considers (1.1) with x in a manifold M
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General Federated Learning Optimization:

xeM N

1 N
min F(x) = Zf(x), (1.1)

e N is the number of agents;
® f; is the local objective of agent i, and covers

F(x) = ]E§~D [fi(x: )] with D; being a local data distribution
AR SN f(x;zi;)  with D; = {z1,...,2zn} being a local dataset;

Riemannian Federated Learning considers (1.1) with x in a manifold M

Applications:
® Matrix completion
® Principal component analysis

e Taxonomy embedding A
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1. Federated Learning Review
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1. Federated Learning Review

Euclidean version:

Algorithm: A representative federated averaging algorithm [4]

1.fort=0,1,..., T —1do
2. The server uniformly selects a subset S; of S agents at random;

3. The server upload global parameter x; to all agents in S, i.e., X{o — X;
4. forj € S;inparallel do .
5. Agent j updates a local parameter x{ « by K-step SGD with x; being
initial iterate; F 2
6. Sent x/ , to the server; minxern fi(X)
7. end for .
8. Server aggregates the received local parameters {x{ k Yies; by averaging
1 :
Hr 5 3 A
JESt
9. end for

e Sever: Steps 2, 3, and 8;
® Agents: Steps 5 and 6;

[4] B. McMahan, E. Moore, D. Ramage, B. A. y Arcas. Communication-Efficient Learning of Deep Networks from Decentralized Data. Proceedings of
Machine Learning Research, 54, P.1273-1282, 2017.
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1. Federated Learning Review

Euclidean to Riemannian

Algorithm: A Riemannian federated learning algorithm

1.fort=0,1,..., T —1do
2. The server uniformly selects a subset S; of s agents at random;

3.  The server upload global parameter x; to all agents in Sy, i.e., x{ 0 & Xt
4. forj € S;inparallel do .
5. Agent j updates a local parameter x{ « by K-step Riemannian SGD with x;

being initial iterate; - 7
6. Sent x/ . to the server;
7. end for )
8. Server aggregates the received local parameters {x{ « Yies, by averaging

X1 ave(x{yK ljeS)

9. end for

® Agents: Riemannian SGD [1]
e Sever: Aggregation
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1. Federated Learning Review

Euclidean to Riemannian

Algorithm: A Riemannian federated learning algorithm

1.fort=0,1,..., T —1do
2. The server uniformly selects a subset S; of s agents at random;

3.  The server upload global parameter x; to all agents in Sy, i.e., x{ 0 & Xt
4. forj € S;inparallel do .
5. Agent j updates a local parameter x{ « by K-step Riemannian SGD with x;

being initial iterate; - 7
6. Sent x/ . to the server;
7. end for )
8. Server aggregates the received local parameters {x{ « ties, by averaging

Xti1 ave(x{’K ljeS)

9. end for

® Agents: Riemannian SGD [1]
e Sever: Aggregation

[1]: S. Bonnabel. “Stochastic gradient descent on Riemannian manifolds”, IEEE Transactions on Automatic Control, 58:9, 2217-2229, 2013.
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1. Federated Learning Review

Euclidean to Riemannian

Algorithm: A Riemannian federated learning algorithm

1.fort=0,1,..., T —1do
2. The server uniformly selects a subset S; of s agents at random;

3.  The server upload global parameter x; to all agents in Sy, i.e., x{ 0 & Xt
4. forj € S;inparallel do .
5. Agent j updates a local parameter x{ « by K-step Riemannian SGD with x;

being initial iterate; - 7
6. Sent x/ . to the server;
7. end for )
8. Server aggregates the received local parameters {x{ « ties, by averaging

Xti1 ave(x{’K ljeS)

9. end for

® Agents: Riemannian SGD [1]
e Sever: Aggregation

How to aggregates {x! ,}jcs, on a manifold?

[1]: S. Bonnabel. “Stochastic gradient descent on Riemannian manifolds”, IEEE Transactions on Automatic Control, 58:9, 2217-2229, 2013.
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1. Federated Learning Review

Euclidean to Riemannian (Aggregation):

* Naive generalization:
1 i . . n
Xt+1 4 5 Djes, x{’K #= Riemannian setting
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1. Federated Learning Review

Euclidean to Riemannian (Aggregation):

* Naive generalization:
1 i . . .
Xt+1 4 5 Djes, x{’K #= Riemannian setting
* An alternative approach:

1 : 1 -
X1 4 g E X{ x <= Xi41 = argmin 3 E lIx — xt «llE
jest X jes;

1 . i . . .
<= Xip1 = argmin o > " dist*(x, x/ ) = Riemannian setting;
jes;
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1. Federated Learning Review

Euclidean to Riemannian (Aggregation):

* Naive generalization: _
X1 — & Yies, x{ x 7= Riemannian setting
* An alternative approach:

1 : 1 -
X1 4 g E X{ x <= Xi41 = argmin 3 E lIx — xt «llE
jest X jes;

.1 . i . . .
<= Xip1 = argmin o > " dist*(x, x/ ) = Riemannian setting;
jes;
® Xii1 = argmin, & e, dist®(x, x| ): computationally expensive;
® One step of Riemannian gradient descent (called tangent mean) [3]:

1 _ .
Xey1 < Exp,, (§ > Expy, (x{’K)> ; (TM)

JESt

[3] Jiaxiang Li and Shigian Ma. Federated learning on Riemannian manifolds. Applied Set-Valued Analysis and Optimization, 5(2), 2023.
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1. Federated Learning Review

Existing Riemannian Federated Learning:

Algorithms Manifold Partial Non-I.1.D. Retr VecTran
Participation

RFedSVRG [3] General ' x2 Conditioned *  Exp Parallel
RPriFed [2] General ' x Conditioned ®  Exp Parallel
RFedProj [8] Com. subman. X 4 N/A N/A
RFedSVRG-2BBS [6]  General x2 Conditioned ®  Exp Parallel
RFedSVRG-BB [7] General ' x?2 Conditioned ®  Exp Parallel
RFedAGS (this work) General v v General Bounded

' Although these methods are suitable for general manifolds, due to the usage of exponential mapping and its inverse, they may
not work in some manifolds in where the inverses of exponential mappings have no closed-form expressions, for example,
the Stiefel manifold.

2 These algorithms at each outer iteration compute a full gradient at current global iterate and then it is used by agents to
perform local SVRG step. Hence, these algorithms are not suitable for partial participation.

3 We highlight that these methods overcome the non-1.1.D. data challenge only when K = 1 and S = N, i.e., all agents perform
one-step local update. For K > 1 cases, the I.I1.D. and S = 1 assumptions are indispensable. Hence, these algorithms are
suitable for the non-1.1.D. data setting conditioned on K = 1 and S = N.

[3] J. Liand S. Ma. Federated Learning on Riemannian Manifolds. Applied Set-Valued Analysis and Optimization, 2023.
[2] Z. Huang, W. Huang, P. Jawanpuria, B. Mishra. Federated Learning on Riemannian Manifolds with Differential Privacy. Machine Learning, 2026.
[8] J. Zhang and J. Hu and A. M.-C. So and M. Johansson. Nonconvex Federated Learning on Compact Smooth Submanifolds With Heterogeneous

Data. NeurlPS, 2024.
[6] H. Xiao and T. Yan and K. Wang. Riemannian SVRG Using Barzilai-Borwein Method as Second-Order Approximation for Federated Learning.

Symmetry. 2024
[7] H. Xiao and T. Yan and S. Zhao. Riemannian SVRG with Barzilai-Borwein scheme for federated learning, Journal of Industrial and Management

Optimization, 2025
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1. Federated Learning Review

Limitations
¢ |.I.D. requires full agent participation and one step of local update [3, 2, 6, 7]
® Exponential map, its inverse, and parallel translation [3, 2, 6, 7]
® Compact submanifolds embedded in Euclidean spaces [8]
® Partial partial participation: Server does not know which agents send back a parameter.

[3] J. Liand S. Ma. Federated Learning on Riemannian Manifolds. Applied Set-Valued Analysis and Optimization, 2023.

[2] Z. Huang, W. Huang, P. Jawanpuria, B. Mishra. Federated Learning on Riemannian Manifolds with Differential Privacy. Machine Learning, 2026.

[8] J. Zhang and J. Hu and A. M.-C. So and M. Johansson. Nonconvex Federated Learning on Compact Smooth Submanifolds With Heterogeneous
Data. NeurlPS, 2024.

[6] H. Xiao and T. Yan and K. Wang. Riemannian SVRG Using Barzilai-Borwein Method as Second-Order Approximation for Federated Learning.
Symmetry. 2024

[7] H. Xiao and T. Yan and S. Zhao. Riemannian SVRG with Barzilai-Borwein scheme for federated learning, Journal of Industrial and Management
Optimization, 2025
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Limitations

¢ |.I.D. requires full agent participation and one step of local update [3, 2, 6, 7]

® Exponential map, its inverse, and parallel translation [3, 2, 6, 7]

® Compact submanifolds embedded in Euclidean spaces [8]

® Partial partial participation: Server does not know which agents send back a parameter.
Our goals

® Design a new server aggregation working for generic manifolds

® Use a retraction without its inverse and use vector transport

o Allow partial participation

[3] J. Liand S. Ma. Federated Learning on Riemannian Manifolds. Applied Set-Valued Analysis and Optimization, 2023.
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2. Riemannian Federated Averaging Gradient Streams with Partial Participation
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2.1 A new server aggregation: averaging gradient streams

Euclidean aggregation: x; 1 = 1@ Zjes, x{ K

. . a . .
I tk—1 o el
Xtk = Xt k-1 B 1 Z V(X k—13 €t k—1,)
k= j
beB),

J oy At k—2 i el
Xek—1 = Xt k2 — Bix 2 Z V(X k—27 §t k—2,p)
’ beB’,,kf2

. . a . .
J _ t,k—3 v el
Xt k—2 = Xt k-3~ Bir_s Z V(X k—3i €t.k—3,p)
’ beB’t’kfa
. o o
jo_ o YR
1= X0 Z V(X0 t0,0)
~— t,0 besl
M Bt o
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2.1 A new server aggregation: averaging gradient streams

) . _ 15 —1J
Euclidean aggregation: x;.1 = § > jcs, X « Tangent mean: x.1 = Exp,, <S Yies, Expx, (Xt,K)>
. . a . .
J J tk—1 J el
DA —_— fi(x . .
t,K tk—1 7 g Z Vii( t,quﬁt,Kq,b) X — Fxp _ OtK-1 Z gradfy(x] ¢l )
besl, tK s Brx_1 ‘ Xt k—17 8t k—1,b
j j Qat k—2 i i beB)
j _ k— - o ’
Xek—1 = Xt k2 — Bix 2 Z V(X k—27 §t k—2,p)
T bes ; a j -
k= j _ ) t,K=2 i el
J J Qt k—3 J j XK1= Epr; vy Bik_2 Z grdd&(x'*K_z' E’*K_zvb)
Xt k—2 = Xt k_3 — By rs > V(X k3 Et.k—_3.b) " besl
’ beB’t’kfs
J joo_ 20 el j @t,0 . J o
1= X0 Z Vii(Xt.0€t.0,0) X1 =Exp B Z gradfi(x; o: & 0 p)
~—~ t,0 bij t,0 t,0 besl
Xk 1,0 ~~ €80
Xk
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) . _ 15 —1J
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. . a . .
J J tk—1 J el
DA - fi(x . .
t,K tk—1 7 g Z Vii( t,quﬁt,Kq,b) X — Fxp at K1 Z gradfy(x] ¢l )
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j _ k— - o ’
Xek—1 = Xt k2 — Bix 2 Z V(X k—27 §t k—2,p)
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k= j ) t,K=2 i el
J J Ot k—3 j J Xt’K ! —Epr; K—2 7Bt K—-2 Z grdd&(x'*K_z'EI*K_zvb)
Xt k—2 = Xt k_3 — By rs > V(X k3 Et.k—_3.b) " besl
’ beB’t’kfs
Joo_ 210 gl jo_ &1,0 , J o
1= X0 > Vii(Xt01€1,0,) %a=Epy |5 > gradfi(X; 5 &t )
~—~ t, bij t,0 t,0 besl
Xk 1,0 ~~ Bt o
Xk

Exp and Exp~' are short of linearity!
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2.1 A new server aggregation: averaging gradient streams

Euclidean aggregation: x; 1 = § > s, x{ P
: _ i
Tangent mean: x;, 1 = Exp,, (ls s, Expx, (X{,K))

I Ot k—1 (ol el
Xk = Xt k1~ Brrs Z V(% k1 €t.k—1,6)
’ beB’,k ; KA
t,K— J el
= Exp,; e gradfi(x & )

= K - Brx_1 Z Xt k18t k—1,b
i j bijtK 1
Xe1 = X0 — Z Vf(x,o gtotz) _

gl ’ ber
Xk
il
1_Exp {0 Bto Z gradf;( tOétOb)
j o Xtk beBl
XtK*Xk_Z Z V(% tk €tkb) P 1,0
tk beB’
Euclidean: Riemannian:
K1 ok K—1
o t gl J .
=Xk =2 g 2 Vi) = G = 2 anTy B > enadfi(x] i €y )
k=0 Ptk bes) , k=0 ' tk bes,
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2.1 A new server aggregation: averaging gradient streams

Back to the Euclidean aggregation, note that

K1
j j Qi k
Dy =Xt = Xp i = :

Bir Z V(X ki € kp)-

k=0 " j
beB)
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2.1 A new server aggregation: averaging gradient streams

Back to the Euclidean aggregation, note that

K1
j j Qi k
Dy =Xt = Xp i = :

Bir Z V(X ki € kp)-

k=0 " j
beB)

Then one has 1
X1 = Xt — Ppr, With py = 5 ZAJt,K'

JESH
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2.1 A new server aggregation: averaging gradient streams

Back to the Euclidean aggregation, note that

K1
j j Qi k
Dy =Xt = Xp i = :

Bir Z V(X ki € kp)-
k=0 begl
Then one has 1
Xt+1 = Xt — P, with Pt = § Z Ajt’K.
JESt

In the Euclidean setting:

® agent j sends A’;yk to the server

e the server averages these Ai K

® the server generates a new global parameter
Xt+1
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2.1 A new server aggregation: averaging gradient streams

Back to the Euclidean aggregation, note that
K—1 Qrk
: . ‘
Dy =Xt = Xp i =

k=0 " j
beB)

Then one has 1
Xt+1 = Xt — P, with Pt = § Z Ajt’K.
JESt
In the Euclidean setting:
® agentj sends A’;yk to the server

e the server averages these Ai K
® the server generates a new global parameter
Xt+1
In existing works, sending A’;,K is to use
acceleration technique in the server aggregation.
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2.1 A new server aggregation: averaging gradient streams

Back to the Euclidean aggregation, note that
K—1 Qrk
: . : -
Dy =X — X = Bir Z V(X ki € kp)-
k=0 begl

Then one has 1
Xt+1 = Xt — P, with Pt = § Z Ajt’K.
JESt
In the Riemannian setting, we proposed a
similar aggregation
® agent j sends the “A’AK“ to the server;

In the Euclidean setting:
® agentj sends A’;yk to the server

* the server averages these A}

® the server generates a new global parameter
Xt+1

e the server averages these A’, P

® the server retracts the average into the
manifold;
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2.1 A new server aggregation: average of gradient stream

Construct the “A’, x> Which is dented by C{,K in the Riemannian setting:

® Add these transported together to get to C{’ P
Gk = Yko o, ka <ﬁ Ebesﬁ . gradfi(x ; d,k,b)>;
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Xtt1 = Ry <— E C )
S
JESt

1 : :
ZZ tﬂi, Br Z gradlj-(x{’k;glt’kyb) . (AGS-RS)

jeS; k=0 ) j
/ t beB,
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2.1 A new server aggregation: average of gradient stream

Construct the “Af, x> Which is dented by C{,K in the Riemannian setting:

® Add these transported together to get to C{’ P
Gk = Yko o, ka <ﬁ Ebesﬁ . gradfi(x ; d,k,b)>;

The proposed server aggregation is given by

Xtt1 = Ry <— E C )
S
JESt

1 : :
ZZ kT, i | Br Z gradlj-(x{’k;glt’kyb) . (AGS-RS)

jeS; k=0 ) j
/ t beB,

The proposed aggregation is another generalization of the Euclidean aggregation.
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2.2 Arbitrary partial participation

Motivation
® The number of agents in FL system is large
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Arbitrary partial participation!

Assumption 2.1

Assume that each agent i independently participates in any round of communication with probability
p;i > 0.

Let 4; = {agent i participates in communication at the {-th round}. Then, Assumption 2.1 means
Aj ~ Bernoulli(p;).
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2.2 Arbitrary partial participation

Motivation
® The number of agents in FL system is large = full participation is impossible.
® That agents participates in communication is unknown. =—> Random Sampling is impossible

Arbitrary partial participation!

Assumption 2.1

Assume that each agent i independently participates in any round of communication with probability
p;i > 0.

Let 4; = {agent i participates in communication at the {-th round}. Then, Assumption 2.1 means
Aj ~ Bernoulli(p;).

Assumption 2.1 covers multiple cases:
e Case 1: Full participation with p; = 1;
e Case 2: Uniform Sampling with p; = .
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!

Under Assumption 2.1, let S; denotes the set of agents who respond to the server at the t-th round
of communication. Then, E [I 1 Y es: grad)j-(x)} = SN Bigradfi(x), with

=Ppi fo j#l _p/+pjt)dt-
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!

Under Assumption 2.1, let S; denotes the set of agents who respond to the server at the t-th round
of communication. Then, E [I 57 2jes: grad)j»(x)] = SN Bigradfi(x), with

= Pi fO ]75[ p/ + p]t)

p,-;épjforsomeigéj‘:>‘;5,-7ébj‘:>‘ Ax>0s.t. Z,{Lf)/gradf’:)ggradF
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!

Under Assumption 2.1, let S; denotes the set of agents who respond to the server at the t-th round
of communication. Then, E [I 57 2jes: gradﬂ(x)] = SN Bigradfi(x), with

= Pi fo 17!: — pj + pit)dt

p,-;épjforsomeigéj‘:>‘ﬁ,-7ébj‘:>‘ Ax>0s.t. Z,{Lf)/gradf’:)ggradF

Using the aggregation via random sampling Xx;+1 = RX[(—‘;T Yies, g{,K) may lead to the algorithm
solving another problem minyer F(X) := Zf; pifi(x) different from the original problem.
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!

Under Assumption 2.1, let S; denotes the set of agents who respond to the server at the t-th round
of communication. Then, E [I 57 2jes: gradﬂ(x)] = SN Bigradfi(x), with

= Pi fo 17!: — pj + pit)dt

p,-;épjforsomeigéj‘:>‘ﬁ,-7ébj‘:>‘ Ax>0s.t. Z,{Lf)/gradf’:)ggradF

Using the aggregation via random sampling Xx;+1 = RX[(—‘;T Yies, g{,K) may lead to the algorithm
solving another problem minyer F(X) := Zf; pifi(x) different from the original problem.

Some adaptations!
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!

Under Assumption 2.1, let S; denotes the set of agents who respond to the server at the t-th round
of communication. Then, E [I 1 Y es: grad)j-(x)} = SN Bigradfi(x), with

=Ppi fo j#l _p/+pjt)dt-

Back again to Assumption 2.1, at the f-th round of communication, note that

1 N4 ) Ny '
E [gx piNgradf/(X):| =E {; pil\lllst(l)gradﬂ(X)} = ; pi—NE [Ls, (/)gradfi(x)]
N
= Z 1 (p,gradf,(x)) = gradF(X), (21)
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2.2 Arbitrary partial participation

Participation errors are introduced by Assumption 2.1!

Under Assumption 2.1, let S; denotes the set of agents who respond to the server at the t-th round
of communication. Then, E [I 1 ies, grad)j-(x)} = SN, Bigradfi(x), with

= pi fo /#I _p/+pjt)dt-

Back again to Assumption 2.1, at the f-th round of communication, note that

1 N , N ,
E |:I§S:I piNgradf,'(X):| =E |:IZ1: W\Iﬂst(l)gradl‘;(x):| = ; pl—NE []Ist(l)gradf,-(x)]
N
,21: 5 N (pigradfi(x)) = gradF(x), (2.1)

where Is,(i) = 1 if i € S; otherwise Is,(i) = 0.
A feasible aggregation can be chosen as

Xt41 = Ry ( w Z g, K) with @ > 0 the global step size (AGS-AP)
IGSr
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2.3 Riemannian Federated Learning via Averaging Gradient Streams with Partial

Participation

Algorithm: Riemannian Federated Averaging Gradient Stream
O1.fort=1,2,...,Tdo

02. The server broadcasts x; to all agents, i.e., x{ o < Xt forallj € [N];
03. foragentj € [N]in parallel do
04. Set ¢l 5+ Oxs
05. fork=0,1,...,K—1do ‘
06. Agent j randomly samples an i.i.d. mini-batch B/[ « Of size By;
j 1 J el .
07. Set 77/”( <5 EbeB'; ; gradf,-(Xt,k, Et,k,b)’
08. Setx{J+1 — RX{k(fozmﬁ();
09. Set Cjt,k+1 — Cﬁ,k + Tﬁjrv k(amjt)k) with ﬁjr,k satisfying RX{ k(ﬁ/“() = xp;
10. end for ' '
1. Upload ¢} , to the server;
12.  end for

13.  The server computes the approximate probability q{, vj € St
14.  The server updates the new global model x;, 1 by (AGS-AP) with q{ replacing Pj;
15. end for
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2.3 Riemannian Federated Learning via Averaging Gradient Streams with Partial

Participation

Algorithm: Riemannian Federated Averaging Gradient Stream
O1.fort=1,2,...,Tdo

02. The server broadcasts x; to all agents, i.e., X{,o «— xtforallj € [N];
03. foragentj € [N]in parallel do

04.  Set 4{,0 O

05. fork =0,1,...,K —1do

06. Agent j randomly samples an i.i.d. mini-batch B][‘,k of size Bt;
07. Setn} , + 537 Ebes{ . gradfi(x] i €} p);

08. Setx{.kﬂ <R (—am));
: t.k

j j’ , | Vwith 7 satisving R« (7 ) = xo-
09. Set Ct,k+1 — Ct,k + Tﬁjr k(amjt)k) with 7k satisfying in k("t,k) = Xt l Competent for unknown Di ‘
10. end for
1. Upload (“K to the server;
12.  end for

13.  The server computes the approximate probability q{, vj € S
14.  The server updates the new global model x;, 1 by (AGS-AP) with q{ replacing Pj;
15. end for
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2.3 Riemannian Federated Learning via Averaging Gradient Streams with Partial

Participation

Algorithm: Riemannian Federated Averaging Gradient Stream
O1.fort=1,2,...,Tdo

02. The server broadcasts x; to all agents, i.e., X{,o «— xtforallj € [N];
03. foragentj € [N]in parallel do

04.  Set 4{,0 O

05. fork =0,1,...,K —1do

06. Agent j randomly samples an i.i.d. mini-batch B][‘,k of size Bt;
07. Setn} , + 537 Ebes{ . gradfi(x] i €} p);

08. Setx{.kﬂ <R (—am));
: t.k

j YRR | Vwith 7 satisving R« (7 ) = xo-
09. Set Gkt < Stn T Tﬁjr k(am’,)k) with 7k satisfying in k(m’k) = Xt l competent for unknown Di ‘
10. end for
1. Upload (“K to the server;
12.  end for

13.  The server computes the approximate probability q{, vj € St
14.  The server updates the new global model x;, 1 by (AGS-AP) with q{ replacing Pj;

15. end for
® The communication cost remains unchanged. ® K — 1 times more transport calculations on the agent.
® The computational cost of the server remains unchanged. ® The algorithm works for general manifolds.
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3. Convergence Analysis
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3.1 Assumptions

Assumption 3.1

The retraction R is such that its restriction to TxM for all x € M, Ry, is of class C?, and the
associated vector transport T is continuous and bounded in the sense that there exists a constant
T > 0 such that for any x € M, (x,nx € TxM, it holds that || T, (¢x)|| < T|¢x])-

Assumption 3.2

For a sequence of the outer iterates {x:}+>1 and a sequence of the inner iterates {{{x{7 k}j’L }f;& }e>1
generated by Algorithm 1, there exists a W-totally retractive set W C M such that {x:}+>1 C W and
{{{x, k},"L o }e=1 C W. The minimizers of Problem (1.1) are inside W. Additionally, there exists a
compact and connected set X C M such thatW C X.
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3.1 Assumptions

Assumption 3.3

The cost function F is continuously differentiable in W, the local cost functions fi, ..., fy are
continuously differentiable in VW, and their components f(-, ) for ¢ ~ D; with j € [N] are
continuously differentiable in V.

| A\

Assumption 3.4

The local objective functions f;, j € [N], are L¢-Lipschitz continuously differentiable in VW with the
retraction R and the vector transport T, implying that F is also L¢-Lipschitz continuously
differentiable:

7 (gradfi(x)) — gradfi(y)|| < Lyl[n]| with y = Rx(n)

| A\

Assumption 3.5

F is Lq-retraction smooth over W with respect to R:

F(y) < F(x) + (eradF(x),n) + 2l with y = Ru(n)
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3.1 Assumptions

Assumption 3.6

For any parameter x € M, the Riemannian stochastic gradient gradf;(x; ¢) is an unbiased estimator
of the gradient gradfi(x), i.e., E[gradfi(x; )] = gradfi(x), Vj € [N].

Assumption 3.7

For any fixed parameter x € M, there exists a positive constant o, such that for all j € [N], it holds
7 2
that B[ § 3, aradfi(x; £)) — gradfi(x)[F] < %.

Reasonability: all Assumptions 3.1-3.7 have been used in existing Riemannian optimization or
federated learning algorithms.
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3.1 Assumptions

Assumption 3.8

There exist constants Gmin, Gmax € (0,1] @and G > 0 independent of t > 1 and i € [N], such that the

approximate probabilities q.’s satisfy % = pl’ < VGay, and Gmin < G} < Qmax, ¥Vt > 1,i € [N], where
t 1

at IS the local step size in the t-th round of communication.

The constant G controls the accuracy of the approximate probabilities.
If the true probabilities are available to the server, G can take zero.

In [5], the authors imposed the following bound on the approximate probabilities:

2

SN p? (i = pl) < X. This bound essentially requires that |$ — o| is less than some constant,
t 4 i i

which is consistent with Assumption 3.8 in fixed step size cases. Note that this assumption is

considered in [5] only for fixed step size cases, but Assumption 3.8 considers another situation

where the bound varies over time t when decaying step sizes are used.
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3.2 Convergence Analysis

By the L-retraction smoothness of F, we have

F(Xe1) — F(xt) < <gradF(x,) R, (x,+1)> \|R;1(xt+1)||2.

Recalling (TM) and (AGS-RS), we have:

Expxt (Xt41) = ZEprr (XtK)
JESt

Ry (X11) = —5 Z Zatk " Btk > eradfi(x i & p)

fesf k=0 beB’tv P
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3.2 Convergence Analysis

By the L-retraction smoothness of F, we have

Fxsn) — Fx) < (emdF(x) Ry (0 ) + 2 IRz Ox)

Recalling (TM) and (AGS-RS), we have:

Expxt (Xt41) = ZEprr (XtK)
JESt

Ry (X11) = —5 Z Z aikT, 'y Z gradfi(X} 1 & k)

€St k=0 J
/ t beBM

More suitable for analysis
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3.2 Convergence Analysis: decaying step size

Let Assumptions 3.1-3.8 hold. Suppose Algorithm 1 is run with a fixed global step size w > 0 and a
decaying local step size sequence {«;} satisfying Conditions 3";°, c = 00, > 75, af < oc.Then,

Iitm inf E[||grad F(x;)||?] = 0.
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3.2 Convergence Analysis: decaying step size

Theorem 3

Under the same conditions as Theorem 2 except that the local step size sequence {a:} is
determined by a: = (7355 with constants ao, 3 > 0 and p € (1/2,1] satisfying wo1 KLy < 1, the

weighted average norm of the squared gradients satisfy, with At = ZH o,

O(| ! ) p=1,
E[||grad F (x; < n(6+T)
A ;at [Hg ( 1)” ] {O((ﬁ+71')1—p) pe (1/271).

Remark 3.2

In particular, if the full agent participate in any round of communication and agents use the full local
gradient in local update, i.e., G = 0 and o, = 0, one can relax the step sizes to a; = Brip H)p where
p=1/3+ awitha e (0,2/3). In this case, for large T, the upper bound can be improved to

A= L Bl gradF(x)[12] < O(rre=s):
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3.2 Convergence Analysis: decaying step size

Theorem 4

Under Assumptions 3.1-3.8, suppose that F satisfies RPL condition i.e., there exists a constant
>0, such that for all x € W, it holds that F(x) — F(x") < 5, ngadF(x)||2 If we run Algorithm 1
with the batch size B; € [Biow, up] and the step sizes satisfying

o = +r for some v > 0 and B > . such that cxwKLg < 1, then the iterates {x:}>1 satisfy
E[F(x)] — F(x*) < —2—, and E[|jgradF(x)|] < 222
‘ EERA £ o=

where v = max { =<0 Baver=) (1 1)0(x1) }, (1) = F(x1) — F(x°).

(3.1)
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3.2 Convergence Analysis: decaying step size

Theorem 4

Under Assumptions 3.1-3.8, suppose that F satisfies RPL condition i.e., there exists a constant
>0, such that for all x € W, it holds that F(x) — F(x") < 5, ngadF(x)||2 If we run Algorithm 1
with the batch size B; € [Biow, up] and the step sizes satisfying

o = +r for some v > 0 and B > . such that cxwKLg < 1, then the iterates {x:}>1 satisfy
E[F(x)] - F(x*) < —2—, and E[l|gradF(x)|¥] < 22" (3.1)
‘ Syt £ =S '

where v = max { =<0 Baver=) (1 1)0(x1) }, (1) = F(x1) — F(x°).

That is, Algorithm 1 converges sublinearly to the minimizer in expectation.
Convergence rate is improved from O ( ) to O (3).
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3.2 Convergence Analysis: fixed step size

Suppose that Assumptions 3.1-3.8 hold. We run Algorithm 1 with a fixed global step size w, a fixed
batch size B, and a fixed number of local updates K.

1. If the fixed step sizes oo and w satisfy awKLg < 1, then

u 20(x1)
Z [llgradF (x;)||? 1< +20Q(K, B,y ). (3.2)

Sublinearly converge to a neighborhood of a stationary point.
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3.2 Convergence Analysis: fixed step size

Suppose that Assumptions 3.1-3.8 hold. We run Algorithm 1 with a fixed global step size w, a fixed
batch size B, and a fixed number of local updates K.
2. If local full gradient descent step is performed in local updates, i.e., o, = 0, and one takes a

()
2w P2(G82+T262KLgw)KT

local fixed step size o > 0 such that o = with T satisfying

T> max{ wK120(x;) e(x1)(2K—1)2(K—1)ZL‘,‘aq‘(szgJZKerPZHZ)Z} e

2P2(Go5+KLgw2632)° 72P2LE K45 (Go3+KLgw1262)3

T 2 252
1 G&2  LgT2s
— S EllleradF(x)|%] < 4P, | 20 R A
T2 [llgradF (xp)[|¥] < \J (x1) <wKT + =

Sublinearly converge to a neighborhood of a stationary point.
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3.2 Convergence Analysis: fixed step size

Suppose that Assumptions 3.1-3.8 hold. We run Algorithm 1 with a fixed global step size w, a fixed
batch size B, and a fixed number of local updates K.

3. If the true probabilities are known, meaning G = 0, and one takes local and global step sizes
and @ such that o = \/ O0y)B with T satisfying

(6202+2P252KB)T2LgKT

7> max KLyO(x1)B O(x)(@K—1)2(K—1)2L} 51 P4 (L2 P SPK2+ PP HP )2 B° then
= (6302+2P252KB)T2” 9(6202+2P253KB)3 6 L] O K5 ’

T 2 2 2
1 o050 2P2§
= E E dF 21 <47, | Ly® L 4.
T = [llgradF (x:)||] < \j gO(x1) <KTB T

Sublinearly converge to a neighborhood of a stationary point.

Riemannian Federated Learning via Averaging Gradient Streams 27



3.2 Convergence Analysis: fixed step size

Remark 3.3

If the probabilities p; are known, i.e., g} = p;, and Pmin = min;{p;} is not too small and not fairly far
away from pmax = max;{p;} then, ltem 2 and Item 3 give the upper bounds as

o(L)m v Vado——1 )01
wKT /Pin NT \/PminNKTB /PminNT |

In particular, if the probabilities are the same across agents, e.g., pi = % with S < N, then Item 2
and Item 3 give the upper bounds as

o) 2 () 0 c5tm) 2 st
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3.2 Convergence Analysis: fixed step size

Remark 3.3

If the probabilities p; are known, i.e., g} = pj;, and Pmin = min;{p;} is not too small and not fairly far
away from pmax = max;{p;} then, ltem 2 and Item 3 give the upper bounds as

o(L)m ' Vado——1 )0 1
wKT /Prmin NT \/PminNKTB /PminNT |

In particular, if the probabilities are the same across agents, e.g., pi = % with S < N, then Item 2
and Item 3 give the upper bounds as

o) () =40 ) < k)

1 1
N AN ARG speed up.
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3.2 Convergence Analysis: fixed step size

Theorem 6

Under Assumptions 3.1-3.8, suppose that F satisfies RPL condition with a constant 1« > 0. If we run
Algorithm 1 with batch size B; € [Biow, By and step sizes a; = o and w satisfying

awK < min{1/Lg,1/u}, then the resulting iterates {x:}[_, satisfy

E[F(x7)] — F(x*) < (1 — pwKa) " 10(x;) + %Q(K, Biow, &, @)

T=20, YK, Biow, @, ).
o

Linearly converge to a neighborhood of the solution.
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3.3 Approximating the true probabilities

Approximating true probabilities
® A; ~ Bernoulli(p;)

1

e q;=>"_,Is, (i) and limi—oo P{|q}/t — pi| < €} = 1 for any small € > 0
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3.3 Approximating the true probabilities

Approximating true probabilities
® A; ~ Bernoulli(p;)

1

e q;=>"_,Is, (i) and limi—oo P{|q}/t — pi| < €} = 1 for any small € > 0

. 1
Use frequencies, i.e., g; = ¥
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3.3 Approximating the true probabilities

Approximating true probabilities
® A; ~ Bernoulli(p;)

1

e q;=>"_,Is, (i) and limi—oo P{|q}/t — pi| < €} = 1 for any small € > 0

: i
Use frequencies, i.e., q; = ‘Ltr

Under Assumption 2.1, for each agent i, we have

B 401 —p %0 1_a a1 — p;
Sgt_%}217min{2e_717w}7min{26_ E . Ut ) O

to; ’ gzp\;_iﬂ —a

t
=1

where g} = 3! 1s_(i)/t, and G > 0 and a > 0 are constants.
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3.3 Approximating the true probabilities

Approximating true probabilities
® A; ~ Bernoulli(p;)

1

e q;=>"_,Is, (i) and limi—oo P{|q}/t — pi| < €} = 1 for any small € > 0

: i
Use frequencies, i.e., q; = ‘Ltr

Under Assumption 2.1, for each agent i, we have

B 41— p; 9Pl a4t —p;
B T B U G P e Ukl I O
' tn; G2pti—a

t
=1

where g} = 3! 1s_(i)/t, and G > 0 and a > 0 are constants.

e step size takes the form of oy = O(t%) with a € (1/2,1] U {0};

* a = 0 fixed step size, a € (1/2, 1] decaying step size;

® Assumption 3.8 holds with probability not less than

o2pf f—-a 401 —p)

——— 5 —min{ 2e 2 s
tp; g2p3ti-a
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4. Numerical Experiments
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4. Numerical Experiments

® The experiments conducted on the empirical risk minimization

where N is the number of agents, D; = {z; 1, ...,z s} is the local dataset with size of S held by
agent i.

For decaying step sizes cases, the step sizes are computed by the following formulation:

_ o = . .
&t = ) with ¢t = < ¢—1 +1  if mod(t,dec) =0,
c) ift>0
ao/(8 + &) > % Cr_1 otherwise,

where qy is the initial step size, g is the decaying parameter, and dec is the decaying gap.
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Principal eigenvector

Computing principal eigenvector over sphere manifolds (CPESph)

® minyeso F(X) = —5 DI 5 §0 X T(zi,2];)x with 8¢ = {x € R [|x||] = 1}
® The objective locally satisfies RPL condition
® Synthetize the samples D; = {z1,...,zn} foralli=1,... N:
* Diagonal matrix ¥; = diag{1,1 — 1.1v,...,1 — 1.4, (H) <¢|1+1 .} of size (d + 1) x (d + 1) with v
being the eigengap and y; € R being sampled from the standard Gau53|an distribution

® SetZ = Ux,V, W|th U; € RSX(@+1) and V e R(4+1)x(d+1) being two orthonormal matrices
® Setz;=Z(j,:)"
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4.1 Three simulation experiments: full participation

Computing Fréchet mean over SPD manifolds (CFMSPD)

* minyega F(X) =g S L7 [logm(X~/2Z X 712) |2 with ST, = {X € R : X - 0}
® The objective locally satisfies the RPL condition

e Synthetize the samples D; = {Z1,...,Z s} C S9,:
® Each data point is sampled from the Wishart distribution W(ly/d, d) with a diameter Dy,
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4.1 Three simulation experiments: full participation

Minimization of the Brockett cost function over Stiefel manifolds (MBCFSti)

* minxesip.a) F(X) = § X0 21, trace(XT Ai XH) with St(p, d) = {X € R"P: X" X = I}
H = diag{p,p—1,...,1}
The objective locally satisfies the RPL condition
e Synthetize the samples D; = {A;1,...,Ain} C S$9,:
® Set A;; = B+ BT with B being drawn from the standard Gaussian distribution
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4.1 Three simulation experiments: full participation

Table 1: The parameters of the three problems and RFedAGS. Notation a.b, denotes a number a.b x 10% and
the dash “—” means that the parameter does not exist in the problem.

Parameters Problem-related Algorithm-related

Problems d p v Dy S N a o B8 dec B
CPESph 25 - 1.3 - 1.0, 8.0; 1 1 1.0_1 5.0 6.4
CFMSPD 2 - - 1 1.0, 6.0 3.0.3 80-3 1.0_y 20; 3.0
MBCFSti 25, 2 - - 20y 5.0y 30-3 20, 1.0-; 50; 254
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4.1 Three simulation experiments: full participat

10°
E Z 2
102
>R
10° 10° — -
50 100 150 200 o 50 100 150 200 0 100 200 300 400
Iterations Iterations Iterations
(a) CPESPh, fixed (b) CFMSPD, fixed (c) MBCSt, fixed
10
s =1 &8
&4 & H 102
1% 200 400 600 800 10% 100 200 800 400 10% 200 400 600 800
Iterations Iterations Iterations
(d) CPESph, decaying

(e) CFMSPD, decaying (f) MBCSti, decaying
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4.1 Three simulation experiments: full participation

50 100 150 200 10 EO 50 100 " 50 200 300 400
Iterations Iterations Iterations
(g) CPESph, fixed (h) CFMSPD, fixed

(i) MBCSt, fixed

Excess Risk

0 200 400 600
Tterations

8
800 1%

3
100 200 300 400 1% 200 400 600 800
Tterations

Tterations
(j) CPESPph, decaying (k) CFMSPD, decaying () MBCSti, decaying

¢ Linear convergence if fixed step sizes

® The larger K is, the faster the algorithms converges
® More accurate if decaying step size

® Too large K may diminish the accuracy for large T
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4.2 CPESph: arbitrary participation

Computing principal eigenvector over sphere manifolds (CPESph)

min F(x Z fi(x), with fi(x) = —= Zx (zij2])x

xesd

MNIST dataset: (N, S) = (60, 1000), d =783, 0=8x10"%, (ao,,@,d) = (3.5 x 107%,0.1, 20),
B=05S, K =5,p ~U(0,1)

Display Label Distribution (Non-I.1.D., slight)

N IIIII‘ It II‘I

800 4 ||
A

600 ||

400 4

2001

0
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4.2 CPESph: arbitrary participation

Optimality gap

10 10 s Rep
0 100 200 300 400 500 0 200 400 600 800 1000
Iterations Iterations
(a) Fixed step size (b) Decaying step size

Figure 3: RFedAGS with the two aggregations that solve the original problem arg min, ,, F(x).

105 =
-a-True
proxi

Biased

10°® 10°
0 100 200 300 400 500 0 200 400 600 800 1000
Iterations Iterations
(a) Fixed step size (b) Decaying step size

Figure 4: RFedAGS with the two aggregations that solve the re-weighted problem arg min, < 4 F(x).
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4.3 Principal component analysis: full participation

Principal component analysis (PCA) over the Stiefel manifold

S
min  F(X) NZf(X) with £,(X) = Zr(X (ZiZ))X)

xest(r,d)

® The samples generated identically to those in CPESph
e Compared to RFedAvg [3], RFedSVRG [3], RFedProj [8]
® (N,S)=(40,80),« = 0.8, B=40, K =10, and (d, p) = (30, 5), (30, 10).

[2] J. Li and S. Ma. Federated Learning on Riemannian Manifolds. Applied Set-Valued Analysis and Optimization, 2023.
[6] J. Zhang and J. Hu and A. M.-C. So and M. Johansson. Nonconvex Federated Learning on Compact Smooth Submanifolds With Heterogeneous
Data. arxiv:2406.08465, 2024.
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4.3 Principal component analysis: full participation
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Figure 5: First twos columns: Cayley transform. Third column: QR and by projection.
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4.4 Principal component analysis: arbitrary participation

Principal component analysis (PCA) over the Stiefel manifold

xeSt(r,d)

N S
min FOX) = 0 D200, with £(X) = —5 >~ u(X(Z:Z])X)

J=1

The samples generated identically to those in CPESph
® Compared to RFedAvg [3], RFedSVRG [3], RFedProj [8]

Synthetic data: Z;; ~ N(0, «), (r,d) = (5,100), (N, S) = (40,100), « =6 x 102, B = 50,
K =5, pi ~ U(0,1)

CIFAR10 dataset: (r,d) = (4,3072), (N, S) = (50,1000), o = 3 x 1075, B=500, K = 5,
pi ~ U(O, 1)

[3] J. Li and S. Ma. Federated Learning on Riemannian Manifolds. Applied Set-Valued Analysis and Optimization, 2023.
[6] J. Zhang and J. Hu and A. M.-C. So and M. Johansson. Nonconvex Federated Learning on Compact Smooth Submanifolds With Heterogeneous
Data. NeurlPS, 2024.
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4.4 Principal component analysis: arbitrary participation
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® RFedAGS uniformly outperforms the other algorithms.
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For more details, please see
Zhenwei Huang, Wen Huang, Pratik Jawanpuria, and Bamdev Mishra.
Riemannian federated learning via averaging gradient streams.
accepted in ICLR, 2026.
® Introduced the federated learning
® Propose a new server aggregation
* Extend the new aggregation to arbitrary participation

e Convergence analysis

® Numerical experiments
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Thank you

Thank you for your attention!
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