Geometric mean of symmetric positive definite
matrices

Wen Huang

Xiamen University

Tianyuan Mathematical Center in Southwest China, Sichuan University, Chengdu

November 20, 2020

This is joint work with Xinru Yuan, Kyle A. Gallivan and Pierre-Antoine Absil.

Wen Huang Matrices Geometric Mean



Computing a geometric mean of SPD matrices: Riemannian methods;
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Computing a geometric mean of SPD matrices: Riemannian methods;

A difference between Riemannian optimization and Euclidean
constrained optimization: choice of metric;
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Introduction q o P
Riemannian Optimization

An Instruc ation with Non-Euclidean Metric

Riemannian Optimization

Problem: Given f(x) : M — R, N
solve T T -

in f
R

D

where M is a Riemannian manifold.

Riemannian manifold = manifold + Riemannian metric
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Introduction

Riemannian Manifold

Riemannian Optimization
An Instructi plication with Non-Euclidean Metric

Manifolds:

N’

Sphere.

o Stiefel manifold: St(p, n) =
{X e R™PIXTX = I,};

@ Grassmann manifold Gr(p, n):
all p-dimensional subspaces of
R",

@ And many more.

Wen Huang

Riemannian metric:

A Riemannian metric, denoted by g,
is a smoothly-varying inner product
on the tangent spaces;
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Riemanni

An Instructi iith Non-Euclidean Metric

Riemannian Metric

Euclidean metric:

g(U, V) = trace(U V).

e Oblique manifold: Ob(p, n) = {X € R™P | diag(X T X) = 1,};
ICA [SAGQ12], Sparse PCA [GHT15];

o Stiefel manifold: St(p,n) = {X e R™P | XX = I,};
SVD [SI13], Electron structure calculation [HJL™ 19];

o Fixed-rank manifold: RI*P = {X € R"*P | rank(X) = r};

Matrix completion [Van13], Weighted low-rank approximation [ZHG" 15]
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Introduction q o
Riemanni

An Instructi iith Non-Euclidean Metric

Riemannian Metric

Euclidean metric:

g(U, V) = trace(U V).

e Oblique manifold: Ob(p, n) = {X € R™P | diag(X T X) = 1,};
ICA [SAGQ12], Sparse PCA [GHT15];

o Stiefel manifold: St(p,n) = {X e R™P | XX = I,};
SVD [SI13], Electron structure calculation [HJL™ 19];

o Fixed-rank manifold: RI*P = {X € R"*P | rank(X) = r};

Matrix completion [Van13], Weighted low-rank approximation [ZHG" 15]

Euclidean metric or other Riemannian metric?
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Riemannian Optimization

An Instructive Application with Non-Euclidean Metric

Application: Electroencephalography (EEG) Classification

13 Hz 17 Hz 21 Hz No led

LI | B

@ The subject is either asked to focus on one specific blinking LED or
a location without LED

o EEG system is used to record brain signals

@ Covariance matrices of size 24 x 24 are used to represent EEG
recordings [KCB*15, MC17]

o Covariance matrices in ST, = {A€R™": A= AT A 0}
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Riemannian Optimization

An Instructive Application with Non-Euclidean Metric

EEG Classification: Examples of Covariance Matrices
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Riemannian Optimization

An Instructive Application with Non-Euclidean Metric

EEG Classification: Minimum Distance to Mean classier

Goal: classify new covariance matrix using Minimum Distance to Mean
Classifier

@ For each class k =1,..., K, compute the center py of the
covariance matrices in the training set that belong to class k

o Classify a new covariance matrix X according to

k = argmin (X, 1)
1<k<K
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An Instructive Application with Non-Euclidean Metric

EEG Classfification: Accuracy

@ Accuracy comparison
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Introduction
F annian Optimi:

An Instructive Application with Non-Euclidean Metric

EEG Classfification: Accuracy

@ Accuracy comparison

100
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Euclidean metric is not appropriate to define the problem!
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Riemannian O

An Instructive Appli n with Non-Euclidean Metric

EEG Classfification: Accuracy

@ Accuracy comparison

100
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52.83%

Euc. Log-Euc. Ind. J-Div. Rie, a-Div.  S-a-Div. Rie.-Med. a-Med. S-a-Med.
Means

Euclidean metric is not appropriate to define the problem!

Is Euclidean metric appropriate for optimization? Averaging SPD matrices.
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Averaging Matrices

Averaging Schemes: from Scalars to Matrices

Let Ay,...,Ax be SPD matrices.

K
o Generalized arithmetic mean: £ 3 A;
i=1
— Not appropriate in many practical applications
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Averaging Matrices

Averaging Schemes: from Scalars to Matrices

Let Ay,...,Ax be SPD matrices.

K
o Generalized arithmetic mean: £ 3 A;
i=1
— Not appropriate in many practical applications

A+B
A 448 B
det A =50 det(458) = 267.56 det B = 50
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Averaging Matrices

Averaging Schemes: from Scalars to Matrices

Let Ay,...,Ax be SPD matrices.

K
o Generalized arithmetic mean: £ 3 A;
i=1
— Not appropriate in many practical applications

A+B
A 448 B
det A =50 det(458) = 267.56 det B = 50

o Generalized geometric mean: (A; --- Ak)Y/K
— Not appropriate due to non-commutativity

— How to define a matrix geometric mean?
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Averaging Matrices

Desired Properties of a Matrix Geometric Mean

The desired properties are given in the ALM list!, some of which are:
° G(Ara),---»Ax(k)) = G(A1, ..., Ak) with T a permutation of (1,...,K)
@ if Ai,..., Ax commute, then G(Ai,...,Ak) = (A1, ..., Ax)/¥
@ G(Ai,...,Ak) P =G(A[Y, ... A

o det(G(Au, ..., Ax)) = (det(A1) - - - det(Ax))"/ ¥

1T, Ando, C.-K. Li, and R. Mathias, Geometric means, Linear Algebra and Its
Applications, 385:305-334, 2004
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Averaging Matrices

Geometric Mean of SPD Matrices

@ A well-known mean on the manifold of SPD matrices is the Karcher
mean [Kar77]:

G(Al,...,AK)—arg m|n —262 (X, A) (1)

where §(X, Y) = || log(X~1/2YX~1/2)||r is the geodesic distance
under the affine-invariant metric

g(nx,&x) = trace(nx X 1éxX 1)

@ The Karcher mean defined in (1) satisfies all the geometric
properties in the ALM list [LL11]

Wen Huang Matrices Geometric Mean



Averaging Matrices

Algorithms

G(Ay,...,A _armm— 52X, A),
(A, A = argumin 5 Z

@ Riemannian steepest descent [RA11, Ren13]
@ Riemannian Barzilai-Borwein method [IP15]
@ Riemannian Newton method [RA11]

@ Richardson-like iteration [BI13]

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12]

o Limited-memory Riemannian BFGS method [YHAG19]
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Averaging Matrices

Algorithms

G(Ay,...,A _armm— 52X, A),
(A, A = argumin 5 Z

@ Riemannian steepest descent [RA11, Ren13]
@ Riemannian Barzilai-Borwein method [IP15]
@ Riemannian Newton method [RA11]

@ Richardson-like iteration [BI13]

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12]

o Limited-memory Riemannian BFGS method [YHAG19]

Riemannian gradient is used in all the above methods!
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Averaging Matrices

Algorithms

G(Ay,...,A _armm— 52X, A),
(A, A = argumin 5 Z

@ Riemannian steepest descent [RA11, Ren13]
@ Riemannian Barzilai-Borwein method [IP15]
@ Riemannian Newton method [RA11]

@ Richardson-like iteration [BI13]

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12]

o Limited-memory Riemannian BFGS method [YHAG19]

Riemannian gradient is used in all the above methods!
The LRBFGS in [YHAG19] is preferred.
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Conditioning of the Objective Function
Limited-memory Riemannian BFGS

Conditioning and LRBFGS

Conditioning of the Objective Function

Hemstitching phenomenon
for steepest descent

well-conditioned Hessian ill-conditioned Hessian

@ Small condition number = fast convergence

@ Large condition number = slow convergence
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Conditioning of the Objective Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

Conditioning of the Karcher Mean Objective Function

@ Riemannian metric: @ Euclidean metric:

gx(&,m) = trace(EX'nX1) gx(&,m) = trace(&n)

Condition number x of Hessian at the minimizer y:

@ Hessian of Riemannian metric:

In(max k)
2
- k(HR) < 20 if max(x;) = 10"

- m(HY <1+ , where k; = k(= Y?Ain"Y?)

@ Hessian of Euclidean metric:

- B <) < )

- K(H®) 2 K*(n)/20

~—
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Cc g of the ( re Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

BFGS: from Euclidean to Riemannian

e Update formula:

KTk
Xk+1 = Xk + Qi

/N

@ Search direction:
K = —Bk_1 grad f(xg)

e By Llpdate: Optimization on a Manifold
T T
Bksksk Bk Yk Y
T Te '’
Sy Bksk Yy Sk

Biy1 = Bk —

where sg = xx11 — Xk, and yix = grad f(xxy1) — grad f(xx)
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Conditioning of the Objective Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

BFGS: from Euclidean to Riemannian

replace by Ry, (k)
e Update formula: |

KTk
Xk+1 = Xk + Qi

/A

@ Search direction:
nk = — B grad f(xk)

e By Llpdate: Optimization on a Manifold
T T
Bksksk Bk Yk Y
T Te '’
Sy Bksk Yy Sk

By = Bk —

where sg = xx11 — Xk, and yx = grad f(xxy1) — grad f(xx)
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Conditioning of the Objective Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

BFGS: from Euclidean to Riemannian

replace by Ry, (k)
e Update formula: |

KMk
Xk+1 = Xk + Qi

/A

@ Search direction:
nk = — B grad f(xk)

e By Llpdate: Optimization on a Manifold
T T
Bksksk Bk Yk Y
T Te '’
Sy Bksk Yy Sk

Biy1 = Bk —

where sg = xx11 — Xk, and yx = grad f(xxy1) — grad f(xx)

1 T

replaced by R);]-(Xk_;,_l) on different tangent spaces
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Conditioning of the Objective Function
Limited-memory Riemannian BFGS

Conditioning and LRBFGS

BFGS: from Euclidean to Riemannian

A vector transport: T: TM X TM — T M : (0, &) — T lx:

e Euclidean:  yx = grad f(xxy1) — grad f(xx)

e Riemannian: y, = grad f(xc11) — Taum, grad f(xx)
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Cc g of the ( re Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

BFGS: from Euclidean to Riemannian

e Update formula:
P Xk+1 = Ry (ani) "k

@ Search direction: A

Nk = —Bk_1 grad f(xk)

@ By update:

Optimization on a Manifold

> I —1
Bk _72Yk’lk © Bk o Txk’r/k?

5 ékSka ék }/k}/b
Bit1 =By — 7~k + bka
SkBkSk Y Sk

where s, = T, 0, (cuni), and yi = grad f(xks1) — Taun, grad f(x);
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ning of the O Function

Conditioning and LRBFGS ey (i E

BFGS: from Euclidean to Riemannian

e Update formula:
P Xk+1 = Ry (ani) "k

@ Search direction: S\
Nk = —Bk_1 grad f(xk)

@ By update:
Optimization on a Manifold

Bk =Taun, © Bi o 7;:}” < matrix matrix multiplication

5 ékSka ék }/k}/b
Bit1 =By — 7~k + bka
SkBkSk Y Sk

where s, = T, 0, (cuni), and yi = grad f(xks1) — Taun, grad f(x);

T T

matrix vector multiplication matrix vector multiplication

Extra cost on vector transports!
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Conditioning of the Objective Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

Limited-memory RBFGS (LRBFGS)

Riemannian BFGS:

o Let Hk+1 = B;Jil

© M1 = (id — piyksy)H(id — pryisy) + prsesy
where s, = %mkaknkrﬂk = grad f (Xut1) — Taen, grad f(xx),
ok =1/8(yk:sk) and Hy = Toyn, © Hi 0 T b

Mk

Limited-memory Riemannian BFGS:
@ Stores only the m most recent s and

@ Transports these vectors to the new tangent space rather than H

@ Computational and storage complexity depends upon m
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e Function

Conditioning and LRBFGS lelted—memory Riemannian BFGS

Implementations

@ Retraction

o Exponential mapping: Exp, () = X'/2exp(X~Y/2¢X /%) x1/2

e Second order approximation retraction [JVV12]:
1
Rx(8) = X+E+ 56X = 3(eXT24 XM2)(eX 724 X2/ T+ X

@ Vector transport

. T 27]X
o Parallel translation: 7,,(§) = QEQ", with Q = Xz exp(i)X

essentially an identity

N\»—A

o Vector transport by parallelization [HAG16] :
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Conditioning of the Objective Function
Conditioning and LRBFGS Limited-memory Riemannian BFGS

Implementation

Vector Transport by Parallelization

@ Vector transport by parallelization:

Tobx = B, Bl

where y = R,(nx) and T denotes pseudo-inverse, has identity
implementation [HAG16]:

%xgx = gx-
Example:
Extrinsic:

=2 G
= a(1 + 0(2
( =Thé = ByBi¢ ’

T,M

Intrinsic:

¢ =T
=B]B,BIB,¢
=¢

Wen Huang
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g of the Objective Function

Conditioning and LRBFGS Limited-memory Riemannian BFGS

Implementations

@ Cholesky Xy = LkLkT assumed to be computed on each step
@ Bx of Tx 87, , the orthonormal basis of Tx SY

1
Bx = {leie/ LT :i=1,...,n}U {—L(e;ejT +eel LT,

V2

i<j,i=1,...,n j=1,...,n},
where {e;, ..., e,} is the standard basis of n-dimensional Euclidean
space.
@ orthonormal under gx(&x,nx).

0 {x = Bxfx < Ex = LSLT, where S is symmetric and constains
scale coefficients.

@ intrinsic representation of tangent vectors is easily maintained.
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Conditioning and LRBFGS

Numerical Results: K = 100, size =3 x3,d =6

Conditioning of the

ctive Function

Limited-memory Riemannian BFGS

RL Teration RL lieration
10° RSD-4 10 RSD-Q)
—-RBB —G-RBB
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TR TR
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Conditioning of the Objective Function
Limited-memory Riemannian BFGS

Conditioning and LRBFGS

Numerical Results: K = 30, size = 100 x 100, d = 5050

10 RSD-QR 10° RSD-QR
e
—O-LRBF
e -
5 10 IS 10°
y]o“ ‘10‘0
101 107
@ 10* < k(A)) <10
e
~©~ LRBFGS: §
iterations time (s)
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ive Function
Conditioning and LRBFGS Limited-memory Riemannian BFGS

Numerical Results: Riemannian vs. Euclidean Metrics

@ K =100, n=3,and 1< k(A;) < 10°.

[ | L
1007 —~7RSD v 10° —7~RSD-Rie
W RSD. v RSD-Euc
*LRBrm Rie: 0 [ —%-LRBFGS-Rie: 0
5 LRBFGS-Euc: 0| LRBFGS-Euc: 0
> 10 ~©-LRBFGS-Rie: 2 —~©-LRBFGS-Rie: 2
3 LRBFGS-Euc: 2| LRBFGS-Euc: 2
% RBFGS-Rie J RBFGS-Rie
S RBFGS-Euc RBFGS-Euc
= 10*
10°
0 20 40 60 80 100 0.05 0.1 0.15
iterations time (s)
@ K =30, n=100, and 1 < k(A;) < 10°.
—~RSD-Rie —7—RSD-Rie
RSD-Euc RSD-Euc
—%-LRBFGS-Rie: 0 —%-LRBFGS-Rie: 0
LRBFGS-Euc: 0 LRBFGS-Euc: 0
~©-LRBFGS-Rie: 2 ~©-LRBFGS-Rie: 2
LRBFGS-Euc: LRBFGS-Euc: 2
RBFGS-Ri RBFGS-Ric
RBFGS-Euc RBFGS-Euc
40 60 80 10 15 20 25
iterations time (s)
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Conditioning and LRBFGS

Summary

Non-Euclidean metric helps!

@ Covariance matrices classification
@ A geometric mean of SPD matrices

Conditioner number of the Hessian

@ Limited-memory Riemannian BFGS

@ Numerical experiments
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Conditioning and LRBFGS Limited-memory Riemannian BFGS

Thank you

Thank you!
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Conditioning and LRBFGS nian BFGS
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