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@ Geometric Mean of SPD Matrices

o Motivations;
o Averaging on a Riemannian manifold;
e Algorithms and manifold geometry;

@ Signal Recovery on Low-rank Matrices

o Motivations;
o Problem formulations;
o Algorithms and manifold geometry;

@ Rank Overestimation (Hermitian PSD low-rank Constraints);

o Problem formulation;
o Riemannian metrics;
o Condition number for nearly low-rank solutions;
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Geometric Mean of SPD Matrices A
A
A

Symmetric Positive Definite (SPD) Matrix

Definition
A symmetric matrix A is called positive definite A > 0 iff all its
eigenvalues are positive.

Sty ={AeR™ :A=AT A0}

2 x 2 SPD matrix 3 x 3 SPD matrix
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Geometric Mean of SPD Matrices

Motivation of Averaging SPD Matrices

@ Possible applications of SPD matrices

- Diffusion tensors in medical imaging
[CSV12, FJO7, RTMOT7]

- Describing images and video
[LWM13, SFD02, ASF*05, TPMO06,
HWSC15]

@ Motivation of averaging SPD matrices
- denoising / interpolation

- clustering / classification
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Geometric Mean of SPD Matrices Motivations

Motivation of Averaging SPD Matrices

Application: Electroencephalography (EEG) Classification

13 Hz 17 Hz 21 Hz No led

LI | B

@ The subject is either asked to focus on one specific blinking LED or
a location without LED

o EEG system is used to record brain signals

@ Covariance matrices of size 24 x 24 are used to represent EEG
recordings [KCB*15, MC17]

o Covariance matrices in ST, = {AeR™": A= AT A 0}
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Geometric Mean of SPD Matrices Motivations

EEG Classification: Minimum Distance to Mean classier

Goal: classify new covariance matrix using Minimum Distance to Mean
Classifier

@ For each class k =1,..., K, compute the center py of the
covariance matrices in the training set that belong to class k

o Classify a new covariance matrix X according to

k = argmin (X, 1)
1<k<K
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EEG Classfification: Accuracy

@ Accuracy comparison

100
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Means

Influence of Metrics




Geometric Mean of SPD Matrices Motivations
2 Riemannian manifold
and manifold geometr

EEG Classfification: Accuracy

@ Accuracy comparison

100

so.45y 8L17% 8127% 8L56% BLITA  8168% 82.07%

78.98%

52.83%

Euc. Log-Euc. Ind. J-Div. Rie, a-Div.  S-a-Div. Rie.-Med. a-Med. S-a-Med.
Means

Euclidean metric is not appropriate to define the problem!
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n a Riemannian manifold

and manifold geometr

100

o5y SLITG 81.27% S8156% SLOTY  siesy 8230%  8207%

78.98%

52.83%

Euc. Log-Euc. Ind. J-Div. Rie, a-Div.  S-a-Div. Rie.-Med. a-Med. S-a-Med.
Means

Euclidean metric is not appropriate to define the problem!

Is Euclidean metric appropriate for optimization? Averaging SPD matrices.
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Let Ay,...,Ax be SPD matrices.

K
o Generalized arithmetic mean: £ 3 A;
i=1

— Not appropriate in many practical applications
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Averaging Schemes: from Scalars to Matrices

Let Ay,...,Ax be SPD matrices.

K
o Generalized arithmetic mean: £ 3 A;
i=1

— Not appropriate in many practical applications

A As8 B

d

det A =50 det(458) = 267.56 det B = 50
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Averaging Schemes: from Scalars to Matrices

Let Ay,...,Ax be SPD matrices.

K
o Generalized arithmetic mean: £ 3 A;
i=1

— Not appropriate in many practical applications
A A58 B

d

det A =50 det(458) = 267.56 det B = 50

o Generalized geometric mean: (A; --- Ak)Y/K
— Not appropriate due to non-commutativity

— How to define a matrix geometric mean?
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Desired Properties of a Matrix Geometric Mean

The desired properties are given in the ALM list!, some of which are:
° G(Ara),---»Ax(k)) = G(A1, ..., Ak) with T a permutation of (1,...,K)
@ if Ai,..., Ax commute, then G(Ai,...,Ak) = (A1, ..., Ax)/¥
@ G(Ai,...,Ak) P =G(A[Y, ... A

o det(G(Au, ..., Ax)) = (det(A1) - - - det(Ax))"/ ¥

1T, Ando, C.-K. Li, and R. Mathias, Geometric means, Linear Algebra and Its
Applications, 385:305-334, 2004
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Geometric Mean of SPD I\/Iatr|ces

@ A well-known mean on the manifold of SPD matrices is the Karcher
mean [Kar77]:

2
G(Aq,...,Ak) = arg mlrLRZ(S (X, A) (1)

where 6(X, Y) = | log(X~1/2YX~1/2)||¢ is the geodesic distance
under the affine-invariant metric

g(nx, €x) = trace(nx X 1éx X 1)

@ The Karcher mean defined in (1) satisfies all the geometric
properties in the ALM list [LL11]
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n a Riemannian manifold
Algorithms and manifold geometry

Geometric Mean of SPD Matrices

Optimization problem:
1K
_ : —1/2 e —1/2Y2
G(Aq,...,Ak) 7argxrg‘|sr£+ T ;Zl || log(X YX™9)||z,

@ Derived from Riemannian manifold;
@ An optimization problem on an open set (cone);
@ What algorithms are preferred?
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a Riemannian manifold
Algorithms and manifold geometry

Algorithms

K
> lllog(X~2YX~12)|2,

i=1

1
G(Ay,...,Ay) = argmin —
(A 2 x%sz+ 2K

Existing algorithms:
@ Riemannian steepest descent [RA11, Ren13]
@ Riemannian Barzilai-Borwein method [IP15]
@ Riemannian Newton method [RA11]
@ Richardson-like iteration [BI13]

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12]

o Limited-memory Riemannian BFGS method [YHAG19]
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Algorithms

K
> lllog(X~2YX~12)|2,

i=1

1
G(Ay,...,Ay) = argmin —
(A 2 x%sz+ 2K

Existing algorithms:
@ Riemannian steepest descent [RA11, Ren13]
@ Riemannian Barzilai-Borwein method [IP15]
@ Riemannian Newton method [RA11]
@ Richardson-like iteration [BI13]

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12]

o Limited-memory Riemannian BFGS method [YHAG19]

Riemannian gradient is used in all the above methods!
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a Riemannian manifold
Algorithms and manifold geometry

Algorithms

K
> lllog(X~2YX~12)|2,

i=1

1
G(Ay,...,Ay) = argmin —
(A 2 x%sz+ 2K

Existing algorithms:
@ Riemannian steepest descent [RA11, Ren13]
@ Riemannian Barzilai-Borwein method [IP15]
@ Riemannian Newton method [RA11]
@ Richardson-like iteration [BI13]

@ Riemannian steepest descent, conjugate gradient, BFGS, and trust
region Newton methods [JVV12]

o Limited-memory Riemannian BFGS method [YHAG19]

Riemannian gradient is used in all the above methods!
The LRBFGS in [YHAG19] is preferred.
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Geometric Mean of SPD Matrices

Hemstitching phenomenon
for steepest descent

well-conditioned Hessian ill-conditioned Hessian

@ Small condition number = fast convergence

@ Large condition number = slow convergence
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Conditioning of the Karcher Mean Objective Function

@ Riemannian metric: @ Euclidean metric:

gx(&,m) = trace(EX'nX1) gx(&,m) = trace(&n)

Condition number x of Hessian at the minimizer y:

@ Hessian of Riemannian metric:

In(max k)
2
- k(HR) < 20 if max(x;) = 10"

- m(HY <1+ , where k; = k(= Y?Ain"Y?)

@ Hessian of Euclidean metric:

- B <) < )

- K(H®) 2 K*(n)/20

~—
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Geometric Mean of SPD Matrices Motivatic
A

n a Riemannian manifold
Algorithms and manifold geometry

Smooth Optimization Framework

Riemannian Metric

Riemannian metric g1 Riemannian metric g»

Figure: Changing metric may influence the difficulty of a problem.

Riemannian metric influences
@ Riemannian gradient

@ Riemannian Hessian
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on a Riemannian manifold
Algorithms and manifold geometry

BFGS: from Euclidean to Riemannian

e Update formula:
KTk

Xk4+1 = Xk £ Qi

/N

@ Search direction:
nk = —B  grad f(xk)

e By Llpdate: Optimization on a Manifold
T T
Bksksk Bk Yk Y
T Te '’
Sy Bksk Yy Sk

Biy1 = Bk —

where sg = xx11 — Xk, and yix = grad f(xxy1) — grad f(xx)
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Riemannian manifold
Algorithms and manifold geometry

BFGS: from Euclidean to Riemannian

replace by Ry, (k)
e Update formula: |

KTk
Xk+1 = Xk + Qi

/A

@ Search direction:
nk = — B grad f(xk)

e By Llpdate: Optimization on a Manifold
BkSkSTB T
k Bk | YkYi
By = Bk —

T T’
S, Buisk Yk Sk

where sg = xx11 — Xk, and yx = grad f(xxy1) — grad f(xx)
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Geometric Mean of SPD Matrices
g on a Riemannian manifold
Algorithms and manifold geometry

BFGS: from Euclidean to Riemannian

replace by Ry, (k)
e Update formula: |

KMk
Xk+1 = Xk + Qi

/A

@ Search direction:
nk = — B grad f(xk)

e By Llpdate: Optimization on a Manifold
T T
Bksksk Bk Yk Y
T Te '’
Sy Bksk Yy Sk

Biy1 = Bk —

where sg = xx11 — Xk, and yx = grad f(xxy1) — grad f(xx)

1 T

replaced by R);]-(Xk_;,_l) on different tangent spaces
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Geometric Mean of SPD Matrices

e Euclidean:  yx = grad f(xxy1) — grad f(xx)

e Riemannian: y, = grad f(xc11) — Taum, grad f(xx)
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on a Riemannian manifold
Algorithms and manifold geometry

BFGS: from Euclidean to Riemannian

e Update formula:
P Xk+1 = Ry (ani) "k

@ Search direction: S\
Nk = —Bk_1 grad f(xk)

@ By update:
Optimization on a Manifold

> I —1
Bk _72Yk’lk © Bk o Txk’r/k?

5 ékSka ék }/k}/b
Bit1 =By — 7~k + bka
SkBkSk Y Sk

where s, = T, 0, (cuni), and yi = grad f(xks1) — Taun, grad f(x);
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n a Riemannian manifold
Algorithms and manifold geometry

BFGS: from Euclidean to Riemannian

e Update formula:
P Xk+1 = Ry (ani) "k

@ Search direction: S\
Nk = —Bk_1 grad f(xk)

@ By update:
Optimization on a Manifold

Bk =Taun, © Bi o 7;:}” < matrix matrix multiplication

5 ékSka ék }/k}/b
Bit1 =By — 7~k + bka
SkBkSk Y Sk

where s, = T, 0, (cuni), and yi = grad f(xks1) — Taun, grad f(x);

T T

matrix vector multiplication matrix vector multiplication

Extra cost on vector transports!
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Geometric Mean of SPD Matrices
g on a Riemannian manifold
hms and manifold geometry

Limited-memory RBFGS (LRBFGS)

Riemannian BFGS:

o Let Hk+1 = B;Jil

© M1 = (id — piyksy)H(id — pryisy) + prsesy
where s, = %mkaknkrﬂk = grad f (Xut1) — Taen, grad f(xx),
ok =1/8(yk:sk) and Hy = Toyn, © Hi 0 T b

Mk

Limited-memory Riemannian BFGS:
@ Stores only the m most recent s and

@ Transports these vectors to the new tangent space rather than H

@ Computational and storage complexity depends upon m
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Geometric Mean of SPD Matrices
Riemannian manifold

Algorithms and manifold geometry

Implementations

@ Retraction

o Exponential mapping: Exp, () = X'/2exp(X~Y/2¢X /%) x1/2

e Second order approximation retraction [JVV12]:
1
Rx(8) = X+E+ 56X = 3(eXT24 XM2)(eX 724 X2/ T+ X

@ Vector transport

. T 27]X
o Parallel translation: 7,,(§) = QEQ", with Q = Xz exp(i)X

essentially an identity

N\»—A

o Vector transport by parallelization [HAG17] :
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Geometric Mean of SPD Matrices

g on a Riemannian manifold
Algorithms and manifold geometry

Implementation

Vector Transport by Parallelization

@ Vector transport by parallelization:

Tobx = B, Bl

where y = R,(nx) and T denotes pseudo-inverse, has identity
implementation [HAG17]:

%xgx = gx-
Example:
Extrinsic:

=2 G
= a(1 + 0(2
( =Thé = ByBi¢ ’

T,M

Intrinsic:

¢ =T
=B]B,BIB,¢
=¢

Wen Huang
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Geometric Mean of SPD Matrices
n a Riemannian manifold
Algorithms and manifold geometry

Implementations

@ Cholesky Xy = LkLkT assumed to be computed on each step
@ Bx of Tx 87, , the orthonormal basis of Tx SY

1
Bx = {leie/ LT :i=1,...,n}U {—L(e;ejT +eel LT,

V2

i<j,i=1,...,n j=1,...,n},
where {e;, ..., e,} is the standard basis of n-dimensional Euclidean
space.
@ orthonormal under gx(&x,nx).

0 {x = Bxfx < Ex = LSLT, where S is symmetric and constains
scale coefficients.

@ intrinsic representation of tangent vectors is easily maintained.
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ations

Mot
Averaging on a Riemannian manifold
Algorithms and manifold geometry

Numerical Results: K = 100, size =3 x3,d =6

L Teeration R eration
10° RSD-4 10 RSD-Q
—E-RBB —g-1BB
LRBFGS: 2 LRBFGS: 2
—©—LRBFGS: 4 —©-LRBFGS: 4
-GS - RBrGS
= w0° = 10°
] =
- 1010 T 1010
101 10
25 3B 40 45 50 0 0005 001 0015 002 0025 003 003 004
iterations time (s)
10° < k(A;) <10
. I Teeratio] L Toeation
10° RSD-QR.
—E-RuB
LRBFGS: 2
—O—LRBFGS: 1
RBFGS
S =~
Sw
= 1010
101% 107
o 5 10 15 20 25 30 35 40 45 50 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
iterations time (s)
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Numerical Results: K = 30, size = 100 x 100, d = 5050

10 RSD-QR 10° RSD-QR
e
—O-LRBF
e -
5 10 IS 10°
y]o“ ‘10‘0
101 107
@ 10* < k(A)) <10
e
~©~ LRBFGS: §
iterations time (s)
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Geometric Mean of SPD Matrices vations

Averaging on a Riemannian manifold
Algorithms and manifold geometry

Numerical Results: Riemannian vs. Euclidean Metrics

@ K =100, n=3,and 1< k(A;) < 10°.

[ | L
1007 ~7-RSD v 10° —-RSD-Rie
W RSD-Euc o4 RSD-Euc
—%-LRBFGS-Rie: 0 [ —%-LRBFGS-Rie: 0
> LRBFGS-Euc: 0| LRBFGS-Euc: 0
> 10 ~©-LRBFGS-Rie: 2 —~©-LRBFGS-Rie: 2
3 LRBFGS-Euc: 2| LRBFGS-Euc: 2
% RBFGS-Rie J RBFGS-Rie
S RBFGS-Euc RBFGS-Euc
= 10*
10°
20 40 60 80 100 0.05 0.1 0.15
iterations time (s)
@ K =30, n=100, and 1 < k(A;) < 10°.
—~RSD-Rie y —7—RSD-Rie
RSD-Euc ‘ RSD-Euc
—%-LRBFGS-Rie: 0 —%-LRBFGS-Rie: 0
LRBFGS-Euc: 0 LRBFGS-Euc: 0
~©-LRBFGS-Rie: 2 ~©-LRBFGS-Rie: 2
LRBFGS-Euc: LRBFGS-Euc: 2
RBFGS-Ri RBFGS-Ric
RBFGS-Euc RBFGS-Euc
40 60 80 100 10 15 20 25
iterations time (s)
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Geometric Mean of SPD Matrices
Riemannian manifold
Algorithms and manifold geometry

Summary of SPD Mean

Non-Euclidean metric helps!

Covariance matrices classification

@ A geometric mean of SPD matrices

@ Conditioner number of the Hessian

(]

Limited-memory Riemannian BFGS

@ Numerical experiments

X. Yuan, W. Huang, P.-A. Absil, K. A. Gallivan. Computing the matrix
geometric mean: Riemannian vs Euclidean conditioning, implementation
techniques, and a Riemannian BFGS method, Numerical Linear Algebra
with Applications, 27:5, 1-23, 2020
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Geometric Mean of SPD Matrices

Discussions

About non-Euclidean metric

Questions: Riemannian algorithms versus preconditioned algorithms

A special case that may cause confusion:

Riemannian SD: Preconditioned SD:
@ Open submanifold of L;

Metric: (u,v), =u'v
e Metric: (u,v)x = u’ Gev

o Eucldean gradient V£ (x);
@ Riemannian gradlelnt: o Preconditioner P, =~ V?f(x);
grad f(x) = G Vf(x); @ Preconditioned SD:

o Riemannian SD: X1 = Xk — PV (x);

Xk+1 = R (—ak grad f (xq))
= Ry (—a G 'V (x));

Same updates



Geometric Mean of SPD Matrices

n a Riemannian manifold
Algorithms and manifold geometry

Discussions

About non-Euclidean metric

Questions: Riemannian algorithms versus preconditioned algorithms

Differences:

@ Very special case (open submanifold of £);

@ Retraction preferences;

@ Riemannian conjugate gradient, Newton, quasi-Newton,
preconditioned method, etc;
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g on a Riemannian manifold
Algorithms and manifold geometry

Discussions

Open submanifold of £

Manifold has nice property, the metric is used for the landscape of the
objective function;

Nonlinear manifold

The objective function has nice property and the metric is used for the
nonlinearity of the manifold;
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g on a Riemannian manifold
Algorithms and manifold geometry

Discussions

Open submanifold of £

Manifold has nice property, the metric is used for the landscape of the
objective function;

Nonlinear manifold

The objective function has nice property and the metric is used for the
nonlinearity of the manifold;

Example: signal recovery problems
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Signal Recovery on Low-rank Matrices

@ Geometric Mean of SPD Matrices

o Motivations;
o Averaging on a Riemannian manifold;
o Algorithms and manifold geometry;

@ Signal Recovery on Low-rank Matrices

o Motivations;
o Problem formulations;
o Algorithms and manifold geometry;

@ Rank Overestimation (Hermitian PSD low-rank Constraints);

o Problem formulation;
o Riemannian metrics;
o Condition number for nearly low-rank solutions;
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Signal Recovery on Low-rank Matrices

Signal Recovery on Low-rank Matrices

Observation y is a linear transformation of unknown signal x up to a
noise, i.e.,, y = A(x) + e;

@ Matrix completion;
@ Phase retrieval (The phase is also unknown);
@ Blind deconvolution;

@ etc;
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Signal Recovery on Low-rank Matrices

Signal Recovery on Low-rank Matrices

Observation y is a linear transformation of unknown signal x up to a
noise, i.e.,, y = A(x) + e;

@ Matrix completion;
@ Phase retrieval (The phase is also unknown);
o Blind deconvolution;

@ etc;
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Signal Recovery on Low-rank Matrices m formulat
hms and m Id geometr

Blind deconvolution

[Blind deconvolution]

Blind deconvolution is to recover two unknown signals from their
convolution.

Blurred image
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Motivations
Signal Recovery on Low-rank Matrices m formulat
thms and

Blind deconvolution

[Blind deconvolution]

Blind deconvolution is to recover two unknown signals from their
convolution.

Original image

Blurred image

convolution

Blurring kernel
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Signal Recovery on Low-rank Matrices P m formulatior
A thms and mar

Blind deconvolution

[Blind deconvolution]

Blind deconvolution is to recover two unknown signals from their
convolution.

Original image

Blurred image

blind
deconvolution

convolution

Blurring kernel
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Signal Recovery on Low-rank Matrices P ormulations

ms and manifold

Problem Statement

[Blind deconvolution (Discretized version)]

Blind deconvolution is to recover two unknown signals w € Ct and
x € Ct from their convolution y = w * x € CL.

@ We only consider circular convolution:

Y1 W1 W, W1 ... Wy X1
Y2 Wy Wy W, ... W3 X2
Y3 = |W3 W2 w1 cee Wgf | X3
YL W, W1 Wi ... Wi XL

o Let y = Fy, w = Fw, and x = Fx, where F is the DFT matrix;
@ y = w ® x, where ® is the Hadamard product, i.e., y; = w;x;.

e Equivalent question: Given y, find w and x.
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Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Problem Statement

Problem: Given y € C!, find w,x € Ct so that y = w ® x.

@ An ill-posed problem. Infinite solutions exist;
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Signal Recovery on Low-rank Matrices

Problem Statement

Problem: Given y € C!, find w,x € Ct so that y = w ® x.

@ An ill-posed problem. Infinite solutions exist;

@ Assumption: w and x are in known subspaces, i.e., w = Bh and
x = Cm, B € Ct*K and C e CLxN;
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Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Problem Statement

Problem: Given y € C!, find w,x € Ct so that y = w ® x.

@ An ill-posed problem. Infinite solutions exist;

@ Assumption: w and x are in known subspaces, i.e., w = Bh and
x = Cm, B € Ct*K and C e CLxN;

o Reasonable in various applications;

o Leads to mathematical rigor; (L/(K + N) reasonably large)
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Signal Recovery on Low-rank Matrices
Algorithms and manifold geometr

Problem Statement

Problem: Given y € C!, find w,x € Ct so that y = w ® x.

@ An ill-posed problem. Infinite solutions exist;

@ Assumption: w and x are in known subspaces, i.e., w = Bh and
x = Cm, B € Ct*K and C e CLxN;

o Reasonable in various applications;

o Leads to mathematical rigor; (L/(K + N) reasonably large)

Problem under the assumption

Given y € Ct, B € Ct*K and C € CH*N, find h € CK and m € CN so
that

y = Bh® Cm = diag(Bhm*C*).
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Motivations
Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Related work

Find h,m, s. t. y = diag(Bhm*C*); ‘

e Ahmed et al. [ARR14]?

o Convex problem:

min _||X]|s, s. t. y = diag(BXC"),
XeCKXN

where || - ||» denotes the nuclear norm, and X = hm*;

2A. Ahmed, B. Recht, and J. Romberg, Blind deconvolution using convex
programming, IEEE Transactions on Information Theory, 60:1711-1732, 2014
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Motivations
Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Related work

Find h,m, s. t. y = diag(Bhm*C*); ‘

e Ahmed et al. [ARR14]?
o Convex problem:

min _||X]|s, s. t. y = diag(BXC"),
XeCKXN

where || - ||» denotes the nuclear norm, and X = hm*;

high probability

o (Theoretical result): the unique minimizer the true

solution;

2A. Ahmed, B. Recht, and J. Romberg, Blind deconvolution using convex
programming, IEEE Transactions on Information Theory, 60:1711-1732, 2014
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Motivations
Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Related work

Find h,m, s. t. y = diag(Bhm*C*); ‘

e Ahmed et al. [ARR14]?

o Convex problem:

min _||X]|s, s. t. y = diag(BXC"),
XeCKXN

where || - ||» denotes the nuclear norm, and X = hm*;

high probability

o (Theoretical result): the unique minimizer the true

solution;

o The convex problem is expensive to solve;

2A. Ahmed, B. Recht, and J. Romberg, Blind deconvolution using convex
programming, IEEE Transactions on Information Theory, 60:1711-1732, 2014
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Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Related work

o Lietal [LLSW18]3 Find h,m,s. t. y = diag(ma*C*);‘

o Nonconvex problem*:

min — diag(Bhm* C*)||%:
(h,m)eémcw”y iag( )II2

3X. Li et. al., Rapid, robust, and reliable blind deconvolution via nonconvex
optimization, preprint arXiv:1606.04933, 2016
4The penalty in the cost function is not added for simplicity
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Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Related work

o Lietal [LLSW18]3 Find h, m,s. t.y= diag(ma*C*);‘

o Nonconvex problem*:

min — diag(Bhm* C*)||%:
(h,m)eémcw”y iag( )II2

o (Theoretical result):

@ A good initialization

high probabilit
o (Wirtinger flow method + a good initialization) —UuER PIOaPHILY,

the true solution;

3X. Li et. al., Rapid, robust, and reliable blind deconvolution via nonconvex
optimization, preprint arXiv:1606.04933, 2016
4The penalty in the cost function is not added for simplicity
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Motivations

Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometr

Related work

o Lietal [LLSW18]3 Find h, m,s. t.y= diag(ma*C*);‘

o Nonconvex problem*:

min — diag(Bhm* C*)||%:
(h,m)eémcw”y iag( )II2

o (Theoretical result):
@ A good initialization
high probabilit
o (Wirtinger flow method + a good initialization) —UuER PIOaPHILY,
the true solution;

o Lower successful recovery probability than alternating minimization
algorithm empirically.

3X. Li et. al., Rapid, robust, and reliable blind deconvolution via nonconvex
optimization, preprint arXiv:1606.04933, 2016
4The penalty in the cost function is not added for simplicity
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Signal Recovery on Low-rank Matrices > mulations
Algorithms and manifold geometry

Manifold Approach

Find h,m, s. t. y = diag(Bhm*C*); ‘

@ The problem is defined on the set of rank-one matrices (denoted by
CfXN), neither CK*N nor CK x CN: Why not work on the manifold
directly?

Wen Huang Influence of Metrics



Signal Recovery on Low-rank Matrices > mulations
Algorithms and manifold geometry

Manifold Approach

Find h,m, s. t. y = diag(Bhm*C*); ‘

@ The problem is defined on the set of rank-one matrices (denoted by
CfXN), neither CK*N nor CK x CN: Why not work on the manifold
directly?

@ A representative Riemannian method: Riemannian steepest descent
method (RSD)

e A good initialization

high probability
>

o (RSD + the good initialization) the true solution;

o The Riemannian Hessian at the true solution is well-conditioned;
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Signal Recovery on Low-rank Matrices formulations
Algorithms and manifold geometry

Manifold Approach

Find h,m, s. t. y = diag(Bhm*C*); ‘

@ The problem is defined on the set of rank-one matrices (denoted by
CfXN), neither CK*N nor CK x CN: Why not work on the manifold
directly?

@ Optimization on manifolds: A Riemannian steepest descent method;

o Representation of CK*";
o Representation of directions (tangent vectors);
o Riemannian metric;

o Riemannian gradient;
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Signal Recovery on Low-rank Matrices ations
Algorithms and manifold geometry

A Representation of C¥*N: CK x CN/C,

o Given X € CfXN, there exists (h,m), h # 0 and m # 0 such that
X = hm*;

@ (h, m) is not unique;
@ The equivalent class: [(h, m)] = {(ha, ma—*) | a # 0};
o Quotient manifold: CK x CN/C, = {[(h,m)] | (h,m) € CK x CN}
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Signal Recovery on Low-rank Matrices ations
Algorithms and manifold geometry

A Representation of C¥*N: CK x CN/C,

o Given X € CfXN, there exists (h,m), h # 0 and m # 0 such that
X = hm*;

@ (h, m) is not unique;
@ The equivalent class: [(h, m)] = {(ha, ma—*) | a # 0};
o Quotient manifold: CK x CN/C, = {[(h,m)] | (h,m) € CK x CN}

E=CckxcV

M=CKxcV/c,

CK xclN/C, ~ k<N
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Signal Recovery on Low-rank Matrices P wulations
Algorithms and manifold geometry

A Representation of C¥*N: CK x CN/C,

Cost function®

@ Riemannian approach:

f:CExCV/C, = R:[(h,m)]+— |y — diag(Bhm*C*)|3.
@ Approach in [LLSW18]:

f:CKxCN —R:(hm)— |y — diag(Bhm*C*)|3.

E=CckxcV

5The penalty in the cost function is not added for simplicity.
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Mot ons
Signal Recovery on Low-rank Matrices Problem formulations

Algorithms and manifold geometry

Representation of directions on CK x CV/C,

@ x denotes (h, m);
@ Green line: the tangent space of [x];
@ Red line (horizontal space at x): orthogonal to the green line;

@ Horizontal space at x: a representation of the tangent space of M at [x];
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Signal Recovery on Low-rank Matrices

Retraction

formulations
Algorithms and manifold geometry

Euclidean

Riemannian

X1 = Xk + oedi

Xie+1 = R, (0uemic)

o Retraction: R: TM — M

° (O[X]) [x]

R(tn)4
7][] ‘ t=0 = T)[x]s

@ Retraction on CK x CV/C,:

Rith,my (mia,myp) = [(h 4 1, m =+ 1m)] -

Wen Huang

Two retractions:R and R
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Motivations
Signal Recovery on Low-rank Matrices P m formulat
Algorithms and manifold geometry

A Riemannian metric

Riemannian metric:
@ Inner product on tangent spaces
@ Define angles and lengths

Riemannian metric g; Riemannian metric g,

Figure: Changing metric may influence the difficulty of a problem.
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Signal Recovery on Low-rank Matrices

anifold geometry

A Riemannian metric

mings,m; |ly — diag(Bhm* C*)||3

Idea for choosing a Riemannian metric

The block diagonal terms in the Euclidean Hessian are used to choose
the Riemannian metric.
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Mot ons
Signal Recovery on Low-rank Matrices Problem formulations

Algorithms and manifold geometry

A Riemannian metric

mings,m; |ly — diag(Bhm* C*)||3

Idea for choosing a Riemannian metric

The block diagonal terms in the Euclidean Hessian are used to choose
the Riemannian metric.

o Let (u,v), = Re(trace(u*v)):

(11, Hessp, f[€n])2 = (diag(Bnam™ C*), diag(BExm™ C™))2 = (nam", Enm™)2

NI N =

(Nm, Hessm f[€m])2 = (diag(Bhn;,,C*), diag(Bhém C™))2 & (hnm, hén)2,

where &~ can be derived from some assumptions;
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Motivations

Signal Recovery on Low-rank Matrices Problem formulations

Algorithms and manifold geometry

A Riemannian metric

mings,m; |ly — diag(Bhm* C*)||3

Idea for choosing a Riemannian metric
The block diagonal terms in the Euclidean Hessian are used to choose
the Riemannian metric.

o Let (u,v), = Re(trace(u*v)):
(nn, Hessy f[€h])2 = (diag(Brnsm™ C™), diag(B&ym™ C™))2 = (nam”, §pm” )2

(Nm, Hessm f[€m])2 = (diag(Bhn;,,C*), diag(Bhém C™))2 & (hnm, hén)2,

NI N =

where &~ can be derived from some assumptions;

@ The Riemannian metric:

g (11> €x1) = (Mny Exm™ m)a + (1, Emh* h)2;
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Signal Recovery on Low-rank Matrices 5
d manifold geometry

A Riemannian metric

min[(h’m)] ||y — dlag(ma* C*)H%

Restricted Isometry Property for a linear operator A holds uniformly for
all X satisfying rank(X) < 2 if

3 5
ZIXI < AOI3 < 21X

In BD problem, we have A(Z) = diag(BZC*).

This is a nice property of the objective function around the minimizer.
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Signal Recovery on Low-rank Matrices 5
fold geometry

A Riemannian metric

Discussions

(s ), Hess £([(h, m)D)[(0h, 1m)]) ((h,m)]
= | Az, + nem*) |13 + (hnjy + 1am™*, Py, iy PRAT(A(IM™) — )2

well conditioned by RIP Geometry

~||hnz, + npm*||3 + geometry
= (Np, nem* M) + N, Nmh™h)2 +2(hn%,, npm™ ) + geometry

metric

Note that the left hand side is independent of Riemannian metric and
geometry.
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Motivations
Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometry

Riemannian gradient

@ Riemannian gradient
o A tangent vector: gradf([x]) € Tjq M;

o Satisfies: Df([x])[nq] = g(grad f([x]),my), Vi € Tpg M
@ Represented by a vector in a horizontal space;

@ Riemannian gradient:

(erad F([(h,m)]));, = (v,,f(h, m)(m*m)~1, Y mf (h, m)(h* h)fl) ;
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Signal Recovery on Low-rank Matrices formulations
Algorithms and manifold geometry

A Riemannian steepest descent method (RSD)

An implementation of a Riemannian steepest descent method®
@ Given (hg, mg), step size & > 0, and set k=0
o dic = [lhkll2lmllz, he = Vi M = Vit

v hi,m Vm, f(hi,m
2] (hiv1, M) = (he, my) —a( e fjkk k) Vg f;kk k)>;

@ If not converge, goto Step 2.

5The penalty in the cost function is not added for simplicity
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Signal Recovery on Low-rank Matrices 5
fold geometry

A Riemannian steepest descent method (RSD)

An implementation of a Riemannian steepest descent method®
@ Given (hg, mg), step size & > 0, and set k=0
o dic = [lhkll2lmllz, he = Vi M = Vit

v hi,m Vm, f(hi,m
° (hic+1, Mics1) = (hi, mi) —a( k fjkk k) Vg c(ikk k));

@ If not converge, goto Step 2.

Wirtinger flow Method in [LLSW18]
O Given (hg, mg), step size a > 0, and set k =0
Q (hig1, miy1) = (hi, mie) — a (Vi F(hi, mi), Vi, £ (hi, mi));
@ If not converge, goto Step 2.

5The penalty in the cost function is not added for simplicity
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Signal Recovery on Low-rank Matrices 5
Algorithms an fold geometry

A Riemannian steepest descent method (RSD)

An implementation of a Riemannian steepest descent method®
@ Given (hg, mg), step size & > 0, and set k=0
o dic = || hill2l mll2, he < Vi T Mk < Ve

v hi,m Vm, f(hi,m
2] (hiv1, M) = (he, my) —a( e (dkk k) Vg c(lkk k)>;

@ If not converge, goto Step 2.

Wirtinger flow Method in [LLSW18]
O Given (hg, mg), step size a > 0, and set k =0
Q (hig1, miy1) = (hi, mie) — a (Vi F(hi, mi), Vi, £ (hi, mi));
@ If not converge, goto Step 2.

5The penalty in the cost function is not added for simplicity
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Signal Recovery on Low-rank Matrices ations
Algorithms and manifold geometry

Penalty

Penalty term for (i) Riemannian method, (ii) Wirtinger flow [LLSW18]

L
- L|b; h[|m]13
(M): p E Go <8dzuz

i=1
L
[LIlE ImlI3 L|b} h[>
G0<2d TG0 | g +;G" 8du2 )|’

where Go(t) = max(t —1,0), [b1ba...b]* = B.

@ The first two terms in (ii) penalize large values of ||h||» and ||m

(i): p

2,
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Signal Recovery on Low-rank Matrices P wulations
Algorithms and manifold geometry

Penalty

Penalty term for (i) Riemannian method, (ii) Wirtinger flow [LLSW18]

L
o LIbr hf? || ml]3
(i): PZ Go (W

i=1
L
LIlE ImlI3 L|b} h[>
G°(2d TG0 | g +§G° 8du2 )|’

where Go(t) = max(t —1,0), [b1ba...b]* = B.

@ The first two terms in (ii) penalize large values of ||h||» and ||m

(i): p

2,
@ The other terms promote a small coherence;

@ The one in (i) is defined in the quotient space whereas the one in
(ii) is not.

Wen Huang Influence of Metrics



Signal Recovery on Low-rank Matrices 5
fold geometry

Penalty /Coherence

@ Coherence is defined as

2 LIBAIZ Lmax (|b; h[2, |b3h[2, . .., |b; h2)
’ 113 113 '

@ Coherence at the true solution [(hy, my)]

o influences the probability of recovery

o Small coherence is preferred
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Signal Recovery on Low-rank Matrices E m formulations
Algorithms and manifold geometry

Penalty

|y — diag(Bhm « Cx)||3 |ly — diag(Bhm  Cx)||3 + penalty

Initial point

Promote low coherence:
L
le*h\zllmHz
Go
P> ()

where Go(t) = max(t —1,0)%

(
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Signal Recovery on Low-rank Matrices 5
fold geometry

Initialization

Initialization method [LLSW18]
o (d, ho, rig): SVD of B* diag(y)C;
o hy = argmin, ||z — v/dho|2, subject to V/L||Bz||oe < 2v/dy;
o my = /drp;

e Initial iterate [(ho, mo)];
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Signal Recovery on Low-rank Matrices > rmulations
and manifold geometry

Numerical Results

o Synthetic tests

o Efficiency

o Probability of successful recovery

e Image deblurring

o Kernels with known supports

o Motion kernel with inexact supports
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Signal Recovery on Low-rank Matrices )
Algorithms and manifold geometry

Efficiency

[ min ||y — diag(Bhm* C*)|3 |

Table: Comparisons of efficiency

[=400,K = N=50 [=600,K=N=50

Algorithms | [LLSW18] [[WBI18]  R-SD | [LLSWi8] [LWB18]  R-5D

nBh/nCm 351 718 208 162 294 122
nFET 870 1436 518 401 588 303
RMSE 207 5 3675 2.20_5 | 1.48_, 234_, 142,

An average of 100 random runs
nBh/nCm: the numbers of Bh and Cm multiplication operations respectively

nFFT: the number of Fourier transform

. | hm™ —hymi || £
RMSE: the relative error —————
Thy T2 1Tmy T2

[LLSW18]: X. Li et. al., Rapid, robust, and reliable blind deconvolution via nonconvex optimization, preprint arXiv:1606.04933,
2016
[LWB18]: K. Lee et. al., Near Optimal Compressed Sensing of a Class of Sparse Low-Rank Matrices via Sparse Power Factorization
preprint arXiv:1312.0525, 2013
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Signal Recovery on Low-rank Matrices Problem formulat
Algorithms and manifold geometry

Probability of successful recovery

lhm* —hymy | ¢
Thelelme e =

@ Success if 102

Transition curve

——[LLSW16] | |
—7—[LWB13]
—A—R-SD

o
©

Prob. of Succ. Rec.
o o
IS o

o
N}

o
&

25

LI(K+N)

Figure: Empirical phase transition curves for 1000 random runs.

[LLSW18]: X. Li et. al., Rapid, robust, and reliable blind deconvolution via nonconvex optimization, preprint arXiv:1606.04933,
2016
[LWB18]: K. Lee et. al., Near Optimal Compressed Sensing of a Class of Sparse Low-Rank Matrices via Sparse Power Factorization
preprint arXiv:1312.0525, 2013
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Problem formulatic
Algorithms and manifold geometry

Signal Recovery on Low-rank Matrices

Image deblurring

Original image

Lo

o Image [WBX*07]: 1024-by-1024 pixels
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Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometry

Image deblurring with various kernels

(a): Blurring kernel (a): Blurring kernel (a): Blurring kernel

/‘\-/ “

(b): Blurred image (b): Blurred image (b): Blurred image

— ] [ [

Figure: Left: Motion kernel by Matlab function “fspecial('motion’, 50, 45)";
Middle: Kernel like function “sin”; Right: Gaussian kernel with covariance
[1,0.8;0.8,1];
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Signal Recovery on Low-rank Matrices >roblem formulations
Algorithms and manifold geometry

Image deblurring with various kernels

[ min ||y — diag(Bhm* C*)|3

What subspaces are the two unknown signals in? Blurred image

@ Image is approximately sparse in the Haar
wavelet basis

@ Support of the blurring kernel is learned from
the blurred image

!
-
!

Blurring kernel
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Signal Recovery on Low-rank Matrices >roblem formulations
Algorithms and manifold geometry

Image deblurring with various kernels

[ min ||y — diag(Bhm* C*)|3

What subspaces are the two unknown signals in? Blurred image
@ Image is approximately sparse in the Haar
wavelet basis
Use the blurred image to learn the dominated

basis vectors: C.

@ Support of the blurring kernel is learned from
the blurred image

1
-

3

Blurring kernel
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Motivation:

Signal Recovery on Low-rank Matrices Problem formulations

Algorithms and manifold geometry

Image deblurring with various kernels

[ min ||y — diag(Bhm* C*)|3

What subspaces are the two unknown signals in? Blurred image

@ Image is approximately sparse in the Haar
wavelet basis

Use the blurred image to learn the dominated
basis vectors: C.

@ Support of the blurring kernel is learned from
the blurred image

~'w
are known: B. l,

Blurring kernel

Suppose the supports of the blurring kernels
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Signal Recovery on Low-rank Matrices

fold geometry

Image deblurring with various kernels

[ min ||y — diag(Bhm* C*)|3

What subspaces are the two unknown signals in? Blurred image

@ Image is approximately sparse in the Haar
wavelet basis

Use the blurred image to learn the dominated
basis vectors: C.

@ Support of the blurring kernel is learned from
the blurred image

~'w
are known: B. l,

Blurring kernel

Suppose the supports of the blurring kernels

o L =1048576, N = 20000, Kpotion = 109,
Ksin = 153, KGaussian = 181,
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Algorithms and manifold geometry

Image deblurring with various kernels

(b): Blurred image (b): Blurred image (b): Blurred image

L |
(c): Reconstructed image (c): image (c): Reconstructed image
_—v [ =

Figure: The number of iterations is 80; Computational times are about 48s;
Relative errors Hy - I\H:f”H ny /|19l are 0.038, 0.040, and 0.089 from left to right.
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Algorithms and manifold geometry

Image deblurring with unknown supports

(a): Exact kernel (b): Blurred image (c): Reconstructed image

Enlaged by 1 pixels Enlaged by 2 pixels Enlaged by 3 pixels Enlaged by 4 pixels

/

Figure: Top: reconstructed image using the exact support; Bottom: estimated
supports with the numbers of nonzero entries: K; = 183, Ky = 265, K5 = 351,
and Ky = 441,
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Signal Recovery on Low-rank Matrices Problem formulations
Algorithms and manifold geometry

Image deblurring with inexact supports

Enlaged by 1 pixels Enlaged by 2 pixels Enlaged by 3 pixels Enlaged by 4 pixels
econstructed image image image Reconstructed image

<

§— %ny /|91l are 0.044, 0.048, 0.052, and 0.067

v |l Lol

Figure: Relative errors

from left to right.
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Signal Recovery on Low-rank Matrices 5
fold geometry

Summary of BD

@ Introduce rectraction and transport-based Riemannian optimization

@ RSD has efficient implementation for solving blind deconvolution
problem

@ RSD method has recovery guarantee

@ RSD is faster and has higher probability of successful recovery
compared to the alternating minimization method and the approach
in [LLSW18]

@ RSD method works well for the tested imaging debluring problems

W. Huang, P. Hand. Blind Deconvolution by a Steepest Descent
Algorithm on a Quotient Manifold, SIAM Journal on Imaging Sciences,
11:4, pp. 2757-2785, 2018.
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Signal Recovery on Low-rank Matrices
anifold geometry

Discussions

RIP also appears in Phase Retrieval;

Preconditioned the manifold (use a non-Euclidean space) has been
proposed for many problems on the fixed-rank manifold;

Fixed rank manifold has multiple representation, which yields
different metrics;

Preferred retraction;

Wen Huang Influence of Metrics



Rank Overestimation

@ Geometric Mean of SPD Matrices

o Motivations;
o Averaging on a Riemannian manifold;
o Algorithms and manifold geometry;

@ Signal Recovery on Low-rank Matrices

o Motivations;
o Problem formulations;
o Algorithms and manifold geometry;

@ Rank Overestimation (Hermitian PSD low-rank Constraints);

o Problem formulation;
e Riemannian metrics;
o Condition number for nearly low-rank solutions;
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Problem formulation
Interesting findings

Rank Overestimation

Problem of interest:
miniXmize F(X) = 3| A(X) — b||%
subject to X € HP

9

where 1P denotes the set of n-by-n Hermitian PSD matrices of fixed
rank p < n.

Approximating solutions to a minimization with a convex PSD constraint:

inimi F(X) = L[ AX) — b2
m)gré:(:ngxl%e (X) = 3l A(X) ||F
subject to X =0

()

Applications: Phase retrieval by PhaseLift [HGZ17], interferometry
recovery problem, etc.
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Problem formulation

. . Interesting findings
Rank Overestimation = -

Problem formulation

minimize F(X) = 3| A(X) — b||2
subject to X € H'P

)

Multiple approaches:
@ Burer-Monteiro method: minyccnxs F(Y) := F(YY™).
o Regard HI” as an embedded submanifold of C"*";

o Consider the quotient manifold C1*?/O,,.

Which approach is preferred when p is
greater than the rank of the true solution?
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Problem formulation

. . Interesting findings
Rank Overestimation = -

Problem formulation

Why using p greater than the rank of the true solution?

Suppose Y = KsQ* is a rank deficient minimizer of F, where Ks € C]**°
with s < p and Q € St(s, p). Then grad f(Y,Y,) is a positive
semidefinite matrix and, therefore, X = YY* is a stationary point of f. If
furthermore f is convex, then X is a global minimizer.
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Problem formulation

. . Interesting findings
Rank Overestimation = -

Problem formulation

Multiple approaches:
@ Burer-Monteiro method: minyccnx, F(Y) := f(YY™).
® Regard H''P as an embedded submanifold of C"*";

o Consider the quotient manifold C{*"/O,,.

The three approaches can be equivalently reformulated into quotient
manifold with different Riemannian metric on CJ*P:

g%,( B) = (A, B)cox», = R(tr(A*B)) (Bures-Wasserstein metric)
g?x( ) (AY", BY™) coxn —?R(tr((y* JA*B))
+ <YSkew( Y) LY*A) V¥, Y Skew ((YFY)IYUB) Y s

where Skew(X) = (X — X*)/2.
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Problem formulation

L Interesting findings
Rank Overestimation E &

Interesting findings

The gradient descent (GD) and nonlinear conjugate gradient (CG)
applied to Burer—Monteiro form are equivalent to Riemannian GD and
Riemannian CG on quotient manifold (CZ*?/O,, g!), which is counter
intuitive because they look quite different.

There exists a retraction and a vector transport such that when the
Bures-Wasserstein metric g is used, the Riemannian conjugate gradient
algorithm is equivalent to the Euclidean conjugate gradient method in
the sense that they produce exactly the same iterates if started from the
same initial point.
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Problem formulation

L Interesting findings
Rank Overestimation M IS

Interesting findings

Riemannian GD and Riemannian CG on the embedded manifold '} are

exactly equivalent to Riemannian GD and Riemannian CG on quotient
manifold (C1*?/0,, g%).

Theorem

Let RE and TF denote any retraction and vector transport used in Algorithms

with embedded geometry H'”. Using the diffeomorphism [ between C2*P /O,
and 1P and isomorphism L.(y) between T.yyCi*?/O, and Tyy+HIP, define
the retraction R® and vector transport T on the quotient manifold

(CY?/Op, &) as Ry (&x(r) 1= B (R§<w(v>) (L(éﬂ(y))))' and

T2, ) 1= Ly (T ) (Lewtn)) ) where m(¥2) is in C2¥° /O, such
that B(m(Y2)) denotes the foot of the tangent vector ﬁfn”(y)) (L(¢n(vy))-
Using R? and T as the retraction and vector transport in Algorithm with
quotient geometry and g°, and assume the initial step tx is be chosen to be the
same, then Algorithm with quotient geometry and g° is equivalent to
Algorithm with embedded geometry in the sense that they produce exactly the
same iterates if started from the same initial point.
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Problem formulation

L Interesting findings
Rank Overestimation E &

Interesting findings

Main results: Conditioning of Riemannian Hessians

The Rayleigh quotient of the Riemannian Hessian of h on (C1*?/0,, g")

is defined by

gk vy (Hess h(m(Y))[€x(v)]: éx(v))
&1y (Ex(v)> €n ()

VEx(v) € Tr(v)CI*P/Op.

pi(ﬂ-( Y)7 fﬂ'(Y)) =

)

If the Rayleigh quotient has a low bound p and an upper bound L, then
L/ is an upper bound of the condition number of the Riemannian
Hessian.
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Problem formulation

L Interesting findings
Rank Overestimation E &

Interesting findings

Main results: Conditioning of Riemannian Hessians

Let X be the global minimizer of f. For a fixed ¢ > 0, there exist
constants A > 0 and B > 0 such that for all X with ||X — X||r < ¢, the
following inequality holds,

AllexlIF < (VAFX)Ex], O enen < BlICIIE Vix € TxHIP.

Wen Huang Influence of Metrics



Problem formulation
Interesting findings

Rank Overestimation

Interesting findings

Theorem

Let X = YY* be the global minimizer of (2) with rank r = p. For

X = YY* = USU* with singular values o;, Y € C?*P, and X near X,
under the above Assumption, for any arbitrary tangent vectors (x and
&x(y), the following hold:

Q@ A— 2 |VF(X)| < p5(X,¢x) < B+ ZIVAX)I,

@ 2Ad, —2[[VA(YY")|| < p'((Y), &xv)) < B Dry) + 2 VF(YY™)],
@ 24— 2R | VF(YY?)| < p(m (v>,swm)s4B+‘“{—fuw(W*)n7
QA-% ||Vf(w I < PP(r(Y), exry) < B+ ZIVA(YY),

where DX = (v) satisfies 201 < DX () <2 (Z—f < 01>.
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Problem formulation
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Theorem (Continue)

In particular, if X = YY* has rank p, we have the following limits, where
X — X and w(Y) — n(Y) are taken in the sense of HX - )A(HF — 0 and

HYY* —yyr

— 0:
F

QA2 Hw(X)H <limy g pF(X.6x) < B+ 2 HW(X)

@ 245, — 2||VA(X)| < lim, vy 9y P(T(Y), xi) <
B-D!y +2HVf()A<)

Q 24— 4(f+1
4B+4((7+1‘
9p

QA2 HW(X)H <M (yy iy (V) Err) < B+ & Hw(x

A2
where D1 ) satisfies 261 < D1 < 2 (Z—i + &1) .
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Assumption

For a sequence {Xi} with X, € H" (or m(Yi) € C*P/O, ) that
converges to the minimizer X (or n(Y)), let (0p), be the smallest
nonzero singular value of Xy, = Y, Y/, assume the following limits hold.

@ For the embedded manifold, limy_ (U [VF(X)| < 4.

@ For the quotient manifold with metric g*,
limi—oo o IVF(YRYEI < 5

@ For the quotient manifold with metric g2,
limy oo B2 VE (YY) < A

O'pk

@ For the quotient manifold with metric g3,
limisoo o VA YN < 4.
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If X has rank r < p and {Xi} is a sequence that satisfies Assumption on
the previous page, then Theorem implies

@ For the embedded manifold we have
é < limg_o0 PE(kaka) <B+ é

1 e . Dl
Q A < llmk—)oo M § Bllmk—)oo ((‘:(’)ﬁ;) +2A,
P

(op)x

Q@ AL Ilmk—>oo Pz(ﬂ'( Yk)vfﬂ’(Yk)) <4B+ A7
o g S Ilmk—>oo P3(7F(Yk)7£7r(Yk)) S B + év

Dl

- 7 (Yy) . 2(01)k . ~

where [im L > lim 2% = 400 since 0, — 6, = 0.
k—o0 (op) = k—s 00 (op)« + P P
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Numerical Experiments

Phase retrieval problem
1 2
F(X) = 5 IA(X) bl
where X = xx* is a rank-one matrix and x represents an image, and

A Crn 5 R X s [diag(Z1XZY), -+, diag(ZmXZ™)] T with
given Z' € C"™" see [CSV13].
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Numerical Experiment

; Relative Residue vs Iteration Number o Relative Residue vs Iteration Number
0
-5~ BurerMonteiroLBEGS) 0 BurerMonteiroLBFGS)|
|+ Quotient1CG + | Quotient1CG
% Quotient2CG \ Quotient2CG
102 = Quotient3CG | & Quotient3CG
ol -6 EmbeddedCG - EmbeddedCG
= |
= ) \
= 04 \ |
g 10 R &
5 \
g \
© 100 ¢
kS \
2 \
T &
\
1070 107
0 100 200 300 400 500 600 700 0 200 400 600 800
Tteration Number

1000 1200

Tteration Number
(a) The algorithms are solved on the rank (b) The algorithms are solved on the rank
3 manifold

1 manifold

Figure: Phase retrieval of a 256-by-256 image with 6 Gaussian masks. A
. . . AV Y )—b]|
comparison of relative residue

Bl versus iteration number k when
using L-BFGS approach, quotient CG method with metric g',i = 1,2, 3 and

embedded CG method. When the minimizer is rank deficient (the case in
8(a)), L-BFGS approach and CG method with metric g* is significantly slower
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Numerical Experiments

BurerMonteiroLBFGS Quotient1CG Quotient2CG ~ Quotient3CG  EmbeddedCG
10 10° 10° 10°% 10°
-5 -5 -5 -5 -5
0 0 500 10 0 500 10 0 100 200 10 0 200 406O 0 100 200
Tteration Number Tteration Number Tteration Number Tteration Number Tteration Number

Figure: Numerical examination of Assumption 3.2 for the phase retrieval
problem of a 256-by-256 image with 6 Gaussian masks solved on the rank 3

manifold (same setup as the numerical test shown in Fig 8(a)). Plots show the

. VYY) . . . .
ratio term % in the Assumption 3.2 versus the iteration number k for

L-BFGS approach, quotient CG method with metric g',i =1,2,3 and
embedded CG method.
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Summary of Rank Overestimation

@ Optimization over Hermitian PSD matrices of fixed rank;
@ Multiple geometries to quotient geometry with multiple metrics;
@ Rank overestimation accelerates convergence;

@ Bures-Wasserstein metric is worse than the other two when
minimizer is (almost) rank deficient.

S. Zheng, W. Huang, B. Vandereycken, and X. Zhang. Riemannian
optimization using three different metrics for Hermitian PSD fixed-rank
constraints, 91, 1135-1184, 2025.
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Thank you

Thank you!
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