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Problem Statement

Optimization on Manifolds with Structure:

min F(x) = £(x) + h(x),

@ M is a finite-dimensional Riemannian manifold;

@ f is smooth and may be nonconvex; and

@ h(x) is continuous and convex but may be nonsmooth;

Wen Huang Difficulties from Euclidean to Riemannian



Problem Statement

Optimization on Manifolds with Structure:

min F(x) = £(x) + h(x),

@ M is a finite-dimensional Riemannian manifold;
@ f is smooth and may be nonconvex; and

@ h(x) is continuous and convex but may be nonsmooth;

Applications: sparse PCA [ZHTO06], compressed model [OLCO13],
sparse partial least squares regression [CSGT18], sparse inverse
covariance estimation [BESS19], sparse blind deconvolution [ZLK*17],
and clustering [HWGVD?22].
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Existing Nonsmooth Optimization on Manifolds

F : M — R is Lipschitz continuous

e Huang (2013), Gradient sampling method without convergence
analysis.

@ Grohs and Hosseini (2015), Two e-subgradient-based optimization
methods using line search strategy and trust region strategy,
respectively. Any limit point is a critical point.

@ Hosseini and Uschmajew (2017), Gradient sampling method and any
limit point is a critical point.

@ Hosseini, Huang, and Yousefpour (2018), Merge e-subgradient-based
and quasi-Newton ideas and show any limit point is a critical point.
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Existing Nonsmooth Optimization on Manifolds

F : M — R is convex

@ Zhang and Sra (2016), subgradient-based method and function
value converges to the optimal O(1/v'k).

@ Ferreira and Oliveira (2002) proximal point method, convergence
using convexity
Bento, da Cruz Neto and Oliveira (2011), convergence using
Kurdyka-tojasiewicz (KL); and
Bento, Ferreira, and Melo (2017), function value converges to the
optimal O(1/k) on Hadamard manifold using convexity
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Existing Nonsmooth Optimization on Manifolds

F =f + g, where f is L-con, and g is non-smooth

@ Chen, Ma, So, and Zhang (2018), A proximal gradient method with
global convergence

@ Xiao, Liu, and Yuan (2021), Infeasible approach over the Stiefel
manifold

@ Zhou, Bao, and Ding (2022), An augmented Lagrangian method on
matrix manifolds

e Huang and Wei (2021-2023), A Riemannian proximal gradient

method, an inexact Riemannian proximal gradient method, and a
modified FISTA on embedded manifolds

e Wang and Yang (2023), A proximal quasi-Newton method on
manifolds on the Stiefel manifold

e Huang, Meng, Gallivan, and Van Dooren (2023), An inexact
proximal gradient method on embedded submanifolds

@ Beck and Rosset (2023), A dynamic smoothing technique



Optimization with Structure:

Xnglﬁrlt F(x) = f(x) + h(x).

@ Proximal gradient methods
@ Accelerated proximal gradient methods

@ A proximal Newton method

[HW2021]: W. Huang and K. Wei, Riemannian proximal gradient methods, Mathematics
Programming, 194, 371-413, 2022.

[HW2023]: An inexact Riemannian proximal gradient method, Computational Optimization and
Applications, 85, 1-32, 2023

[HWGV2023]: A Riemannian optimization approach to clustering problems, arxiv, 2023

[SAHJV2023]: A Riemannian proximal Newton method, SIAM Journal on Optimization, 34:1, pp.
654-681, 2024
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Optimization with Structure:

ereuj\rll F(x) = f(x) + h(x).

@ Proximal gradient methods

o Euclidean version
e Riemannian version in [CMSZ20]
o Riemannian version in [HW21a]

@ Accelerated proximal gradient methods

@ A proximal Newton method
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal ( ent Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,

dx = argminpegrn (VI (xk), p) + %||p||2F + h(xk + p), (Proximal mapping!)
Xkp1 = Xk + di. (Update iterates)
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,

dx = argminpegrn (VI (xk), p) + %||p||2F + h(xx + p), (Proximal mapping)
Xkp1 = Xk + di. (Update iterates)

@ h = 0: reduce to steepest descent method;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,

dx = argminpegrn (VI (xk), p) + %||p||2F + h(xx + p), (Proximal mapping)
Xkp1 = Xk + di. (Update iterates)

@ h = 0: reduce to steepest descent method;
@ L: greater than the Lipschitz constant of Vf;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,
{ dx = argminpegrn (VI (xk), p) + %||p||2F + h(xx + p), (Proximal mapping)
Xkp1 = Xk + di. (Update iterates)
@ h = 0: reduce to steepest descent method;
@ L: greater than the Lipschitz constant of Vf;

@ Proximal mapping: easy to compute;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,
{ di = arg mingere (VF(x0), p) + llpl2 + hxi + p), (Proximal mapping)
X1 = Xk + d. (Update iterates)
@ h = 0: reduce to steepest descent method;
@ L: greater than the Lipschitz constant of Vf;
@ Proximal mapping: easy to compute;

@ Any limit point is a critical point;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,
{ di = arg mingere (VF(x0), p) + llpl2 + hxi + p), (Proximal mapping)
X1 = Xk + d. (Update iterates)
@ h = 0: reduce to steepest descent method;
@ L: greater than the Lipschitz constant of Vf;
@ Proximal mapping: easy to compute;
@ Any limit point is a critical point;
@ O (i) sublinear convergence rate for convex f and h;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,
{ di = arg mingere (VF(x0), p) + llpl2 + hxi + p), (Proximal mapping)
X1 = Xk + d. (Update iterates)
@ h = 0: reduce to steepest descent method;
@ L: greater than the Lipschitz constant of Vf;
@ Proximal mapping: easy to compute;
@ Any limit point is a critical point;
@ O () sublinear convergence rate for convex f and h;

@ Linear convergence rate for strongly convex f and convex h;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Euclidean version

Optimization with Structure: M =R"

fé]iRnn F(x) = f(x) + h(x).

initial iterate:xp,
{ di = arg mingere (VF(x0), p) + llpl2 + hxi + p), (Proximal mapping)
X1 = Xk + d. (Update iterates)
@ h = 0: reduce to steepest descent method;
@ L: greater than the Lipschitz constant of Vf;
@ Proximal mapping: easy to compute;
Any limit point is a critical point;
O () sublinear convergence rate for convex f and h;

Linear convergence rate for strongly convex f and convex h;

Local convergence rate by KL property;
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Proximal Gradient Methods
Euclidean Proxim:

Riemannian Proxi

Proximal Gradient Method

Riemannian versions

Optimization with Structure: M

Xrglj\rll F(x) = f(x) + h(x).
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian versions

Optimization with Structure: M

Xrglj\rll F(x) = f(x) + h(x).

Euclidean proximal mapping

. L
i = arg min (VF(xi), p) + =||p|2 + h(x¢ + p)
peR” 2

In the Riemannian setting:
@ How to define the proximal mapping?
@ Can be solved cheaply?

@ Share the same convergence rate?
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Proximal Gradient Methods
Euclidean Proxim:

Riemannian Proxi

Proximal Gradient Method

Riemannian version in [CMSZ20]

A Riemannian proximal mapping [CMSZ20]
Q i = argminger, m (VF(x), ) + 5lnllE + h(x + n);

@ Only works for embedded submanifold;

[CMSZ18]: S. Chen, S. Ma, M. C. So, and T. Zhang, Proximal gradient method for nonsmooth
optimization over the Stiefel manifold. SIAM Journal on Optimization, 30(1):210-239, 2020.
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [CMSZ20]

A Riemannian proximal mapping [CMSZ20]
Q i = argminger, M (VF(x), ) + 5lnllE + h(xx + n);

@ Only works for embedded submanifold;

@ Proximal mapping is defined in tangent space;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [CMSZ20]

A Riemannian proximal mapping [CMSZ20]
Q i = argminger, M (VF(x),n) + 5lnllE + h(x + n);

@ Only works for embedded submanifold;
@ Proximal mapping is defined in tangent space;

e Convex programming;
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Proximal Gradient Methods Euclidean Proxi jent method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [CMSZ20]

Q i = argminger, M (VF(x),n) + 5lnllE + h(x + n);

Only works for embedded submanifold;
Proximal mapping is defined in tangent space;

Convex programming;

Solved efficiently for the Stiefel manifold by a semi-smooth Newton
algorithm [XLWZ18];

[XLWZ18]: X. Xiao, Y. Li, Z. Wen, and L. Zhang, A regularized semi-smooth Newton method with
projection steps for composite convex programs. Journal of Scientific Computing, 76(1):364-389,
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [CMSZ20]

ManPG [CMSZ20]

Q i = argminger, M (VF(x),n) + 5lnllE + h(x + n);
@ xi+1 = Ry, (akmi) with an appropriate step size oy;

@ Only works for embedded submanifold;
@ Proximal mapping is defined in tangent space;
e Convex programming;

@ Solved efficiently for the Stiefel manifold by a semi-smooth Newton
algorithm [XLWZ18]; T M

@ Step size 1 is not necessary decreasing; ‘\
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [CMSZ20]

ManPG [CMSZ20]

Q i = argminger, M (VF(x),n) + 5lnllE + h(x + n);
@ xk+1 = Ry (akmi) with an appropriate step size o;

@ Only works for embedded submanifold;
@ Proximal mapping is defined in tangent space;
e Convex programming;

@ Solved efficiently for the Stiefel manifold by a semi-smooth Newton

algorithm [XLWZ18]; M
@ Step size 1 is not necessary decreasing; ‘\
e Convergence to a stationary point; ’
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [CMSZ20]

ManPG [CMSZ20]

Q i = argminger, M (VF(x),n) + 5lnllE + h(x + n);
@ xk+1 = Ry (akmi) with an appropriate step size o;

@ Only works for embedded submanifold;
@ Proximal mapping is defined in tangent space;
e Convex programming;

@ Solved efficiently for the Stiefel manifold by a semi-smooth Newton

algorithm [XLWZ18]; T M
@ Step size 1 is not necessary decreasing; ‘\
@ Convergence to a stationary point; ’
@ No convergence rate analysis;
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Proximal Gradient Methods
Euclidean Proxim:

Riemannian Proxi

Proximal Gradient Method

Riemannian version in [HW21a]

GOAL: Develop a Riemannian proximal gradient method with convergence
rate analysis and good numerical performance for some instances
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

GOAL: Develop a Riemannian proximal gradient method with convergence
rate analysis and good numerical performance for some instances

A Riemannian Proximal Gradient Method (RPG)

Let 6 (n) = (VF(xk), M, + 5l +h( Ru(n) )

. . . replace xx + 1
Riemannian metric

Q ik € T, M is a stationary point of £, (1), and £y, (0) > £x(nk);
Q Xk+1 = ka(nk);

@ General framework for Riemannian optimization;
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

GOAL: Develop a Riemannian proximal gradient method with convergence
rate analysis and good numerical performance for some instances

A Riemannian Proximal Gradient Method (RPG)

Let £y, (1) = (VF(xk), M) + éHnlli +h( Re(n) )

. . . replace xx + 1
Riemannian metric

Q ik € T, M is a stationary point of £, (1), and £y, (0) > £x(nk);
Q@ Xit1 = R (Mk);

@ General framework for Riemannian optimization;

@ Step size can be fixed to be 1,

Wen Huang Difficulties from Euclidean to Riemannian



Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

GOAL: Develop a Riemannian proximal gradient method with convergence
rate analysis and good numerical performance for some instances

A Riemannian Proximal Gradient Method (RPG)

Let £y, (1) = (VF(xk), M) + éHnlli +h( Re(n) )

. . . replace xx + 1
Riemannian metric

Q ik € T, M is a stationary point of £, (1), and £y, (0) > £x(nk);
Q Xk+1 = ka(nk);

@ General framework for Riemannian optimization;
@ Step size can be fixed to be 1;

o Convergence rate results;
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Assumption:

@ The function F is bounded from below and the sublevel set
Q,, = {x e M| F(x) < F(x)} is compact;

This assumption hold if, for example, F is continuous and M is compact.

min  —trace(XTATAX) + || X1,
XeSt(p,n)
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Assumption:

@ The function F is bounded from below and the sublevel set
Q,, = {x e M| F(x) < F(x)} is compact;

@ The function f is L-retraction-smooth with respect to the retraction R
in the sublevel set Q,,.

Definition

A function h: M — R is called L-retraction-smooth with respect to a
retraction R in N' C M if for any x € N and any S, C T M such that
R.(Sx) € N, we have that

B(R.(n)) < h(x) + (gmad (x),mhs + 52, € S,
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Assumption:

@ The function F is bounded from below and the sublevel set
Q,, = {x e M| F(x) < F(x)} is compact;

@ The function f is L-retraction-smooth with respect to the retraction R
in the sublevel set Q,,.

If the following conditions hold, then f is L-retraction-smooth with respect
to the retraction R in the manifold M [BAC18, Lemma 2.7]

@ M is a compact Riemannian submanifold of a Euclidean space R”;
@ the retraction R is globally defined;
o f:R" — R is L-smooth in the convex hull of M;

min  —trace(XTATAX) + || X1,
XeSt(p,n)
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Assumption:

@ The function F is bounded from below and the sublevel set
Q,, = {x e M| F(x) < F(x)} is compact;

@ The function f is L-retraction-smooth with respect to the retraction R
in the sublevel set Q,,.

Theoretical results:

e For any accumulation point x, of {xx}, x. is a stationary point, i.e.,
0 € OF(xx).
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Additional Assumptions:

e f and g are retraction-convex in Q2 D Q,;

Definition

A function h: M — R is called retraction-convex with respect to a
retraction R in N' C M if for any x € N and any S, C T M such that
R.(Sx) C N, there exists a tangent vector ¢ € Tx M such that g, = ho R,
satisfies

qx(1) = qx(§) + (¢;n — &E)x 1, € € Si. (1)

Note that ¢ = grad g.(&) if h is differentiable; otherwise, ¢ is any
subgradient of g, at &.
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Additional Assumptions:

e f and g are retraction-convex in Q2 2 Q,;

Given x € M and a twice continuously differentiable function h : M — R,
if one of the following conditions holds:

@ Hess h is positive definite at x, and the retraction is second order;

@ The manifold M is an embedded submanifold of R" endowed with the
Euclidean metric; YV is an open subset of R"; x € W;
h: W C R" — R is a u-strongly convex function in the Euclidean
setting for a sufficient large u,; the retraction is second order;

then there exists a neighborhood of x, denoted by N, such that the
function h : M — R is retraction-convex in N.
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Proximal Gradient Methods

Euclidean Proxi ient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Additional Assumptions:

e f and g are retraction-convex in Q2 D Q,;

Nonsmooth? Example: h(x) = ||x||1 with exponential mapping
o unit sphere: {x € R" | x"x =1}, n =100
@ Poincaré ball model [GBH18]: {x € R" | x"x < 1}, n = 100
o h(Exp,(tny)) versus t

Unit sphere Poincare ball
7.868 4.8195
\\

= = 4.819 \
< 7.867 ]
(5} [5}
ot §4.8185
W 7.866 W
e © 4818

7.865 4.8175

-0.01 -0.005 0  0.005 0.01 -0.01 -0.005 0  0.005 0.01
t t

[GBH18] Ganea et al., Hyperbolic entailment cones for learning hierarchical embedding,
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Additional Assumptions:

e f and g are retraction-convex in Q2 D Q,;

@ Retraction approximately satisfies the triangle relation in Q: for all
x,y,z € Q,

1€ = nellZ = lISy 15| <sllnxl%, for a constant x

where 1, = R (y), & = R7Y(2), ¢, = R (2).

o In the Euclidean setting: 7, = R} (y) =y — x, & = R (z) = z — x,
(=R MNz)=z—y:

fx—nXZ(Z—X)—(y—X):Z—YZCy~

@ Holds for compact set Q with the exponential mapping;
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Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]
Additional Assumptions:

e f and g are retraction-convex in Q2 D Q,;

@ Retraction approximately satisfies the triangle relation in Q: for all
x,y,z € Q,

1€ = nellZ = lISy 15| <sllnxl%, for a constant x

where 7, = R;H(y), & = RyX(2), ¢, = Ry’l(z).

Theoretical results:
o Convergence rate O(1/k):

LxC

) = ) < 5 (5IR I + 75 (FOa) — F(x)).

R\M—l
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

Assumption:

@ Assumptions for the global convergence

© The function F is bounded from below and the sublevel set
Q,, = {x e M| F(x) < F(x)} is compact;

@ The function f is L-retraction-smooth with respect to the retraction R
in the sublevel set Q,.

min —trace(X TATAX) + || X1,
XeSt(p,n)

Wen Huang Difficulties from Euclidean to Riemannian



Proximal Gradient Methods

Euclidean Proximal gradient method
Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

Assumption:
@ Assumptions for the global convergence
@ f is locally Lipschitz continuously differentiable

Definition ( [AMS08, 7.4.3])

A function f on M is Lipschitz continuously differentiable if it is
differentiable and if there exists 8y such that, for all x, y in M with
dist(x,y) < i(M), it holds that

1P grad f(y) — grad f(x)|lx < B1 dist(x, y),

where v is the unique minimizing geodesic with v(0) = x and (1) = y.
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

Assumption:
@ Assumptions for the global convergence

@ f is locally Lipschitz continuously differentiable

If f is smooth and the manifold M is compact, then the function f is
Lipschitz continuously differentiable. [AMS08, Proposition 7.4.5 and
Corollary 7.4.6].

min —trace(XTATAX) + || X||1,
XeSt(p,n)
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Proximal Gradient Methods
Euclidean Proxim: ent method

Riemannian Proxi Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

Assumption:
@ Assumptions for the global convergence
@ f is locally Lipschitz continuously differentiable
@ F satisfies the Riemannian KL property [BACNO11]

A continuous function f : M — R is said to have the Riemannian KL property at x € M if and only
if there exists € € (0, co], a neighborhood U C M of x, and a continuous concave function
s :[0,e] — [0, o) such that

@ (0)=0,cis C' on (0,&), and ¢’ > 0 on (0,7),
@ For every y € U with f(x) < f(y) < f(x) + €, we have

§'(f(y) = £(x)) dist(0, 8f(y)) > 1,

where dist(0, 9f(y)) = inf{||v||, : v € 8f(y)} and O denotes the Riemannian generalized
subdifferential. The function ¢ is called the desingularising function.
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

Assumption:
@ Assumptions for the global convergence
@ f is locally Lipschitz continuously differentiable
@ F satisfies the Riemannian KL property [BACNO11]

Theoretical results:
@ it holds that

oo
Z diSt(Xk, Xk+1) < 0.
k=0

Therefore, there exists only a unique accumulation point.
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Proximal Gradient Methods Euclidean Proximal gradient method

Riemannian Proximal Gradient Methods

Proximal Gradient Method

Riemannian version in [HW21a]

Assumption:
@ Assumptions for the global convergence
@ f is locally Lipschitz continuously differentiable
@ F satisfies the Riemannian KL property [BACNO11]

Theoretical results:

o If the desingularising function has the form ¢(t) = %te for C > 0 and
6 € (0,1] for all x € Q,,, then

e if # =1, then the Riemannian proximal gradient method terminates in
finite steps;
o if § € [0.5,1), then ||xx — x.|| < Cid* for C; >0 and d € (0,1);

o if 0 € (0,0.5), then [[x — x.|| < Gk™ for G, > 0;
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Proximal Gradient Methods
Euclidean Proxim:

Riemannian Proxi

Proximal Gradient Method

Numerical experiments

Sparse PCA problem

min —trace(XTATAX) + M| X1,
XEeSt(p,n)

where A € R™*" is a data matrix.
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Proximal Gradient Methods

Proximal Gradient Method

Numerical experiments

-71 -76
—¥—ManPG —¥— ManPG

-72 —7— RPG

-73
=3
hing -74

-75

-76 WW ?

-78.5
0 20 40 60 80 100 0 20 40 60 80 100
iteration iteration

Figure: Two typical runs of ManPG, RPG, A-ManPG, and A-RPG for the
Sparse PCA problem. n =1024, p =4, A =2, m = 20.
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Riemannian Proximal Gradient Methods

Summary of RPG

Generalizing the proximal mapping to manifolds is nontrivial

@ Multiple Riemannian proximal mapping
@ Theoretical results

@ Numerical experiments

W. Huang and K. Wei, Riemannian proximal gradient methods,
Mathematics Programming, 194, 371-413, 2022.
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Riemannian Proximal Gradient Methods

Summary of RPG

[BJJP25]: Given xg,

Let Hy, (x) = h(x) + 55 d? (x, Ry, (—Agradf (x)));
Xk+1 is a stationary point of H,, (x);
and Hy, (xk) = Hy (Xi+1);

@ Xy11 can be viewed as a Riemannian proximal point of h on manifold,;

@ Any limit point is a critical point by Exponential map;

[BJJP25] R. Bergmann, H. Jasa, P. John, M. Pfeffer. The intrinsic Riemannian proximal gradient
method for nonconvex optimization. arXiv:2506.09775, 2025.
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ted Proximal G ent Method

Optimization with Structure:

Xr'glj\rll F(x) = f(x) + h(x).

@ Proximal gradient methods
@ Accelerated proximal gradient methods

o Accelerated version of ManPG [HW21b];
o Accelerated version of RPG [HW21a];
o Accelerated version with theoretical guarantee [FJHY25];

@ A proximal Newton method

[HW21a] W. Huang and K. Wei. An extension of fast iterative shrinkage-thresholding algorithm to
Riemannian optimization for sparse principal component analysis. Numerical Linear Algebra with
Applications, 29(1): e2409, 2022.

[HW21b] W. Huang and K. Wei. Riemannian proximal gradient methods. Mathematical
Programming, 194(1-2):371-413,2022.

[FJHY25] S. Feng, Y. Jiang, W. Huang, and S. Ying. A Riemannian Accelerated Proximal Gradient
Method, 2025.
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Accelerated Proximal Gradient Meth ; )
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Related Work

Euclidean Setting

A proximal gradient method, initial iterate xg:

di = argmin,, (Vf(xc), p) + ||pl|2 + h(xk + p) (Proximal mapping)
Xk11 = Xk + di (Update iterates)
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Related Work

Euclidean Setting

A proximal gradient method, initial iterate xg:?

(Update iterates)

{ di = argmin, (VFf(xc), p) + 5||pll2 + h(xk + p) (Proximal mapping)
Xk41 = Xk + di

FISTA in convex [BTO09]:

Given xp, let yo = xo, to = 1;

dy, = argmin,(Vf(y), p) + [|pl% + h(yk + p)
Xk+1 = Yk + dy,

VAt +141

tky1 = 5

Vi1 = Xk+1 + %(XkH — Xk).
@ Based on the Nesterov momentum technique;
@ Two-point iterative sequence: xx and y;

® O () sublinear convergence rate for convex f and h;
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Related Work

Euclidean Setting

FISTA in strongly convex [dST*21]:

Given xp, let zp = x0, A0 = 0,9 = % (n>0);
24 +1+4/4A,+49A7+1
Ak+1 = 2(1—q)
= (A1 —Ak)(1+9Ak) o = DA
Air1H20AK A1 —aA2 1+qAk+1

Vi = xk + k(2K — x«)

dy, = argmin,(Vf(y), p) + 5llpl§ + h(yx + p)
Xk+1 = Yk + dy,

zir1 = (1 — qyk)zk + qyayk + Yrdk.

@ Three-point iterative sequence: xx, yx and z;

e min{O (%), O(1— \/ﬁ)k} convergence rate for strongly convex f and
convex h;

[dST*21] A. d'Aspremont, D. Scieur and A. Taylor. Acceleration methods. Foundations and Trends
in Optimization, 5(1-2): 1-245, 2021.
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Accelerated Proximal Gradient Meth ; )
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Related Work

Euclidean Setting

FISTA in strongly convex [dST*21]:

Given xp, let zp = x0, A0 = 0,9 = % (n>0);
24 +1+4/4A,+49A7+1
Ak+1 = 2(1—q)
= (A1 —Ak)(1+9Ak) o = DA
Air1H20AK A1 —aA2 1+qAk+1

Vi = xk + k(2K — x«)

dy, = argmin,(Vf(y), p) + 5llpl§ + h(yx + p)
Xk+1 = Yk + dy,

zir1 = (1 — qyk)zk + qyayk + Yrdk.

@ Three-point iterative sequence: xx, yx and z;

e min{O (%), O(1— \/ﬁ)k} convergence rate for strongly convex f and
convex h;

@ A unified accelerated method;

[dST*21] A. d'Aspremont, D. Scieur and A. Taylor. Acceleration methods. Foundations and Trends
in Optimization, 5(1-2): 1-245, 2021.
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Accelerated Proximal Gradient Methods 5 -
annian / lerated Proximal Gr t Method

Riemannian Version of FISTA

Euclidean version:

[BTO09] convex: Given xo, let yo = xo,t0 = 1;

dy, = argmin, (Vf(yk), p) + 5[lpE + h(yc + p)
Xk+1 = Yk + dy,

VA1l

t—1

m(xlwl - Xk)-

tkr1 = 5
Yk+1 = Xk+1 +

@ Riemannian version 1

@ Riemannian version 2
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Accelerated Proximal Gradient Methods A Riems ) ted Proximal Gradient Method

Riemannian Version of FISTA

Euclidean version:

[BTO09] convex: Given xo, let yo = xo,t0 = 1;

dy, = argmin, (Vf(yk), p) + 5[lpE + h(yc + p)
Xk+1 = Yk + dy,

VA1l

2

m(xlwl - Xk)-

thet1 =
Yk+1 = Xk+1 +

@ Riemannian version 1 [HW21b], AManPG: Given xq, let yo = xo,to = 1;
Ny, = argminger, am (VE(y),n) + 5lnllE + by +n)
xk+1 = Ry, (ny,)

VA2 +141

tkr1 = 5
1— _
Yir1 = Ry (JRXkL(Xk)) .

tht1

@ Riemannian version 2

[HW22a] W. Huang and K. Wei. An extension of fast iterative shrinkage-thresholding algorithm to
Riemannian optimization for sparse principal component analysis. Numerical Linear Algebra with
Applications, 29(1): 2409, 2022.
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Riemannian Version of FISTA

Euclidean version:

[BTO09] convex: Given xo, let yo = xo,t0 = 1;

dy, = argmin, (Vf(yk), p) + 5[lpE + h(yc + p)
Xk+1 = Yk + dy,

VA1l

2

m(xlwl - Xk)-

thet1 =
Yk+1 = Xk+1 +

@ Riemannian version 1 [HW21a]: Given xo, let yo = xo, to = 1;

by (n) = (gradf (yi), )y, + 55, + h(Ry, (1))

7y, is a stationary point of ¢,, and ¢,,(0) > ¢,,(n,,)
Xk+1 = Ry (1y,)

1+4/4t24+1
iyt = — 55—

2
- i1 tt—1 t—1 p—1
Yk+1 = R}/k ( it My — [ R}/k (Xk) .

@ Riemannian version 2

[HW22a] W. Huang and K. Wei. An extension of fast iterative shrinkage-thresholding algorithm to
Riemannian optimization for sparse principal component analysis. Numerical Linear Algebra with
Applications, 29(1): 2409, 2022.

HW?22b] W. Huang and K. Wei. Riemannian proximal g

radient methods. Mathematical Programming,
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Accelerated Proximal Gradient Methods A Riems ) ted Proximal Gradient Method

Riemannian Version of FISTA

Euclidean version:

[BTO09] convex: Given xo, let yo = xo,t0 = 1;

dy, = argmin, (Vf(yk), p) + 5[lpE + h(yc + p)
Xk+1 = Yk + dy,

VA1l

2 1

m(xlwl - Xk)-

thet1 =
Ykt1 = Xkt1 +

o Riemannian version 1 2 (& (F(x) — Fxe) — €, (Fw) — F(x))) <

. . . — — 2 — — 2
@ Riemannian version 2 Il (s = DR ) + Ry ) 17 = [l (e = DRy M50 + Ry M) — iy |l

Wi Wit1

@ W, # W, in general;

@ How to control the difference?

[HW22a] W. Huang and K. Wei. An extension of fast iterative shrinkage-thresholding algorithm to
Riemannian optimization for sparse principal component analysis. Numerical Linear Algebra with

Applications, 29(1): 2409, 2022.
HW?22b] W. Huang and K. Wei. Riemannian proximal gradient methods. Mathematical Programming
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Accelerated Proximal Gradient Methods A Riems ) ted Proximal Gradient Method

Riemannian Version of FISTA

Euclidean version:

[BTO09] convex: Given xo, let yo = xo,t0 = 1;

dy, = argmin, (Vf(yk), p) + 5[lpE + h(yc + p)
Xk+1 = Yk + dy,

VA1l

2 1

m(xlwl - Xk)-

thet1 =
Ykt1 = Xkt1 +

@ Riemannian version 1

@ Riemannian version 2 @ Observe acceleration empirically;

@ No theoretical guarantee for acceleration;

[HW22a] W. Huang and K. Wei. An extension of fast iterative shrinkage-thresholding algorithm to
Riemannian optimization for sparse principal component analysis. Numerical Linear Algebra with
Applications, 29(1): 2409, 2022.

HW?22b] W. Huang and K. Wei. Riemannian proximal gradient methods. Mathematical Programming,
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Related Work

Riemannian Setting

Xnenj\rl[ F(x) = f(x)+ h(x),

In smooth case: h = 0, Riemannian Accelerated Gradient Methods
e [LSC*17] [ZS18] [AS20] [JS22] [AOBL21] [MR22] [KY22] [MRP23]
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Accelerated Proximal Gradient Meth ; )
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Related Work

Riemannian Setting

Xnglj\rl[ F(x) = f(x)+ h(x),

In smooth case: h = 0, Riemannian Accelerated Gradient Methods
e [LSC*17] [ZS18] [AS20] [JS22] [AOBL21] [MR22] [KY22] [MRP23]
[KY22] Given xo, let zp = xo;
vk = Exp,, (TkEpr_kl(zk))
xk+1 = Exp,, (—ou grad f (yk))
Vo = BrExp,," (2i) — vk grad f (yk)
z1 = Exp, (F;:“ (vyk — EXpy_kl(Xk+1))) .

[KY22] J. Kim and I. Yang. Accelerated gradient methods for geodesically convex optimization:
tractable algorithms and convergence analysis. PMLR, 162: 11255-11282, 2022.
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t Method

Related Work

Riemannian Setting

Xnglj\rl[ F(x) = f(x)+ h(x),

In smooth case: h = 0, Riemannian Accelerated Gradient Methods
e [LSC*17] [ZS18] [AS20] [JS22] [AOBL21] [MR22] [KY22] [MRP23]
[KY22] Given xo, let zp = xo;
vk = Exp,, (TkEpr_kl(zk))
xk+1 = Exp,, (—ou grad f (yk))
Vo = BrExp,," (2i) — vk grad f (yk)
z1 = Exp, (F;:“ (vyk — EXpy_kl(Xk+1))) .

@ Accelerated convergence rates for geodesically convex f and geodesically
strongly convex f, respectively;

[KY22] J. Kim and |. Yang. Accelerated gradient methods for geodesically convex optimization:
tractable algorithms and convergence analysis. PMLR, 162: 11255-11282, 2022.
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Accelerated Proximal Gradient Methods
t Method

Related Work

Riemannian Setting

Xnglj\rl[ F(x) = f(x)+ h(x),

In smooth case: h =0, Riemannian Accelerated Gradient Methods
e [LSC*17] [ZS18] [AS20] [JS22] [AOBL21] [MR22] [KY22] [MRP23]
[KY22] Given xo, let zp = xo;

yk = Exp,, (TkEpr_kl(zk))
xk+1 = Exp,, (—akgrad f (y«))
vy, = BiBxp, ' (zx) — vk grad f(y)
zip1 = Exp, (F;:“ (VYk - EXPy_kl(XkH))) :

@ Accelerated convergence rates for geodesically convex f and geodesically

strongly convex f, respectively;

@ No unified parameters for accelerated gradient methods that works for both
geodesically convex and geodesically strongly convex functions;

[KY22] J. Kim and |. Yang. Accelerated gradient methods for geodesically convex optimization:
tractable algorithms and convergence analysis. PMLR, 162: 11255-11282, 2022.
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The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)

@ Riemannian proximal mapping [HW21a];

@ Nesterov's acceleration;

@ A three-point iterative method;
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The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)
Initial iterate xo, let zp = xo;

Q v = ExpXk (TkEXpX_kl(Zk));

@ 17y, is a stationary point of £, (n) on T,, M with ¢, (0) > £,, (ny,), where
Uy (n) = (grad f (vi) . ) + 5 |lnlly, + b (Expy, (n));

© xw+1 =Exp,, (ny,);

Q v, = ﬂkEXpy_kl(Zk) TV Nyr Zkrl = EprkH (r;i+1 (V}/k - nYk));
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The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)
Initial iterate xo, let zp = xo;

Q v = ExpXk (TkEXpX_kl(Zk));

@ 17y, is a stationary point of £, (n) on T,, M with ¢, (0) > £,, (ny,), where
Uy (n) = (grad f (vi) . ) + 5 |lnlly, + b (Expy, (n));

© xw+1 =Exp,, (ny,);

Q v, = ﬂkEXpy_kl(Zk) TV Nyr Zkrl = EprkH (r;i+1 (V}/k - nYk));

B0 @ Step 1:_ compute yk; note that xk, yx and zx are on a
geodesic;

e Wy = 11y
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ceelerated Proximal Gradient Methods an Accelerated Proximal Gradient Method

The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)
Initial iterate xo, let zp = xo;

Q v = ExpXk (TkEXpX_kl(Zk));

@ 7, is a stationary point of £, (n) on T,, M with ¢,, (0) > ¢, (ny,), where
ly (n) = (grad f (vi) ,m) + 5 |lnlly, + h (Expy, (n));

© xw+1 =Exp,, (ny,);

Q v, = ﬂkEXpy_kl(Zk) TV Nyr Zkrl = EprkH (r;i+1 (V}/k - nYk));

L ExpyA(a) @ Step 1:_ compute yk; note that xk, yx and zx are on a
geodesic;

] © Step 2: compute a Riemannian proximal gradient
Ty 4 direction 7y, ;

e Wy = 11y
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ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)
Initial iterate xo, let zp = xo;

Q v = ExpXk (TkEXpX_kl(Zk));

@ 17y, is a stationary point of £, (n) on T,, M with ¢, (0) > £,, (ny,), where
Uy (n) = (grad f (vi) . ) + 5 |lnlly, + b (Expy, (n));

© xwi1 =Exp, (ny,);

Q v, = ﬂkEXpy_kl(Zk) TV Nyr Zkrl = EprkH (r;i+1 (V}/k - nYk));

B0 @ Step 1:_ compute yk; note that xk, yx and zx are on a
geodesic;

© Step 2: compute a Riemannian proximal gradient
e direction 7y, ;

© Step 3: update xx+1 by exponential map;

0 Oy =1y,
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Acceler: Proximal i Meth \ q A
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The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)
Initial iterate xo, let zp = xo;

Q y« = Exp,, (TkEXpX_kl(Zk));

@ 17y, is a stationary point of £, (n) on T,, M with ¢, (0) > £,, (ny,), where
Uy (n) = (grad f (vi) . ) + 5 |lnlly, + b (Expy, (n));

Q Xki1 = EXPyk(Wyk);
(%] Yy, = ﬁkEXpy_kl(Zk) T YNy Zktl = Exprl (r;:-ﬂ (VYk - UYk));

B0 @ Step 1:_ compute yk; note that xk, yx and zx are on a
geodesic;

© Step 2: compute a Riemannian proximal gradient
Ty 4 direction 7y, ;

© Step 3: update xx+1 by exponential map;

0% =my) @ Step 4: update z1 by exponential map and parallel
transport;
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Accelerated Proximal ent Meth . . : :
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

The Proposed Approach

Riemannian accelerated proximal gradient method (RAPG)
Initial iterate xo, let zp = xo;

Q v = ExpXk (TkEXpX_kl(Zk));

@ 17y, is a stationary point of £, (n) on T,, M with ¢, (0) > £,, (ny,), where
Uy (n) = (grad f (vi) . ) + 5 |lnlly, + b (Expy, (n));

© xw+1 =Exp,, (ny,);

Q v, = ﬂkEXpy_kl(Zk) TV Nyr Zk1 = EprkH (r;i+1 (V}/k - nYk));

Next, we will show:
© Assumptions on Manifolds and functions;
@ Parameter expressions for 7x, Bk, Vk;
© Convergence rate of RAPG;
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Assumptions on Manifolds and Functions

Assumption on Manifold:
Q Let Q be a geodesically uniquely convex subset of M. The diameter of
Q satisfies diam(Q2) < D < o0;
@ The sectional curvature of € is bounded below by ki, and above by

s .

Kmax- If Kmax > 0, it is additionally assumed that D < Nt
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ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Assumptions on Manifolds and Functions

Assumption on Manifold:
Q Let Q be a geodesically uniquely convex subset of M. The diameter of
Q satisfies diam(Q2) < D < o0;
@ The sectional curvature of € is bounded below by ki, and above by

s .

Kmax- If Kmax > 0, it is additionally assumed that D < Nt

For the eigenvalues of the Hessian matrix of the squared distance function
3d?(-,p) on Q C M, where p € Q:
@ the upper bound:

¢ { v/ —KminD coth (V_HminD)a if Kmin <0
1,

- if Komin = 0
@ the lower bound:

i <
5 if Kmax <0

)
/Emax D cot (,/nmaXD) , if Kmax >0
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Assumptions on Manifolds and Functions

Assumption on Manifold:
Q Let Q be a geodesically uniquely convex subset of M. The diameter of
Q satisfies diam(Q2) < D < o0;
@ The sectional curvature of € is bounded below by ki, and above by

s .

Kmax- If Kmax > 0, it is additionally assumed that D < Nt

For the eigenvalues of the Hessian matrix of the squared distance function
3d?(-,p) on Q C M, where p € Q:
@ the upper bound:

¢ { v/ —KminD coth (V_HminD)a if Kmin <0
1,

- if Komin = 0
@ the lower bound:

i <
5 if Kmax <0

= VAmmD cot (VFmaxD) i Kimax >0

[
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Assumptions on Manifolds and Functions

Assumption on Manifold:
Q Let Q be a geodesically uniquely convex subset of M. The diameter of
Q satisfies diam(Q2) < D < o0;

@ The sectional curvature of € is bounded below by ki, and above by

Kmax- If Kmax > 0, it is additionally assumed that D < \/%;

Assumption on functions:

@ The function f is geodesically L-smooth and geodesically p-strongly
convex (p > 0) in Q;

@ The function h is p-retraction-convex with respect to the exponential
map in £;
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Assumptions on Manifold and Functions

p-retraction-convex:

he(n) = h(R«(n)) + £||n||? is convex in tangent space.

@ p >0, his said to be p-weakly retraction-convex with respect to R;
@ p =0, his said to be retraction-convex with respect to R;

@ p <0, his said to be p-strongly retraction-convex with respect to R.
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Acceler: Proximal i Meth a A 3 A
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Assumptions on Manifold and Functions

p-retraction-convex:

he(n) = h(R«(n)) + £||n||? is convex in tangent space.

@ p >0, his said to be p-weakly retraction-convex with respect to R;
@ p =0, his said to be retraction-convex with respect to R;

@ p <0, his said to be p-strongly retraction-convex with respect to R.

Weakly Retraction-Convex: A Necessary Assumption

e.g. ||x||1 is locally weakly retraction-convex on the embedded submanifold
of R".

Wen Huang Difficulties from Euclidean to Riemannian



Rela

Accelerated Proximal Gradient Meth - o ) )
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Parameter Expressions for Gk, vk, T«

Under assumptions on manifold and functions:

E+26A+ \[E2 +AE AT 4L

Ap1 = )
2 (¢ #5)
B = §(0L — p) + (1 — p)Ax = (0L — p)(Axs1 — Ax) S IS
E(OL = p) + (1 — p)Aks1’ E(OL — p) + (b — p)Aks1’ YAk + BrAks1’

Wen Huang Difficulties from Euclidean to Riemannian



Rela

Accelerated Proximal Gradient Meth - o ) )
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Parameter Expressions for Gk, vk, T«

Under assumptions on manifold and functions:

E+26A+ \[E2 +AE AT 4L

Ap1 = )
2 (¢ #5)
B = §(0L — p) + (1 — p)Ax = (0L — p)(Axs1 — Ax) S IS
E(OL = p) + (1 — p)Aks1’ E(OL — p) + (b — p)Aks1’ YAk + BrAks1’

Reduce to Euclidean space:
e if¢=1 p=0, RAPG is FISTA in strongly convex [dST*21];

@ otherwise, it is new as far as we known;

On manifold:

@ Our parameter settings apply to both convex and strongly convex
cases on manifold, leading to a unified accelerated algorithm.
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ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Convergence Rate of RAPG

Under assumptions on manifold and functions:
@ Sublinear convergence for i1 > p: O (%)

@ Linear convergence for pu > p:

i _ | FZP ) #C
me (1 (9L—p)€> Ykt 2vA)?

Assumption on functions:

@ The function f is geodesically L-smooth and geodesically p-strongly convex
(r>0)in Q;
© The function h is p-retraction-convex with respect to the exponential map in
Q;
F(x) =f(x) 4+ h(x
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Convergence Rate of RAPG

Sketch of the analysis

The core of our analysis is the construction of a potential function (or
Lyapunov function) &, that combines:

@ the function value gap;
© the distance from the iterate to the optimal point; and

© distortion error from curvature;

®p = Ac(F(xi) — F(x))

+€(9L—p)+2(u

+(e 1) Bz @)

I

PYA (|\Ex1);1(zk) — Expy'(x)
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Convergence Rate of RAPG

Sketch of the analysis

The core of our analysis is the construction of a potential function (or
Lyapunov function) &, that combines:

@ the function value gap;
© the distance from the iterate to the optimal point; and

© distortion error from curvature;

®p = Ac(F(xi) — F(x))

+€(9L—p)+2(u

+(e 1) Bz @)

I

PYA (|\Ex1);1(zk) — Expy'(x)

A convergence rate of O(1/Ax) is achieved if ®4 ;1 < Py is satisfied. J
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Accelerated Proximal Gradient Methods &

an Accelerated Proximal Gradient Method

The limit of RAPG:

@ RAPG is theoretically supported only under the convexity of both f
and h on manifolds;

@ What happens in the nonconvex case?

We develop an improved version of the method.
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Related Work

Accelerated Proximal ent Meth . . : :
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Adaptive Restart for RAPG

Adaptive Restart for Riemannian Accelerated Proximal Gradient Method
(AR-RAPG)

1: Set zg = x0, Xo = x0, 0 > 1, L = Liny, i =0, andj:Ng;

2: for k=0,1,2,--- do

3: if k== then

4: [)?,‘+1, Xk Zky Ak, Nit1, L] = Safeguard()?,-, Xk, Zky Ak, Ni, L);

5: Setj=j+ N1 andi=i+1;

6: endif

70 (Axt1, Bk, Yk, T«) are derived from the same formulas as in RAPG;
8: Compute yi, Xk+1, Zk+1 as in RAPG;

9: end for
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Acceler: Proximal i Meth q A
ceelerated Proximal Gradient Methods an Accelerated Proximal Gradient Method

Adaptive Restart for RAPG

Adaptive Restart for Riemannian Accelerated Proximal Gradient Method
(AR-RAPG)

1: Set zp = x0, X0 = X0, 8 > 1, L = Linit, i =0, and j = No;
2: for k=0,1,2,--- do
3: if k== then
[)?i+1> Xk y Zk s Ak, Ni+17 L] = Safeguard()?,-, Xk y Zk Ak, N,’7 L);
Setj=j+ N1 andi=i+1;
end if
(Ak+1, B, Yk, Tk ) are derived from the same formulas as in RAPG;
Compute yi, Xk+1, Zk+1 as in RAPG;
end for

© oo

@ Safeguard strategy from [HW21a];
@ The functions f and h are not required to be convex on manifold;

@ If the convexity of the functions is not known, we simply set = 0 and
p=0;

[HW22b] W. Huang and K. Wei. Riemannian proximal gradient methods. Mathematical
104 :371-413.2022
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Acceler: Proximal i Meth q A
ceelerated Proximal Gradient Methods an Accelerated Proximal Gradient Method

Adaptive Restart for RAPG

Safeguard

Require: (Xi, x, zk, Ak, Ni, L);
Ensure: [Xiy1, Xk, 2k, Ak, Niy1, L];
1: ng; is a stationary point of £z, (n) on T, M with £5,(0) > €5, (nz,);
2: Set a; = 1, is =0;
3: while F(Expg (aing;)) > F(%) — oaillng 1> and is < N do
4: a; = paj, s =i +1;
5: end while
6: if iixs == Nj then
7 L = 7L and go to Step 1; The estimation of L is too small ° Adaptively update the
8: end if
9: if F(Expy, (aing;) < F(x) then smoothness parameter L;
10: Safeguard takes effect
11:  if N; % Ningy then
12: L=rL;
}ii end ifE (@) A — Ao {Restart) o Guarantee a decrease in
: X = BExpg (@ing ), zx = Xk, Ak = Ao; {Restart .
15 Nt = max{Ni — 1, N the function value after

16: else a finite number of
17: Xk, Zk, and Ai keep unchanged; No restart H H .

18: N1 = min{N; + 1, Nnay }: Iterations;

19: end if

20: )?H’l = Xk.
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Re rk
A Riemannian Accelerated Proximal Gradient Method

Accelerated Proximal Gradient Methods

Adaptive Restart for RAPG

Theorem (Convergence)
Under assumptions of Manifolds, if

Q Q is compact;

@ all iterates remian in €2;

@ f is smooth, h is locally Lipschitz continuous,

then any accumulation point X, of the sequence {X;} generated by
AR-RAPG is a stationary point.
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Accelerated Proximal Gradient Meth elated Work ) )
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Numerical Experiments
Convergence rate verification of RAPG and RPG

min F(x) = —xT AT Ax + \||x||1,
xeSn—1 —_—— ——

fi(x) h(x)
e A=USVT +¢;

@ S € R™": first m columns are diag(m+ ¢, m,m—1,--- ,2) with ¢
varying from 0.01 to 1, and the remaining columns are zero;

@ e is a small noise;
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Acceler: Proximal i Meth _ q A
ceelerated Proximal Gradient Methods nannian Accelerated Proximal Gradient Method

Numerical Experiments
Convergence rate verification of RAPG and RPG

RAPG RPG

50 3000

© 2500

2000
30

(7 =| T 1500

i i

20

1000

10 500

0 0

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
K K
(a) RAPG (b) RPG

Figure: Empirical relationship between x and 1_—1e5 for RAPG and RPG.
m = 20,n = 1000, \ = 10~*.
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Accelerated Proximal ient Meth \ : :
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Numerical Experiments
Effectiveness of the safeguard in AR-RAPG

min  F(X) = | XTATAX — D?|2 + )| X|1
XeOB(p,n) ——

H(X) h(X)

@ Oblique manifold:
OB(p,n) ={X e R™P|x]x;=1,i=1,---, p};
o Entries of A: standard normal distribution A/(0, 1);

@ Each column of A: zero mean and unit 2-norm;
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Acceler: Proximal i Meth q A
ceelerated Proximal Gradient Methods iemannian Accelerated Proximal Gradient Method

Numerical Experiments
Effectiveness of the safeguard in AR-RAPG

—O6—RPG
—A—RAPG
AR-RAPG

0 200 400 600 800 1000

0 200 400 600 800 1000 . .
iteration

iteration

Figure: Comparison of RPG, RAPG, and AR-RAPG for the SPCA problem on
oblique manifold. A =1, m =20, n = 200, p = 4. Left: L = 2||D?||#; Right:
L=12||D?|%.

Difficulties from Euclidean to Riemannian




Related Work

Accelerated Proximal Gradient Meth ated Work : :
ceelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Numerical Experiments

Sparse PCA problem:

min [ XTATAX — D?||2 + || X]|s,
XeOB(p,n)

e OB(p,n) ={X e R™P|x]x;=1,i=1, ..., p} denotes the
oblique manifold,;

@ x; being the i-th column of X;
o A€ R™*" s the data matrix and p < m;

@ D is a diagonal matrix with the dominant singular values of A on the
diagonal;

Compared with:
e ManPG, ManPG-Ada: in [CMSZ20];
e RPG: in [HW213];
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Accelerated Proximal Meth : ) )
ceelerated Proximal Gradient Methods nannian Accelerated Proximal Gradient Method

Numerical Experiment

Left: the norm of search direction;
Right: function value.

10° P
—O—RPG —©—RPG
—+—ManPG 1851 —+—ManPG
ManPG_Ada \ ManPG_Ada
102 —A—RAPG ;i —A—RAPG
— —7— AR-RAPG — —7—AR-RAPG
= 3
S i 180
104
175
10°
0 500 1000 1500 2000

iteration

iteration

Figure: SPCA problem on oblique manifold. n =200, m =20, p = 4.
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r: ximal i Meth P q A
Accelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Numerical Experiments

For m=20, p=4, n={32,64,128,256}.
Left: number of iterations;
Right: CPU time.

6000 1.2
—O—RPG —©—RPG
5000 [ |——ManPG 11 |—+—ManPG
ManPG_Ada ManPG_Ada

4000 | |—A—RAPG 0.8 f |—A—RAPG
= —/— AR-RAPG ® —/— AR-RAPG
£ 3000 £ 06

2000 0.4

1000 0.2

0 0
0 100 200 300 0 100 200 300

Figure: SPCA problem on oblique manifold.
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Relat ork

r: Xi i Meth P q A
Accelerated Proximal Gradient Methods A Riemannian Accelerated Proximal Gradient Method

Numerical Experiments

For m=20, n=128, p=1{1,2,3,4}.
Left: number of iterations;
Right: CPU time.

3000 0.6
—©—RPG —©—RPG
2500 f |—+—ManPG 0.5 | [—+—ManPG
ManPG_Ada ManPG_Ada
2000  [—A—RAPG 0.4 [ |—A—RAPG
- —/— AR-RAPG o) —/— AR-RAPG
2 1500 £
1000
500
0
1 2 3 4
p p

Figure: SPCA problem on oblique manifold.
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Riemannian Proximal-Newton Methods

Optimization with Structure:

xne“/\rlt F(x) = f(x) + h(x).

@ Proximal gradient methods
@ Inexact proximal gradient methods

@ A proximal Newton method

o Related proximal Newton methods
o A Riemannian proximal Newton method
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Proximal Newton

" . . annian Proximal N
Riemannian Proximal-Newton Methods

Related Proximal Newton Methods

Euclidean version

Given xg;

d = argmin, (VF(xk), p) + 3(p, Hkp) + h(xc + p)
Xk1+1 = Xk + txdk, for a step size ty
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Related Proximal Newton Methods

i : ! A Riemannian Proximal N Method
Riemannian Proximal-Newton Methods e !

Related Proximal Newton Methods

Euclidean version

Given xg;

d = argmin, (VF(xk), p) + 3(p, Hkp) + h(xc + p)
Xk1+1 = Xk + txdk, for a step size ty

@ Hy is Hessian or a positive definite approximation to
Hessian [LSS14, MYZZ22];

[LLS14] Jason D Lee, Yuekai Sun, and Michael A Saunders. Proximal newton-type methods for
minimizing composite functions. SIAM Journal on Optimization, 24(3):1420-1443, 2014.

[MYZZ22] Boris S Mordukhovich, Xiaoming Yuan, Shangzhi Zeng, and Jin Zhang. A globally
convergent proximal newton-type method in nonsmooth convex optimization. Mathematical
Programming, pages 1-38, 2022.
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Related Proximal Newton Methods

i : ! annian Proximal Newton Method
Riemannian Proximal-Newton Methods e !

Related Proximal Newton Methods

Euclidean version

Given xg;

d = argmin, (VF(xk), p) + 3(p, Hkp) + h(xc + p)
Xk1+1 = Xk + txdk, for a step size ty

@ Hy is Hessian or a positive definite approximation to
Hessian [LSS14, MYZZ22];

@ ty is one for sufficiently large k;

[LLS14] Jason D Lee, Yuekai Sun, and Michael A Saunders. Proximal newton-type methods for
minimizing composite functions. SIAM Journal on Optimization, 24(3):1420-1443, 2014.

[MYZZ22] Boris S Mordukhovich, Xiaoming Yuan, Shangzhi Zeng, and Jin Zhang. A globally
convergent proximal newton-type method in nonsmooth convex optimization. Mathematical
Programming, pages 1-38, 2022.
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Related Proximal Newton Methods
n roximal New Method
Riemannian Proximal-Newton Methods annian Proximal Ne fethed

Related Proximal Newton Methods

Euclidean version

Given xg;

d = argmin, (VF(xk), p) + 3(p, Hkp) + h(xc + p)
Xk1+1 = Xk + txdk, for a step size ty

@ Hy is Hessian or a positive definite approximation to
Hessian [LSS14, MYZZ22];

@ ty is one for sufficiently large k;

o Quadratic/Superlinear convergence rate for strongly convex f and
convex h;

[LLS14] Jason D Lee, Yuekai Sun, and Michael A Saunders. Proximal newton-type methods for
minimizing composite functions. SIAM Journal on Optimization, 24(3):1420-1443, 2014.

[MYZZ22] Boris S Mordukhovich, Xiaoming Yuan, Shangzhi Zeng, and Jin Zhang. A globally
convergent proximal newton-type method in nonsmooth convex optimization. Mathematical
Programming, pages 1-38, 2022.
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Related Proximal Newton Methods

A Riemannia Proximal New Method
Riemannian Proximal-Newton Methods A Riemannian Proximal N it

Related Proximal Newton Methods

Riemannian version: a naive generalization

Focus on embedded submanifolds
Euclidean version:

{ dk = argminp<Vf(Xk)7 P> + %<p7 vzf(xk)p> + h(Xk + P)
X1 = Xk + di

A native generalization by replacing the Euclidean gradient and Hessian
by the Riemannian gradient and Hessian:

{ Mk = arg minyer, aq (grad £(xc), n) + 5 (n, Hess f(x)n) + h(x + 1)
X1 = R (M)
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Related Proximal Newton Methods

A Riemannia Proximal New Method
Riemannian Proximal-Newton Methods A Riemannian Proximal N it

Related Proximal Newton Methods

Riemannian version: a naive generalization

Focus on embedded submanifolds
Euclidean version:

{ dk = argminp<Vf(Xk)7 P> + %<p7 vzf(xk)p> + h(Xk + P)
X1 = Xk + di

A native generalization by replacing the Euclidean gradient and Hessian
by the Riemannian gradient and Hessian:

{ Nk = argminper, a (grad f(xic),m) + 3 (n, Hess f (xi)n) + h(xe +n)

X1 = R (M)

Does it converge superlinearly locally?
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Related Proximal Newton Methods

A Riemannia Proximal New Method
Riemannian Proximal-Newton Methods A Riemannian Proximal N it

Related Proximal Newton Methods

Riemannian version: a naive generalization

Focus on embedded submanifolds
Euclidean version:

{ dk = argminp<Vf(Xk)7 P> + %<p7 vzf(xk)p> + h(Xk + P)
X1 = Xk + di

A native generalization by replacing the Euclidean gradient and Hessian
by the Riemannian gradient and Hessian:

{ Mk = arg minyer, aq (grad £(xc), n) + 5 (n, Hess f(x)n) + h(x + 1)
X1 = R (M)

Does it converge superlinearly locally?

Not necessarily!



Related Proximal Newton Methods
annian Proximal N

Riemannian Proximal-Newton Methods

Related Proximal Newton Methods

Riemannian version: a naive generalization

Consider the Sparse PCA over sphere:

min —xTATAx + pl|x]|1,
xeSn—1

where f(x) = —xTATAx, h(x) = pu|x]|1.

=15
10° £
— ManPG

5 —¥— RP
.§
o 5
£ 10
ey
Q .
©
Q
(2]
B 10
£ 10
o
c
Q
=

1078

1 2 3 4 5 6 7
iter number
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Related Proximal Newton Methods

- : : A Riemannian Proximal Viethod
Riemannian Proximal-Newton Methods .

Related Proximal Newton Methods

Riemannian version: a naive generalization

Euclidean version:

{ di = argmin, (Vf(xk), p) + %(p7 V2f(xk)p) + h(xx + p)
X1 = Xk + di

A native generalization by replacing the Euclidean gradient and Hessian
by the Riemannian gradient and Hessian:

{ Mk = argminger, a (grad f(xi),n) + 5 (n, Hess f(x)n) + h(xi +n)
Xk+1 = Roq (k)

@ xx +nin his only a first order approximation;
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Related Proximal Newton Methods

- : : A Riemannian Proximal Viethod
Riemannian Proximal-Newton Methods .

Related Proximal Newton Methods

Riemannian version: a naive generalization

Euclidean version:

{ di = argmin, (Vf(xk), p) + %(p7 V2f(xk)p) + h(xx + p)
X1 = Xk + di

A native generalization by replacing the Euclidean gradient and Hessian
by the Riemannian gradient and Hessian:

{ Mk = argminger, a (grad f(xi),n) + 5 (n, Hess f(x)n) + h(xi +n)
Xk+1 = Roq (k)

{ K = argminger, a (grad f(xi),n) + 3 (n, Hess f(x)n) + h(xi +n + 3M(n, 1))
Xk+1 = Roq (1)

@ xx + 1 in his only a first order approximation;

@ If an second order approximation is used, then the subproblem is
difficult to solve;
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Related Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

A Riemannian proximal Newton method (RPN)

© Compute
v(xi) = argminyer, a f(x) + (VE(xi), v) + 5 lIVIE + h(x + v);
@ Find u(xx) € Ty, M by solving
J () [u(xi)] = —v(xk),
where J(x) = — [In =My, + tA (V2 (xk) — Ly,)], Ax, and Ly, are
defined later ;
Q ki1 = Ry (u(xk));
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Related Proximal Newton Methods
A Riemannian Proximal Newton Method

Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

A Riemannian proximal Newton method (RPN)

@ Compute
v(x) = argmin e, F(x) + (VF(xi), v) + 5 [VIE + h(xe + v);
@ Find u(xx) € Ty, M by solving
J(xi)[u(xi)] = —v(xk),
where J(x) = — [In =My, + tA (V2F(xk) — Ly,)], Ax, and Ly, are
defined later ;
Q xkt1 = R (u(xk)):

@ Step 1: compute a Riemannian proximal gradient direction (ManPG)
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Related Proximal Newton Methods
A Riemannian Proximal Newton Method

Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

A Riemannian proximal Newton method (RPN)

@ Compute
v(xi) = argminyer, a f(xe) + (VE(xi), v) + g lIVIE + h(x + v);
@ Find u(xx) € Ty, M by solving
J(x)[u(xi)] = —v(xe),
where J(x) = — [In =Ny, + tA (V2F(xk) — Ly,)], Ax, and Ly, are
defined later ;
Q xki1 = Ry (u(xk));

Step 1: compute a Riemannian proximal gradient direction (ManPG)

© 0

Step 2: compute the Riemannian proximal Newton direction, where
J(xk) is from a generalized Jacobi of v(xk);
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Related Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

A Riemannian proximal Newton method (RPN)

@ Compute
v(xi) = argminyer, a f(xe) + (VE(xi), v) + g lIVIE + h(x + v);
@ Find u(xx) € Ty, M by solving
J(x)[u(xi)] = —v(xe),
where J(x) = — [In =My, + tA (V2F(xk) — Ly,)], Ax, and Ly, are
defined later ;

Xk+1 = Ry (u(xx));

Step 1: compute a Riemannian proximal gradient direction (ManPG)

Step 2: compute the Riemannian proximal Newton direction, where
J(xk) is from a generalized Jacobi of v(xk);

© 006 ©o

Step 3: Update iterate by a retraction;
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Related Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

A Riemannian proximal Newton method (RPN)

© Compute
v(xi) = argmin,er, a F(x) + (VE(xi), v) + g lIVIE + h(x + v);
@ Find u(xx) € Ty, M by solving
J () [u(xi)] = —v(xk),
where J(x) = — [In =My, + tA (V2F(xk) — Ly,)], Ax, and Ly, are
defined later ;
Q ki1 = Ry (u(xk));

Next, we will show:
@ G-semismoothness of v(xx) and its generalized Jacobi;

@ Superlinear convergence rate;
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Related Proximal Newton Methods
A Riemannian Proximal Newton Method

Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

Definition (G-Semismoothness [Gow04])

Let F: D — R™ where D C R"” be an open set, £ : D = R™*" be a
nonempty set-valued mapping. We say that F is G-semismooth at x € D
with respect to K if for any J € K(x + d),

F(x+d)— F(x) — Jd = o(]|d||) as d — 0.

If Fis G-semismooth at any x € D with respect to K, then F is called a
G-semismooth function with respect to .

The standard definition of semismoothness additional requires:
@ /C is compact valued, upper semicontinuous set-valued mapping;
@ F is a locally Lipschitz continuous function;
@ F is directionally differentiable at x;

[Gow04] M Seetharama Gowda. Inverse and implicit function theorems for h-differentiable and
semismooth functions. Optimization Methods and Software, _19(5):443-461, 2004.
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Related Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

v(x) (dropping the subscript for simplicity)

1
v(x) = argmin f(x) + (VF(x),v) + —||v]|% 4+ h(x + v);
veT, M 2t
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Related Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

v(x) (dropping the subscript for simplicity)

1
v(x) = argmin f(x) + (VF(x),v) + —||v]|% 4+ h(x + v);
veT, M 2t

Above problem can be rewritten as
arg min (&, v) + i||VH2 + h(x+v)
gBXTV:o o 2t P
where Blv = ((by, V), (bo, V),...,{(bm,v))T, and {by,..., by} forms an

orthonormal basis of T- M.
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Related Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

The Lagrangian function:

L(v, ) =&, v) + %(v, v) + h(X 4+ v) — (\,BTv).

Therefore

[ o.L(v,N)=0 v = Proxy (x — t(&x — BxA\)) — x
KKT: { Blv=0 :>{ BJv=0

where Prox(z) = argmin, cpaxs 3[|v — z[|% + th(v).

Define

F - R'xRME y RO . (x; v, \) <v + x — Proxth(x — t[VFf(x)+ BX)\])) .

T
B, v

v(x) is the solution of the system F(x, v(x), A(x)) = 0;



!

. . . Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

Define

F:R'xR™E y RO (x; v, ) <v +x — Proxth(x — t[VFf(x)+ BX)\])) .

T
B, v

e F is semismooth;

@ v(x) is G-semismooth by the G-semismooth Implicit Function
Theorem in [Gow04, PSS03];

[Gow04] M Seetharama Gowda. Inverse and implicit function theorems for h-differentiable and
semismooth functions. Optimization Methods and Software, 19(5):443-461, 2004.

[PSS03] Jong-Shi Pang, Defeng Sun, and Jie Sun. Semismo oth homeomorphisms and strong
stability of semidefinite and Lorentz complementarity problems. Mathematics of Operations Research,
28(1):39-63, 2003.
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Related Proximal Newton Methods
A Riemannian Proximal Newton Method

Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

Lemma (Semismooth Implicit Function Theorem)

Suppose that F : R" x R™ — R™ is a semismooth function with respect
to O F in an open neighborhood of (x°, y°) with F(x°,y°) = 0. Let
H(y) = F(x°,y), if every matrix in OcH(y®) is nonsingular, then there
exists an open set V C R" containing x°, a set-valued fucntion

K:V — R™" and a G-semismooth function f : YV — R™ with respect
to K satisfying f(x°) = y°, for every x € V,

F(x, f(x)) =0,
and the set-valued function K is
K:x— {—(Ay)_lAX ([Ac A)] € 8BF(X, f(x))},

where the map x — K(x) is compact valued and upper semicontinuous.

Not new but an arrangement of existing results.
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Re Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

Without loss of generality, we assume that the nonzero entries of x, are
in the first part, i.e., x, = [x],07]"

Let BY =[BT}, BZ] where B, € R\* and B, € RI"Dxd |t s
assumed that j > d and Bx* is full column rank.
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Related Proximal Newton Methods
A Riemannian Proximal Newton Method

Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

Without loss of generality, we assume that the nonzero entries of x, are
in the first part, i.e., x, = [x],07]"

Assumption

Let BY =[BT}, BZ] where B, € R\* and B, € RI"Dxd |t s
assumed that j > d and Bx* is full column rank.

v(x) is a G-semismooth function of x in a neighborhood of x,

Under the above Assumption, there exists a neighborhood U of x, such
that v : U — R" : x — v(x) is a G-semismooth function with respect to
IC., where

Ky :x e {=[l,, 0]B*A:[A B] € 9F (x, v(x),\(x)) } .

For x € U, any element of K, (x) is called a generalized Jacobi of v at x.

Here, the semismooth implicit function theorem is used
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A Riemannian Proximal Newton Method

Riemannian version

The generalized Jacobi of v at x is
{JX | Tlw] = = [Tn —As + tA(V2F(x) = Ly)] w — M B Hy (DB [w])v, Yo

M, € Ocprox,,(x) } )

where A, = M, — M,B.H BT My, H, = (BT M,B,) ",
L (-) = Wi(-, B<A(x)), and W, denotes the Weingarten map;

o v(x.)=0;

o Set J(x) = I, A, + tA(V3F(x) — Ly);

@ The Riemannian proximal Newton direction: J(x)u(x) = —v(x);
o Let u(x) = (&(x); d(x)), then

i(x) = ¥ and J(x)d(x) = —v(x)

Wen Huang Difficulties from Euclidean to Riemannian
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A Riemannian Proximal Newton Method

Riemannian version

Assumption:
O Let B] =[BT,B]], where B,, € R"*? and and B,, € R(")*9_ |t is
assumed that j > d and EX* is full column rank;

Wen Huang Difficulties from Euclidean to Riemannian
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A Riemannian Proximal Newton Method

Riemannian version

Assumption:
O Let B] =[BT,B]], where B,, € R"*? and and B,, € R(")*9_ |t is
assumed that j > d and EX* is full column rank;

@ There exists a neighborhood U of x. = [x],07]" on M such that for
any x = [xT,%T]T € U, it holds that X + ¥ # 0 and X + 0 = 0.

1
V() = argmin £() + (VF(),v) + = V]2 + hix +v)
veT M 2t

Wen Huang Difficulties from Euclidean to Riemannian



Rela Proximal Newton Methods

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

A Riemannian Proximal Newton Method

Riemannian version

Assumption:
O Let B] =[BT,B]], where B,, € R"*? and and B,, € R(")*9_ |t is
assumed that j > d and BX* is full column rank;

@ There exists a neighborhood U of x. = [x],07]" on M such that for
any x = [xT,%T]T € U, it holds that X + ¥ # 0 and X + 0 = 0.

Suppose that x, be a local optimal minimizer. Under the above
Assumptions, assume that J(x,) is nonsingular. Then there exists a
neighborhood U of x, on M such that for any xo € U, RPN Algorithm
generates the sequence {xx} converging quadratically to x.

Wen Huang Difficulties from Euclidean to Riemannian
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A Riemannian Proximal Newton Method

Riemannian version

Assumption:
O Let B] =[BT,B]], where B,, € R"*? and and B,, € R(")*9_ |t is
assumed that j > d and BX* is full column rank;

@ There exists a neighborhood U of x. = [x],07]" on M such that for
any x = [xT,%T]T € U, it holds that X + ¥ # 0 and X + 0 = 0.

Suppose that x, be a local optimal minimizer. Under the above
Assumptions, assume that J(x,) is nonsingular. Then there exists a
neighborhood U of x, on M such that for any xo € U, RPN Algorithm
generates the sequence {xx} converging quadratically to x.

If the intersection of manifold_and sparsity constraints forms an embedded
manifold around x,, then V2f(x,) — £ = 0. If V2f(x,) — L = 0, then J(x,)
is nonsingular.
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A Riemannian Proximal Newton Method

Riemannian version

Smooth case: min f(x)
xeEM

@ KKT conditions:
Vi(x)+ %v +BA=0, and B] v =0;
@ Closed form solutions:
Mx) = =Bl Vf(x), v = —tgrad f(x);
e Action of J(x): for w € Ty M
J(x)[w] = — tPr, m(V?F(x) — L)Pr, mw = —t Hess f(x)[w]

o J(x)u(x) = —v(x) = Hess f(x)[u(x)] = — grad f(x);
@ It is the Riemannian Newton method;

Wen Huang Difficulties from Euclidean to Riemannian
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A Riemannian Proximal Newton Method

Numerical Experiments

Sparse PCA problem

in —t XTATAX X
xeon race( )+ ul[ X1,

where A € R™*" is a data matrix and
St(r,n) = {X € R™" | XTX = I,} is the compact Stiefel manifold.

® Re(mx) = (x +me) (I +nlm)

o t=1/(2[|A3);

@ Run ManPG until ||v|| reaches 1074, i.e., it reduces by a factor
of 103. The resulting x as the input of RPN;

Wen Huang Difficulties from Euclidean to Riemannian
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Numerical Experiments

differentn,r=5, u=0.6 different r, n = 300, 1 = 0.8

1070 1071

the norm of search direction
the norm of search direction

‘ 1075t ‘ ‘
1 2 3 4 5
iteration iteration

Figure: Random data. Left: different n = {100, 200, 300, 400} with r =5 and
= 0.6; Right: different r = {2,4,6,8} with n =300 and = 0.8
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Summary

@ Review Euclidean proximal Newton methods;

@ Riemannian proximal Newton method;

Convergence analysis;

@ Numerical experiments;

W. Si, P.-A. Absil, W. Huang, R. Jiang, S. Vary, A Riemannian Proximal
Newton Method, SIAM Journal on Optimization, 34:1, pp. 654-681,
2024.

Wen Huang Difficulties from Euclidean to Riemannian



Proximal Newton Meth

. . . A Riemannian Proximal Newton Method
Riemannian Proximal-Newton Methods

Thank you

Thank you!
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