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1 Introduction

The Riemannian manifold optimization library ROPTLIB is used to optimize a cost function defined
on a Riemannian manifold. State of the art algorithms, shown in Table[I], are included. The package
is written in C++ using the standard linear algebra libraries BLAS and LAPACK. It can be used in
a C++ environment, a Matlab environment, and a Julia environment. Users only need to provide
the cost function, the gradient function, and the action of the Hessian (if a Newton method is used)
in C++4, Matlab, or Julia. The package optimizes a given cost function using some parameters
specified by users, e.g., the domain manifold, algorithm, stopping criterion.

Table 1: Riemannian algorithms in ROPTLIB. Note that IRPG and IARPG requires the ambient space of
the manifold to be R™.

Name literature used objects cost function
Riemannian trust-region Newton (RTRNewton) ABGO7, Fun/Grad/Hess Smooth
Riemannian trust-region symmetric rank-one update (RTRSR1) HAGIS Fun/Grad Smooth
Limited-memory RTRSR1 (LRTRSR1) HAG15 Fun/Grad Smooth
Riemannian trust-region steepest descent (RTRSD) AMSO08 Fun/Grad Smooth
Riemannian line-search Newton (RNewton) AMSO08 Fun/Grad/Hess Smooth
Riemannian Broyden family (RBroydenFamily) HGAILS Fun/Grad Smooth
Riemannian BFGS (RWRBFGS and RBFGS) [}2\:125], Fun/Grad Smooth
Limited-memory RBFGS (LRBFGS) HGA15 Fun/Grad Smooth

INWO6)
Riemannian conjugate gradients (RCG) [AMSO8| Fun/Grad Smooth
[SI13]

Riemannian steepest descent (RSD) [AMSOS8| Fun/Grad Smooth

Riemannian gradient sampling (RGS) l[I;I{l[l?ll (?JJ Fun/Grad L-continuous

Subgradient Riemannian (L)BFGS ((L)RBFGSLPSub) [HHY18| Fun/Grad L-continuous

. . . . [CMSZ20] T+ g with

Inexact Riemannian Proximal gradient method (IRPG) [HW21h) Fun/Grad g proximal friendly
Accelerated Riemannian proximal gradient method (IARPG) [EIW21b| Fun/Grad J ty WIt.h
g proximal friendly

Riemannian stochastic gradient descent (RSGD) [Boni3| Partial Fun/Grad Zf\le fi(z)

Riemannian ADAM (RADAM) [HH24] Partial Fun/Grad Zf\;l fi(x)

Riemannian AMSGRAD (RAMSGRAD) [HH24] Partial Fun/Grad Zf;l fi(z)

p N
RADAMsparse update on product manifold (RADAMSP) [HH24] Partial Fun/Grad | 32,0 fi(@j,,-- -, 5, )
- N
RAMSGRADsparse update on product manifold (RAMSGRADSP) [HH24) Partial Fun/Grad | >2,2 fi(zjy,.--,2;.,)

Riemannian stochastic variance reduction (RSVRG) [ZRS16] Partial Fun/Grad Zf\; 1 fi(x)

Riemannian SVRG with LRBFGS (SVRGLRBFGS) [Zha24) Partial Fun/Grad Zfil fi(z)

Riemannian SVRG with LRBroydenFamily (SVRGLRBroydenFamily) [Zha24] Partial Fun/Grad Zf\;1 fi(x)

2 Installation and First Example

The package has been tested on Windows 10, Ubuntu 18.04.4 and MacOS Sonoma 14.6.1 when the
code is compiled in Matlab and C++ environment alone.

Note that since this version, ROPTLIB does not guarantee the support for Julia. The previous
versions of ROPTLIB support Julia via Cxx package. Cxx package works only for Julia 1.1.x to
1.3.x. The current version of ROPTLIB might still work when Cxx in Julia is installed correctly,
but we do not test it anymore.
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ROPTLIB can be installed with or without the fast fourier transform package FFTW. If
one needs to install ROPTLIB with FFTW, then the command #define ROPTLIB_WITH_FFTW
in ./0Others/def.h line 14 needs to be included.

2.1 Compiling in Matlab

The command “mex -setup” in Matlab sets up the MEX environment properly. Users are not
required to install BLAS and LAPACK in this case since those libraries are included in Matlab.

Windows: The MinGW64 compiler (C) is used in our tests. In Matlab, click HOME—Add—Ons—Get
Add-Ons and search for MinGW. The add-on named “MATLAB Support for MinGW-w64 C/C++/Fortran
Compiler” appears. Install it to get a compiler for C++.

From our experience, the MinGW compiler works but slowly. The C++ compiler in Windows
7 SDK is faster. For the installation of Window 7 SDK, please find the instructions in the user
manual for ROPTLIB versions before 0.8 (included).

Install FFTW by following the instruction at http://www.fftw.org/install/windows.html.
The following is the steps that are used during the test.

1. Download 64-bit version from above webpage and unzip the file.

2. Find the lib.exe file. On my computer, the directory is
C:\Program Files (x86)\Microsoft Visual Studio 14.0\VC\bin\.

3. Open cmd window and go to the directory of the downloaded file. Use commands:
PATH\1lib /machine:x64 /def:1ibfftw3-3.def
PATH\1ib /machine:x64 /def:libfftw3f-3.def
PATH\1ib /machine:x64 /def:1libfftw31-3.def to generate libraries, where PATH denotes
the directory of the lib.exe.

4. Copy .lib and .dll files to the folder: ROPTLIB\BinaryFiles.

5. See paragraph “Tests in Matlab for all platforms” for testing.

Ubuntu: The steps to set up in terminal are:

1. Install BLAS, LAPACK and FFTW:

sudo apt-get install build-essential
sudo apt-get install liblapack*

sudo apt-get install libblas*

sudo apt-get install libfftw3x*

2. Download the corresponding version of ROPTLIB and go the the directory of ROPTLIB.

3. See paragraph “Tests in Matlab for all platforms” for testing.

'ROPTLIB on an Ubuntu system needs dependencies. When installing ROPTLIB in Ubuntu, if “gl.h” is missing,
using the command “sudo apt-get install mesa-common-dev”; if “-1gl” is not defined, then use the command “sudo
apt-get install build-essential libgll-mesa-dev”.


http://www.fftw.org/install/windows.html
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MAC: The steps to set up in Matlab (tested for Matlab R2024a) are:
1. Download Xcode from official webpage or App Store and install it.

2. Download FFTW (fftw-3.3.8.tar.gz in our test) from http://www.fftw.org/download.html.
Unzip the file.

3. Install FF'TW by following the instruction inhttp://www.fftw.org/fftw3_doc/Installation-on-Unix.

html#Installation-on-Unix. In our test, the steps are

(a) ./configure
(b) make

(c) make install

4. Download the corresponding version of ROPTLIB and go the the directory of ROPTLIB.

5. If you get the error “xcrun: error: SDK “macosx******” cannot be located”, then use com-

mand “sudo xcode-select —switch /Applications/Xcode.app/” in terminal to fix this problem.

6. See paragraph “Tests in Matlab for all platforms” for testing.

Tests in Matlab for all platforms: To compile ROPTLIB and run a test example, first go to
the root directory, i.e., /ROPTLIB/. Run ”GenerateMyMex.m”. A file called “MyMex.m” will be
created or updated. By default, ROPTLIB is not link to FF'TW library and therefore fast FFT is
not supported. If one needs to use FF'TW library, then make sure FEF'TW has been installed properly
and use command “GenerateMyMex(1)” to generate MyMex file. The MyMex file is used to compile
the package. The command “MyMex” followed by the name of any test files in /ROPTLIB/test/
compiles the test file. For example, run “MyMex TestStieBrockett” to test the Brockett cost
function on the Stiefel manifold [AMSO0S8, Section 4.8]. A binary file “TestStieBrockett.***” will
be generated in /ROPTLIB/test/BinaryFiles/ , where the suffix *** depends on the systems.
Finally, use the command “TestStieBrockett” to run the binary file. The commands and results
can be found in Listing[I] The explanations of the notation can be found in Appendix[B] To test all
the existing problems and algorithms, make sure FF'TW is installed. Run the following commands
one by one: “GenerateMyMex(1)”, “Compile_All” (May takes tens of minitues), and “CTestAll”.

Listing 1: Test code

>> GenerateMyMex

Generate MyMex.m file...

>> MyMex TestStieBrockett

Building with ’Xcode Clang++’.

MEX completed successfully.

> n = 12; p = 4; B = randn(n, n); B =B + B’; D = (p:-1:1)’;

>> Xinitial = orth(randn(n, p));

>> SolverParams.method = ’RBFGS’; SolverParams.IsCheckParams = 1; SolverParams.Verbose = 1;

>> HasHHR = 0; ParamSet = 1;

>> [Xopt, f, gf, gfgfO, iter, nf, ng, nR, nV, nVp, nH, ComTime] = TestStieBrockett(B, D,
Xinitial, HasHHR, ParamSet, SolverParams);

(n, p):12,4

GENERAL PARAMETERS:

Stop_Criterion: GRAD_F_O[YES], Tolerance : 1e-06[YES]
Max_Iteration : 500[YES], Min_Iteration : O0[YES]
OutputGap : 1[YES], Verbose : FINALRESULT [YES]


http://www.fftw.org/download.html
http://www.fftw.org/fftw3_doc/Installation-on-Unix.html#Installation-on-Unix
http://www.fftw.org/fftw3_doc/Installation-on-Unix.html#Installation-on-Unix
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LINE SEARCH TYPE METHODS PARAMETERS:

LineSearch_LS : ARMIJO[YES], LS_alpha : 0.0001[YES]
LS_ratiol : 0.1[YES], LS_ratio?2 : 0.9[YES]
Initstepsize : 1[YES]

Minstepsize : 2.22045e-16[YES], Maxstepsize : 1000[YES]
RBFGS METHOD PARAMETERS:

nu : 0.0001[YES], mu : 1[YES]
isconvex : O0[YES]
=========================RBFGS=========================

Iter:51,f:-5.809e+01,|gf|:1.912e-05,|gf|/|gf0]:4.108e-07,time:0.00e+00,nf:57,ng:52,nR:56,nH
:51,nV(nVp) :51(51),

2.2 Compiling in a Stand-alone C++ Enviroment

Windows: The editor of visual studio is used. Goto “visualstudio.microsoft.com”. The “com-
munity 2022” version is used in our test.

1. Open “ROPTLIB/ROPTLIB.sIn” by visual studio;

2. Install BLAS and LAPACK: Users must first install BLAS and LAPACK. For details on
a Windows installation, see the links: http://www.fi.muni.cz/~xsvobod2/misc/lapack/
and http://www.netlib.org/. In our test, we use the reference BLAS and LAPACK in
the former link. Note that the reference BLAS and LAPACK are not efficient. If efficient
BLAS and LAPACK are needed, then please read the instruction in the latter link. Goto
the webpage of the former link. Download the zip file from “shared version(Win64, release)”.
Unzip the file and move the four files to “ROPTLIB/BinaryFiles/”. Add the directories
(“.’/, “cwrapper lapack”, and “cwrapper blas”) of header files of BLAS and LAPACK to
“Configuration properties—VC++ Directories—General—Include directories”.

3. Install FFTW by following the steps in Section2.1}

4. Add libraries of BLAS, LAPACK, and FFTW to “Configuration properties — Linker— Input
— Additional Dependencies”. The libraries are “BinaryFiles/cbia.lib.blas.dyn.rel.x64.12.1ib”,
“BinaryFiles/cbia.lib.lapack.dyn.rel.x64.12.1ib” , “BinaryFiles/libfftw3-3.1ib”, “BinaryFiles/libfftw3f-
3.1ib”, and “BinaryFiles/libfftw31-3.1ib";

5. To compile and run a test file, press F5 or ctrl + F5 to compile and run the test problems in
./test/DriverCpp.cpp.

In our tests, an error, which says “MSVCR120.dll is missing”, occurred. This can be fixed
by installing “Microsoft Visual C++ 2013 Redistributable”. Goto webpage https://support.
microsoft.com/en-us/topic/update-for-visual-c-2013-and-visual-c-redistributable-package-5b2ac!
In our tests, download the English version of “x64.exe” and install it for the “MSVCR120.d11”.

Ubuntu: The steps to set up in terminal are:

1. Install BLAS, LAPACK and FFTW:

sudo apt-get install build-essential
sudo apt-get install liblapack*

sudo apt-get install libblasx*

sudo apt-get install libfftw3x*


http://www.fi.muni.cz/~xsvobod2/misc/lapack/
http://www.netlib.org/
https://support.microsoft.com/en-us/topic/update-for-visual-c-2013-and-visual-c-redistributable-package-5b2ac5ab-4139-8acc-08e2-9578ec9b2cf1
https://support.microsoft.com/en-us/topic/update-for-visual-c-2013-and-visual-c-redistributable-package-5b2ac5ab-4139-8acc-08e2-9578ec9b2cf1

2. Download the latest version of ROPTLIB and go the the directory of ROPTLIB.

3. Run Makefile to generate a binary file for a test problem, i.e., using the command:

make ROPTLIB TP=DriverCpp
4. Run “./DriverCpp” to see the test results for ./test/DriverCpp.cpp.

MAC: The steps to set up in Xcode (tested for Xcode 11.3) are:
1. Download Xcode from official webpage or App Store and install it.

2. Download FFTW (fftw-3.3.8.tar.gz in our test) from http://www.fftw.org/download.html.
Unzip the file.

3. Install FFTW by following the instruction inhttp://www.fftw.org/fftw3_doc/Installation-on-Unix.
html#Installation-on-Unixl In our test, the steps are

(a) ./configure
(b) make

(c) make install
4. Download the corresponding version of ROPTLIB and go the the directory of ROPTLIB.

5. Open Xcode, create a “MacOS/command line tool” project, we name this project “ROPTLIB_mac”,
delete the default “main.cpp” file in the project. Then add ROPTLIB to this project by sim-
ply dragging the subfolders: “Manifolds, Others, Problems, Solvers, and Test” to the project
in Xcode. Choose “Create groups” and check the option “Add to targets”, in the pop-up
window.

6. In Xcode, link FFTW library “libfftw3.a” and “libfftw3f.a” by adding them to
Build Phases/Link Binary With Libraries
Note that the FFTW libraries are in \usr\local\lib by default

7. In Xcode, add \usr\local\lib (the default installation folder of FFTW) to
Building Settings/Search Paths/Library Search Paths

8. Two approaches to install BLAS and LAPACK

(a) Note that the blas and lapack has been installed in MacOS. In Xcode, link BLAS, and
LAPACK by adding “libblas.tbd” and “liblapack.tbd” to
Build Phases/Link Binary With Libraries
However, this approach does not support single precision float point operations.

(b) Download BLAS and LAPACK from http://www.netlib.org/blas/ and http://www.
netlib.org/lapack/; Unzip both packages. In terminal, run “make” in both folders
to generate *.a libraries; Rename BLAS and LAPACK libraries to “libblas.a” and “li-
blapack.a” respectively; In Xcode, link BLAS, and LAPACK by adding “libblas.a” and
“liblapack.a” to
Build Phases/Link Binary With Libraries


http://www.fftw.org/download.html
http://www.fftw.org/fftw3_doc/Installation-on-Unix.html#Installation-on-Unix
http://www.fftw.org/fftw3_doc/Installation-on-Unix.html#Installation-on-Unix
http://www.netlib.org/blas/
http://www.netlib.org/lapack/
http://www.netlib.org/lapack/
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Note that if an error “undefined symbol: *gfortran®” occurs when compiling ROPTLIB,

then gfortran needs to be installed. Download gfortran from https://github.com/
fxcoudert/gfortran-for-mac0S/releases! Install it and the default installation folder
is /usr/loocal/gfortran. Add /usr/local/gfortran/lib to

Building Settings/Search Paths Library Search Path

and add “libgfortran.a” to

Build Phases/Link Binary With Libraries This approach supports both double and
single precision float point operations.

9. In Xcode, add the path of ROPTLIB and paths of the header files of BLAS and LAPACK
(in /ROPTLIB/cwrapper/*) to
Building Settings/Search Paths/Header Search Paths and
Building Settings/Search Paths/User Header Search Paths

10. Compile and run the project. The driver is in ./test/DriverCpp.cpp

3 For Matlab Users

3.1 Test Problems and Matlab Interface

ROPTLIB contains three parts, including problem definition, manifold and solver. In order to use
this package, a user must define a problem by providing functions of a cost function and specify
a domain manifold and a solver. If the gradient and the action of the Hessian are not provided,
then numerical gradient and action of the Hessian are computed automatically. For the sake of
efficiency, we encourage users to provide gradient and action of Hessian.

Two problems are used as examples. The first is the Brockett cost function on the Stiefel
manifold St(p,n) = {X € R™P|XTX = [,} [AMSO08, Section 4.8]

min trace(X? BXD) (3.1)
XeSt(p,n)

where B € R"", B = BT, D = diag(u1, 2, ..., p) and gy > pa > ... > p,. The second is a
summation of three Brockett cost functions

min trace(X{ B1 X, D;)+trace(XZ By Xy Ds) —I—trace(XSTBngDg) (3.2)

(X1,X2,X3)eSt(p,n) xSt(p,n) xSt(qg,m)

where By, By € R"™" By € R™*™ By = BI' By = BI, By = B, Dy = diag(u1, 2, ..., ip),
1> po > o>y, Do = diag(vi,ve, ..., 1), 11 > v > ... > 1y, D3 = diag(o1,09,...,04), and
o1 > 02 > ... > 04. Problem is used to illustrate an implementation for a problem on a
product manifold.

First, use the command “MyMex DriverMexProb” to generate a binary file. This binary can be
called from Matlab by inputting function handles and parameter structures. We have wrapped this
function by a script /ROPTLIB/Matlab/DriverOPT.m. DriverOPT.m is used to check correctness
of the input parameters.

Listing 2: Matlab interface

[FinalIterate, fv, gfv, gfgfO, iter, nf, ng, nR, nV, nVp, nH, ComTime, funs, grads, times,
eigHess] = DriverOPT(fhandle, gfhandle, Hesshandle, PreConhandle,
SolverParams, ManiParams, HasHHR, initiallterate)


https://github.com/fxcoudert/gfortran-for-macOS/releases
https://github.com/fxcoudert/gfortran-for-macOS/releases

The script DriverOPT can be called by Listing [2] where “initiallterate” and “finallterate” are
structures that contain initial and final iterates respectively; “fv” is the final cost function value;
“ofv” is the norm of the final gradient; “gfgf0” is the norm of the final gradient over the norm of
the initial gradient; “iter”, “nf”, “ng”, “nR”, “nV/nVp”, “nH” donote the number of iterations,
the number of function evaluations, the number of gradient evaluations, the number of retraction
evaluations, the number of vector transports (expensive/ Cheap)El, and the number of evaluations of
the action of the Hessian respectively; “ComTime” denotes the total computational time; “funs”,
“grads”, and “times” are arrays that store the function values, norms of gradients/directions and
the accumulated computational time at each iteration. “eigHess” is an array of length 4. The
first two values are the smallest and the largest eigenvalues of the Riemannian Hessian at the
initial iterate and the latter two are the two values at the final iterate. “fhandle”, “gfhandle”,
“Hesshandle” and “PreConhandle” are function handles of cost function, its Euclidean gradient,
the action of its Euclidean Hessian, and a preconditioner. The latter three function handles are
allowed to be empty, i.e., “[]”. If they are empty, then numerical gradient, numerical action of
Hessian and no preconditioner are used. “SolverParams” and “ManiParams” are structures that
specify parameters of the solver and manifold respectively; and “HasHHR” indicates whether the
locking condition [HGA15, (2.8)] is satisfied using the testing approach in [HGA15, Section 4.1].

3.2 A Simple Example

An example for Brockett cost function is given in Listing (3| and the code can be found
in /ROPTLIB/Matlab/ForMatlab/MTestStieBrockett.mE| First, the cost function, the Euclidean
gradient and action of the FEuclidean Hessian are given from line 32 to line 43. Their function
handles are assigned from line 5 to line 7. Iterates and tangent vectors are stored as structures
with the field “main”, as shown in line 18 and line 34. In order to store temporary data to save
computations, users can put the temporary data on an iterate with a different field. For example,
the Brockett cost function is trace(X? BX D) and the Euclidean gradient is 2BX D. It is required to
evaluate BX D in the cost function evaluation. Therefore, one can use the result from the function
evaluation to reduce computation in the gradient evaluation. This can be seen from the definitions
of f(x, B, D) and gf(x, B, D) in line 33 and line 38. All fields for each solver and manifold are
defined in Appendices [B] and [C|

Note that besides using the default line search algorithms and the default stopping criteria,
users are allowed to define their own stopping criterion and line search algorithm. Lines 10 to 12
specify the stopping criterion and line search algorithm using the functions defined from line 24 to
line 30. The input variables x, eta, t0, sO and output defined in

output = LinesearchInput(x, eta, tO, sO)

represent the current iterate, the search direction, the suggested initial stepsize and the initial
slope respectively. If the parameter of line search solvers, IsPureLSInput (see Appendix , is set
to be false, then the step size found by “Linesearchlnput” will be used as the initial step size for
a backtracking algorithm. Otherwise, the step size will be the accepted step size. The variables x,
funs, ngf and ngf0 defined in

2Two numbers of vector transports are reported. The first time an action of a vector transport T, is computed
will usually have higher complexity than subsequent times. Specifically, if 7,£1 has been computed, then evaluating
Tn&2 usually can use some results from computations of 7,&:.

3The code in the file may not be exactly the same as that in the Listings. The code in the file tests more parameters
and runs more/different algorithms. Therefore, the differences are minor and should not cause confusion.



output = IsStopped(x, funs, ngf, ngf0)

represent the current iterate, the arrays of function values, the norm of the gradient at x and the
norm of the gradient at the initial iterate respectively.

Listing 3: Test Brockett

1 function [FinalX, fv, gfv, gfgfO, iter, nf, ng, nR, nV, nVp, nH, ComTime, funs, grads, times
] = testBrockett ()

2 n =5; p = 2; % size of the Stiefel manifold

3 B = randn(n, n); B = B + B’; % data matrix

4 D = sparse(diag(p : -1 : 1)); % data matrix

5 fhandle = @(x)f(x, B, D); % cost function handle

6 gfhandle = @(x)gf(x, B, D); % gradient

7 Hesshandle = @(x, eta)Hess(x, eta, B, D); J Hessian

8

9 SolverParams.method = ’RSD’; % Use RSD solver

10 SolverParams.IsStopped = Q@IsStopped; % Don’t use one of the default stopping criteria. Use
the one specified by the IsStopped function handle.

11 SolverParams.LineSearch_LS = 5; 7, Don’t use one of the default line search algorithm. Use
the one specified by the LinesearchInput function handle.

12 SolverParams.LinesearchInput = @LinesearchInput;

13

14 ManiParams.name = ’Stiefel’; % Domain is the Stiefel manifold

15 ManiParams.n = n; % assign size to manifold parameter

16 ManiParams.p = p; % assign size to manifold parameter

17

18 initialX.main = orth(randn(m, p)); 7% initial iterate

19

20 % call the driver

21 [FinalX, fv, gfv, gfgfO, iter, nf, ng, nR, nV, nVp, nH, ComTime, funs, grads, times] =
DriverOPT (fhandle, gfhandle, Hesshandle, SolverParams, ManiParams, initialX);

22 end

23

24 function output = LinesearchInput(x, eta, tO, sO)

25 output = 1;

26 end

27

28 function output = IsStopped(x, funs, ngf, ngf0)

29 output = ngf / ngf0 < le-5;

30 end

31

32 function [output, x] = f(x, B, D)

33 x.BUD = B * x.main * D;

34 output = x.main(:)’ * x.BUD(:);

35 end

36

37 function [output, x] = gf(x, B, D)

38 output.main = 2 * x.BUD;

39 end

40

41 function [output, x] = Hess(x, eta, B, D)

42 output.main = 2 * B * eta.main * D;

43 end

3.3 An Example for a Product of Manifolds

An example for a summation of three Brockett cost functions is given in Listing[4] and the associated
code can be found in /ROPTLIB/Matlab/ForMatlab/MTestProdStieSumBrockett .mE| An array of

4The code in the file may not be exactly the same as that in the Listings. The code in the file tests more parameters
and runs more/different algorithms. Therefore, the differences are minor and should not cause confusion.
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34
35
36
37
38
39
40
41
42
43
44
45
46

structures is used to specify a product of manifolds. Suppose the manifold M is M? X M? X
X M= My X X My X M X Mg XX Mg X ... x M, where the number of M; is
t;. Then the structure specifying parameters of manifolds is an array with length s and the field
“numofmani” in ¢-th element of the array is assigned to be t;. One example can be found in the
function “testSumBrockett()” of Listing [4| from line 20 to line 27.

All components of an iterate of products of manifolds are stored in a consecutive memory.
Suppose the length of the i-th component of iterate in product of manifold My x Mo X ... x M, is
¢;. The i-th component of the iterate is stored in the space from 23;11 li+1to Z;Zl ¢; in the field
“main” of the iterate structure. The same method is used to store tangent vectors. An example is
given in lines 29 to 31, 40 to 42, 49, 56 to 58 and 62 in Listing [

Listing 4: Test Summation of Brockett

function [FinalX, fv, gfv, gfgfO, iter, nf, ng, nR, nV, nVp, nH, ComTime, funs, grads, times

, eigHess] = testSumBrockett ()
n = 5;
P = 2;
m = 6;
q = 3;
Bl = randn(n, n); Bl = B1 + B1l’;
D1 = sparse(diag(p : -1 : 1));
B2 = randn(n, n); B2 = B2 + B2’;
D2 = sparse(diag(p : -1 : 1));
B3 = randn(m, m); B3 = B3 + B3’;
D3 = sparse(diag(q : -1 : 1));

fhandle = @(x)f(x, Bi, Di, B2, D2, B3, D3);
gfhandle = @(x)gf(x, B1, D1, B2, D2, B3, D3);
Hesshandle = @(x, eta)Hess(x, eta, B1, D1, B2, D2, B3, D3);

SolverParams.method = ’RSD’;

% Set up domain of manifold, St(p, n)~2 \times St(q, m)

ManiParams (1) .name = ’Stiefel’;

ManiParams (1) .numofmani = 2; % the number of St(p, n) is two
ManiParams (1) .n = n;

ManiParams (1) .p = p;

ManiParams (2) .name = ’Stiefel’;

ManiParams (2) .numofmani = 1; % the number of St(q, m) is one
ManiParams (2) .n = m;

ManiParams (2) .p = q;

% generate initial iterate
X1 = orth(randn(n, p)); X2 = orth(randn(n, p)); X3 = orth(randn(m, q));
initialX.main = [X1(:); X2(:); X3(:)1];

[FinalX, fv, gfv, gfgfO, iter, nf, ng, nR, nV, nVp, nH, ComTime, funs, grads, times] =
DriverOPT (fhandle, gfhandle, Hesshandle, SolverParams, ManiParams, initialX);
end

function [output, x] f(x, B1, D1, B2, D2, B3, D3)
n = size(B1, 1); p size(D1, 1);
m size(B3, 1); q = size(D3, 1);

X1 = reshape(x.main(l1 : n * p), n, p);

X2 = reshape(x.main(n * p + 1 : 2 * n * p), n, p);

X3 = reshape(x.main(2 * n * p + 1 : 2 * n *x p + m * q), m, q);

x.BUD1 = B1 * X1 * D1; x.BUD2 = B2 * X2 * D2; x.BUD3 = B3 * X3 * D3;

output = X1(:)’ * x.BUD1(:) + X2(:)’ * x.BUD2(:) + X3(:)’ * x.BUD3(:);
end

11



function [output, x] = gf(x, B1, D1, B2, D2, B3, D3)
output.main = [x.BUD1(:); x.BUD2(:); x.BUD3(:)];
output.main = 2 * output.main;

end

Hess(x, eta, B1, D1, B2, D2, B3, D3)
size(D1, 1);
size (D3, 1);

function [output, x]
n = size(B1, 1); p
m = size (B3, 1); q

etal = reshape(eta.main(l : n * p), n, p);

eta2 = reshape(eta.main(n * p + 1 : 2 *x n * p), n, p);

eta3 = reshape(eta.main(2 * n * p + 1 : 2 * n * p +m * q), m, q);
xil = 2 * Bl *x etal * Di;

xi2 = 2 * B2 * eta2 * D2;

xi3 = 2 * B3 *x eta3 *x D3;

output.main = [xi1(:); xi2(:); xi3(:)1]1;
end

3.4 Checking the Correctness of the Gradient and the Action of the Hessian

ROPTLIB provides a function to test the correctness of the gradient and the action of the Hessian.
Let fi(n:) be f(Rz(ng)). If f € C?, then using Taylor’s theorem yields

fx(nx) :fx(ox) + (grad fx(oz)777r> + %<HGSS fx(ox)[nw]777x> + 0(”’7@‘“2)

= (x) + {grad F (), 12) + 5 (Hess Fo(0) ], ) + of e ).

If the retraction R is a second-order retraction or x is a stationary point of f, then Hess fw (0z) =
Hess f(z) by [AMSO08, Propositions 5.5.5 and 5.5.6]. It follows that

f(y) = fx) + (grad f(x), n:) + %(HGSS F(Ro (1)) 2], ma) + o[z ),

where y = Ry (7). The function in this package computes

(f(y) — f(z))/(grad f(z),7a) (33)

and
(f(y) = f(z) — (grad f(z),nz))/(0.5(Hess f(Ra (1)) 0] 7)) (3.4)
for n, = a& such that ||¢]| = 1, a decreases from 100 to 100 % 273°. Suppose there exists an interval

of o such that numerical errors do not have significant effect and the values of a are sufficiently
small so that the higher order term is negligible. If is approximately 1 in the interval, then
grad f is probably correct. Likewise, if is approximately 1 in the interval, the retraction R is
a second-order retraction or z is a stationary point of f, then the Hess f is probably correct.

To run the function, users must set the field “IsCheckGradHess” to 1 in the solver’s parameters.
For example, adding the command “SolverParams.IsCheckGradHess = 1”7 in line 13 of the function
“testBrockett()” in Listing 3| sets “IsCheckGradHess” to 1. Two sets of values and are
output. One is at the initial iterate and the other at the final iterate obtained by the solver. The
values of at the initial iterate indicates if the Riemannian gradient and Euclidean gradient
are correct and the values of at the final iterate indicates if the actions of the Riemannian
Hessian and Euclidean Hessian are correct.
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4 For C++ Users

The classes in the package and their relationships are given in Figures[I]to[d All the classes that
store data inherit an abstract class, SmartSpace. The copy-on-write strategy is used in SmartSpace.
Its derived class Element is the main container class in ROPTLIB. Some commonly-used linear
algebra operations are also supported in this class, such as matrix multiplication, QR, SVD fac-
torazition. In the abstract class Manifold, all functions only related to manifolds are declared, e.g.,
retraction, vector transport. Some of these functions are also given default definitions, e.g., the
default metric is the Frobenius inner product. The abstract class Problem contains all prototypes of
the cost function, the Riemannian gradient, the Euclidean gradient, the action of the Riemannian
Hessian and the action of the Euclidean Hessian. It not only automatically chooses functions that
have been overridden (polymorphism), but also includes a function to check the correctness of the
gradient and the action of the Hessian, see Section [3.40 The domain of a problem must also be
specified using one of the manifold classes. Note that class mexProblem is a bridge between C++
and Matlab. It uses function handles of Matlab and produces C++ functions. Each solver accepts
an object of Problem and an object of Variable (an initial iterate), and outputs a final iterate based
on the given parameters.

Users must write a problem class by inheriting the abstract class /ROPTLIB/Problems/Problem.h
and override either functions of cost function, Riemannian gradient and action of Riemannian Hes-
sian
virtual realdp f(const Variable &x) const;
virtual Vector &RieGrad(const Variable &x, Vector *result) const;
virtual Vector &RieHessianEta(const Variable &x, const Vector &etax, Vector *result) const;
or functions of cost function, Fuclidean gradient and action of Euclidean Hessian.

virtual realdp f(const Variable &x) const;
virtual Vector &EucGrad(const Variable &x, Vector *result) const;
virtual Vector &EucHessianEta(const Variable &x, const Vector &etax, Vector *result) const;

Note that the “realdp” in ROPTLIB is defined to be either “double” or “float” depending whether
single precision or double precision float point is used. One can specify the precision by modifying
Line 13 in “def.h”.

Throughout this section, a class or a routine is written in this font and an object is written in
this font.

4.1 A Simple Example

An example for the Brockett cost function is given in Listings |§| and |7} Listings|b|and |§| give
details of two files, StieBrockett.h and StieBrockett.cpp, which inherit the class Problem and define
the Brockett problem. The Euclidean gradient and the action of the Euclidean Hessian are overrid-
den. Listing[7]gives a test file for the Brockett cost function minimization problem. Those codes can
be found in /ROPTLIB/Problems/StieBrockett* and /ROPTLIB/test/TestStieBrockett. cppﬂ

For any class derived from SmartSpace, any one of the following three functions can be used to
obtain a double pointer to the data:

virtual const realdp *ObtainReadData(void) const;
virtual realdp *0ObtainWriteEntireData(void);
virtual realdp *ObtainWritePartialData(void);

>The code in the file may not be exactly the same as that in the Listings. The code in the file tests more parameters
and runs more/different algorithms. Therefore, the differences are minor and should not cause confusion.

13
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C++ code provides a way to share information in the computation of the cost function, the
gradients and the actions of the Hessians. One example can be found in Listing [6] The object
BxD in Line 24 is used to store the shared information. It is attached to x in Line 27. In Line 33,
the data in BxD can be obtained by the same name “BxD”. More examples can be found in files
under directory /ROPTLIB/Problems/.

Users are allowed to define a line search algorithm and a stopping criterion. Lines 5 to 15 in
Listing [7] show an example of a definition of a line search algorithm and stopping criterion. The
input variables are the same as those in Matlab, see Section[3.2] Their function pointers are assigned
to the solvers on lines 45 and 47 in Listing [} The false value of the parameter IsPureLSInput in
line 46 indicates that the step size returned by the user-specified function is used as an initial step
size in a back tracking algorithm to satisfy the Armijo condition. If the value is true, then the step
size is used as the accepted step size. Note that in this case, users must guarantee that the step
size is sufficient for convergence.

C++ codes, of course, support checking correctness of the gradients and the actions of the
Hessians. An example is given in line 53 of Listing [7]

Listing 5: File “StieBrockett.h” for test Brockett in C++
// File: StieBrockett.h

#ifndef STIEBROCKETT_H
#define STIEBROCKETT_H

#include "Manifolds/Stiefel.h"
#include "Problems/Problem.h"
#include "Others/def.h"

/*Define the namespacex/
namespace ROPTLIB{

class StieBrockett : public Problem{

public:
StieBrockett (Vector inB, Vector inD);
virtual ~“StieBrockett ();
virtual realdp f(const Variable &x) const;

virtual Vector &EucGrad(const Variable &x, Vector *result) const;
virtual Vector &EucHessianEta(const Variable &x, const Vector &etax, Vector *result)
const;

Vector B;
Vector D;
integer n;
integer p;
};
}; /*end of ROPTLIB namespace*/
#endif /* end of STIEBROCKETT_H x*/

Listing 6: File “StieBrockett.cpp” for test Brockett in C++
// File: StieBrockett.cpp

#include "Problems/StieBrockett.h"

/*Define the namespacex*/
namespace ROPTLIB{
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};

StieBrockett::StieBrockett (Vector inB, Vector inD)

{
B = inB;
D = inD;
n = B.Getrow();
p = D.Getlength();
NumGradHess = false;
};
StieBrockett:: " StieBrockett (void)
{
};
realdp StieBrockett::f(const Variable &x) const
{
Vector BxD(n, p); BxD.AlphaABaddBetaThis (1, B, GLOBAL::N, x, GLOBAL::N, 0);
D.DiagTimesM(BxD, GLOBAL::R); /* BxD = B * x; BxD = D.GetDiagTimesM(BxD,
realdp result = x.DotProduct(BxD);
x.AddToFields ("BxD", BxD);
return result;
};

Vector &StieBrockett::EucGrad(const Variable &x, Vector *result) const
{

*result = x.Field("BxD");

result->ScalarTimesThis (2);

return *result;

};

Vector &StieBrockett::EucHessianEta(const Variable &x, const Vector &etax,
result) const

{
result->AlphaABaddBetaThis (2, B, GLOBAL::N, etax, GLOBAL::N, 0);
D.DiagTimesM (*result, GLOBAL::R);
return *result; /* 2 * D.GetDiagTimesM(B * etax, "R"); */

3

/*end of ROPTLIB namespace*/

Listing 7: File “TestStieBrockett.cpp” for test Brockett in C++

// File: TestStieBrockett.cpp

using namespace ROPTLIB;

/*User-specified linesearch algorithmx/
double LinesearchInput(integer iter, const Variable &x1, const Vector &exetal,
initialstepsize, realdp initialslope, const Problem #*prob, const Solvers *solver)

{

}

return 1;

/*User-specified stopping criterionx/
bool MyStop(const Variable &x, const Vector &funSeries, integer lengthSeries,

{

};

finalval, realdp initval, const Problem *prob, const Solvers *solver)

return (finalval / initval < 1le-6);

void testStieBrockett (void)

{

// size of the Stiefel manifold

integer n = 5, p = 2;

// Generate the matrices in the Brockett problem.
Vector B(n, n), D(p);

15
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B.RandGaussian () ;
B = B + B.GetTranspose () ;
realdp *Dptr = D.ObtainWriteEntireData () ;
/*D is a diagonal matrix.x/
for (integer i = 0; i < p; i++)
Dptr[i] = static_cast<realdp> (i + 1);

// Define the manifold

Stiefel Domain(n, p);

//Grassmann Domain(n, p);

Variable StieX = Domain.RandominManifold();

// Define the Brockett problem

StieBrockett Prob(B, D);

/*The domain of the problem is a Stiefel manifoldx*/
Prob.SetDomain (&Domain) ;

/*0utput the parameters of the domain manifoldx/
Domain.CheckParams () ;

RSD *RSDsolver = new RSD(&Prob, &StieX);
RSDsolver->Verbose = FINALRESULT;//--- FINALRESULT;
RSDsolver->LineSearch_LS = LSSM_INPUTFUN;

RSDsolver ->LinesearchInput = &Linesearchlnput;
RSDsolver ->IsPurelLSInput = false;

RSDsolver ->StopPtr = &MyStop;
RSDsolver->Max_Iteration = 100;

RSDsolver ->0utputGap = 1;

RSDsolver ->CheckParams () ;

RSDsolver ->Run () ;

Prob.CheckGradHessian (RSDsolver ->GetXopt ());

delete RSDsolver;

4.2 An Example for a Product of Manifolds

This section gives the C++ code for the problem defined on a product of manifolds (see Section
. The codes in Listing |§| and can be found in /ROPTLIB/Problems/ProdStieSumBrockett*
and /ROPTLIB/test/TestProdStieSumBrockett. cppﬁ

The codes defining a product of manifolds and a point on the manifold is given from line 31 to
line 41 of Listing The space for all components required by a point on a product of manifolds is
stored in consecutive memory locations. A pointer to a segment of memory with length of 2np—+mgq
doubles is obtained. The first np doubles are the first component of the iterate. The next np doubles
are the second component and the last mq doubles are the last component of the iterate.

Since x is a point on a product of manifolds, it has multiple components on each manifold. Each
component can be obtained by using the member function Element & GetElement(integer), e.g., Line
31 of Listing[9} If users want to overwrite data that is pointed to by a pointer obtained by GetEle-
ment(integer), then it is required to first use NewMemoryonWrite(void) or CopyOnWrite(void).
Otherwise, the data on product manifolds would not use consecutive memory and would cause
errors. See for example, Lines 51 and 61 in Listing [0

Listing 8: File “ProdStieSumBrockett.h” for test summation of Brockett in C++

5The code in the file may not be exactly the same as that in the Listings. The code in the file tests more parameters
and runs more/different algorithms. Therefore, the differences are minor and should not cause confusion.
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// File: ProdStieSumBrockett.h

#ifndef PRODSTIESUMBROCKETT_H
#define PRODSTIESUMBROCKETT_H

#include "Manifolds/Stiefel.h"
#include "Manifolds/MultiManifolds.h"
#include "Problems/Problem.h"
#include "Others/def.h"

/*Define the namespacex*/
namespace ROPTLIB{

class ProdStieSumBrockett : public Problem{

public:
ProdStieSumBrockett (Vector inB1,
Vector inD3);
virtual ~“ProdStieSumBrockett ();

virtual realdp f(const Variable &x) const;

virtual Vector &EucGrad(const Variable &x,
virtual Vector &EucHessianEta(const Variable &x,

const;

Vector B1;
Vector D1;
Vector B2;
Vector D2;
Vector B3;
Vector D3;
integer n;
integer p;
integer m;
integer q;
};
}; /*end of ROPTLIB namespace*/

#endif /* end of PRODSTIESUMBROCKETT_H */

Vector inD1,

Vector inB2, Vector inD2,

Vector *result) const;
const Vector &etax,

Listing 9: File “ProdStieSumBrockett.cpp” for test summation of Brockett in C++

// File: ProdStieSumBrockett.cpp
#include "Problems/ProdStieSumBrockett.h"

/*Define the namespacex*/
namespace ROPTLIB{

ProdStieSumBrockett::ProdStieSumBrockett (Vector inB1, Vector inD1,

inD2, Vector inB3, Vector inD3)

{
B1 = inB1;
D1 = inD1;
B2 = inB2;
D2 = inD2;
B3 = inB3;
D3 = inD3;
n = Bl.Getrow();
p = Di1.Getlength();
m = B3.Getrow();
q = D3.Getlength();
NumGradHess = false;

Vector inB2,

Vector inB3,

Vector *result)
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ProdStieSumBrockett:: " ProdStieSumBrockett (void)

{
};

realdp ProdStieSumBrockett::f(const Variable &x) const

{

};

Vector &ProdStieSumBrockett::EucGrad(const Variable &x,

{

};

Vector &ProdStieSumBrockett::EucHessianEta(const Variable &x,

{

};

Vector B1x1D1(m, p); B1x1D1.AlphaABaddBetaThis (1, B1, GLOBAL::N,

GLOBAL::N, 0); /* B1lx1D1 = Bl * x.GetElement (0); */
D1.DiagTimesM(B1x1D1, GLOBAL::R);
realdp result = x.GetElement (0).DotProduct (B1x1D1);
x.AddToFields ("B1x1D1", B1x1D1);

Vector B2x2D2(n, p); B2x2D2.AlphaABaddBetaThis (1, B2, GLOBAL::N,

GLOBAL::N, 0); /* B2x2D2 = B2 % x.GetElement (1); */
D2.DiagTimesM (B2x2D2, GLOBAL::R);
result += x.GetElement (1) .DotProduct (B2x2D2);
x.AddToFields ("B2x2D2", B2x2D2);

Vector B3x3D3(m, q); B3x3D3.AlphaABaddBetaThis (1, B3, GLOBAL::N,

GLOBAL::N, 0); /* B3x3D3 = B3 * x.GetElement (2); */
D3.DiagTimesM(B3x3D3, GLOBAL::R);
result += x.GetElement (2).DotProduct (B3x3D3);
x.AddToFields ("B3x3D3", B3x3D3);

return result;

result->NewMemoryOnWrite () ;

result->GetElement (0) = x.Field("B1x1D1");
result->GetElement (1) = x.Field("B2x2D2");
result->GetElement (2) = x.Field("B3x3D3");
Domain->ScalarTimesVector(x, 2, *result, result);
return *result;

*result) const

result->NewMemoryOnWrite () ;

result->GetElement (0) . AlphaABaddBetaThis (2, B1, GLOBAL::N, etax.

GLOBAL::N, 0);
Di1.DiagTimesM(result->GetElement (0), GLOBAL::R);

result->GetElement (1) . AlphaABaddBetaThis (2, B2, GLOBAL::N, etax.

GLOBAL::N, 0);
D2.DiagTimesM(result->GetElement (1), GLOBAL::R);

result->GetElement (2) . AlphaABaddBetaThis (2, B3, GLOBAL::N, etax.

GLOBAL::N, 0);
D3.DiagTimesM(result->GetElement (2) , GLOBAL::R);

return *result;

}; /*end of ROPTLIB namespace*/

// File:

#include

const

x.GetElement (0),

x.GetElement (1),

x.GetElement (2),

Vector *result) const

Vector &etax,

GetElement (0) ,

GetElement (1),

GetElement (2),

Listing 10: File “TestProdStieSumBrockett.cpp” for test summation of Brockett in C++

TestProdStieSumBrockett.cpp

"test/TestProdStieSumBrockett.h"

using namespace ROPTLIB;

void testProdStieSumBrockett (void)

18

Vector



// size of the Stiefel manifold
integer n = 4, p = 2, m = 3, q

Vector Bi(n, n), B2(n, n), B3(m
B1.RandGaussian(); B1 = Bl + B1
B2.RandGaussian(); B2 = B2 + B2
B3.RandGaussian(); B3 = B3 + B3
Vector D1(p), D2(p), D3(q);

= 2;

, m);

.GetTranspose () ;
.GetTranspose () ;
.GetTranspose () ;

realdp *Diptr = D1.0btainWriteEntireData();
realdp *D2ptr = D2.0btainWriteEntireData();

realdp *D3ptr

D3.0btainWriteEntireData () ;

for (integer i = 0; i < p; i++)
{
Diptr[i] = static_cast<realdp> (i + 1);
D2ptr[i] = Diptrl[il;
}
for (integer i = 0; i < q; i++)
{
D3ptr[i] = static_cast<realdp> (i + 1);
}
// number of manifolds in product of manifold
integer numoftypes = 2; // two kinds of manifolds
integer numofmanil = 2; // the first one has two

integer numofmani?2 1; // the
// Define the Stiefel manifold
Stiefel manil(n, p);
Stiefel mani2(m, q);

ProductManifold Domain(numoftypes, &manil,

// Obtain an initial iterate

second one has one

Variable ProdX = Domain.RandominManifold();

// Define the Brockett problem
ProdStieSumBrockett Prob(B1, D1

// Set the domain of the problem to be the product of Stiefel manifolds

Prob.SetDomain (&Domain) ;

// output the parameters of the
Domain.CheckParams () ;

Prob.SetNumGradHess (true) ;
Prob.CheckGradHessian (ProdX);

, B2, D2, B3, D3);

manifold of domain

LRBFGS *LRBFGSsolver = new LRBFGS (&Prob, &ProdX);

LRBFGSsolver ->Verbose = ITERRESULT;

LRBFGSsolver ->Max_Iteration = 2000;

LRBFGSsolver ->CheckParams () ;
LRBFGSsolver ->Run () ;

Prob.CheckGradHessian (LRBFGSsolver->GetXopt ());

delete LRBFGSsolver;
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A Relationships among Classes in the Package

A.1 Manifold-related Classes

Variable, Vector, and LinearOPE
are Element as well

SmartSpace™sElement

Figure 1: The class hierarchy of space-related classes in ROPTLIB. Note that Variable, Vector, and Lin-
earOPE are defined to be Element.

Euclidean
Stiefel
Grassmann

FixedRankQ2F
QFixedRankQ2F

Manifold*—s=MultiManifolds

ProductManifold and QuotientManifold
are MultiManifolds

Figure 2: The class hierarchy of manifold-related classes in ROPTLIB. We refer to the documentation in
the code for detailed explanations of the functions. ProductManifold and QuotientManifold are defined to be
MultiManifolds.
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A.2 Problem-related Classes

Weight low rank problem

The Brockett problem
SPD Karcher mean problem
Phase retrieval problem
Sparse PCA problem

Problem*

MexProblem
juliaProblem

Figure 3: The class hierarchy of problem-related classes in ROPTLIB. We refer to the documentation in the

code for detailed explanations of the functions. MexProblem and juliaProblem are problems for Matlab and
Julia interfaces.

A.3 Solver-related Classes

RNewton RBroydenFamily
RWRBFGS RBFGS RSD
LRBFGS RCG

SolversSMLS*

SolversSM*
Sol SMTR RTRSR1 RTRNewton
Solvenc* over LRTRSR1 RTRSD
ManPG

SolversNSMSub* — SolversNSMSubLS* AManPG

SolversNSM*

\S RGS

olversNSMPGLS* LRBFGSSub

RBFGSSub

Figure 4: The class hierarchy of solver-related classes in ROPTLIB. We refer to the documentation in the
code for detailed explanations of the functions.
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B.1 RTRNewton

B Input Parameters and Output Notation of Solvers

Table 2: Input Parameters of RTRNewton

Name of field

Interpretation

Default value

Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL / 0 : (f(@i—1) — F(z:))/F(z1)
SM_.GRAD.F / 1: | grad f(z:)||

SM_GRAD_F.0 / 2 : | grad f(x:)]/|| grad f(zo)]

SM_FUN_VALLO / 3 : f(;)

Tolerance Algorithm stops if 10-° greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%gg;%g%g%?él Ogtnpl itﬁerlzaelr;eilcl)lfltput-
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

Acceptence_Rho Accept candidate 0.1 between 0 and 0.25, i.e., € (0,0.25)
if Rho > Accep-
tence_Rho
Shrinked_tau coefficient in re- 0.25 between 0 and 1, i.e., € (0,1)
ducing radius
Magnified _tau coefficient in in- 2 greater than 1

creasing radius

minimum_Delta

minimum allowed
radius

machine eps

greater than 0 and smaller than or equal to
maximum_Delta

maximum_Delta maximum allowed 10000 greater than or equal to minimum_Delta
radius
useRand whether use Rand false / 0 false / 0 or true / 1
in truncate conju-
gate gradient
Min_Inner_Iter minimum number 0 greater than or equal to ZERO and smaller
of iterations in than or equal to Max_Inner_Iter
truncate conjugate
gradient
Max_Inner_Iter maximum number 1000 greater than or equal to Min_Inner_Iter
of iterations in
truncate conjugate
gradient
theta in JAMSO08 (7.10) 1 greater than or equal to 0
kappa in JAMSO08) (7.10) 0.1 between 0 and 1, i.e., € (0,1)
initial_Delta initial radius 1 greater than 0
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Table 3: Output notation of RTRNewton. Note that the first time an action of a vector transport T, is
computed will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) = f(®:))/f (i)
e Tgrad 7@
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
nH the number of actions of Hessian
rho JAMSO08, (7.7)]
radius the radius of trust region
tCGstatus status of truncate conjugate gradient
innerlter the number of iterations in truncate conjugate gradient
B.2 RTRSRI1
Table 4: Input Parameters of RTRSR1
Name of field Interpretation Default value Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL /0 : (J(@i_1) — f(x0))/f(xs)
SM_GRAD_F / 1: |l grad f(z;)]|
SM_.GRAD_F 0 / 2 : | grad f(z:)||/| grad f(zo)l|
SM_FUN_VALL0 / 3 : f(;)

Tolerance Algorithm stops if 10-° greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%ggﬁ%g%ggl}él Ogtr;l itﬁerizlr;e‘s‘lé)litput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 x 365 greater than 0

tational time

Acceptence_.Rho | Accept candidate 0.1 between 0 and 0.25, i.e., € (0,0.25)
if Rho > Accep-
tence_Rho
Shrinked_tau coefficient in re- 0.25 between 0 and 1, i.e., € (0,1)
ducing radius
Magnified _tau coefficient in in- 2 greater than 1

creasing radius
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minimum_Delta minimum allowed machine eps greater than 0 and smaller than or equal to

radius maximum_Delta
maximum_Delta maximum allowed 10000 greater than or equal to minimum_Delta
radius
useRand whether use Rand false / 0 false / 0 or true / 1

in truncate conju-
gate gradient
minimum number 0
of iterations in
truncate conjugate
gradient

greater than or equal to ZERO and smaller
than or equal to Max_Inner_Iter

Min_Inner_Iter

Max_Inner_Iter maximum number 1000 greater than or equal to Min_Inner_Iter

of iterations in
truncate conjugate
gradient

theta in JAMSO08| (7.10) 0.1 greater than or equal to 0

kappa in [AMSO08], (7.10) 0.1 between 0 and 1, i.e., € (0,1)

initial_Delta initial radius 1 greater than 0
isconvex whether the cost false / 0 false / 0 or true / 1

function is convex

Table 5: Output notation of RTRSR1. Note that the first time an action of a vector transport Ty is computed
will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating T,&2 usually can use some results from computations of Tp&1. nV denotes the number of evaluations
of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (flwiz1) = f(®:))/f ()
f Terad 7z
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
nH the number of actions of Hessian
rho JAMSO08, (7.7)]
radius the radius of trust region
tCGstatus status of truncate conjugate gradient
innerlter the number of iterations in truncate conjugate gradient
inpss (si,8:)
IsUpdateHessian Whether update Hessian approximation or not

B.3 LRTRSRI1

Table 6: Input Parameters of LRTRSR1

Name of field

Interpretation

Default value

Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oorl
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL / 0: (J(@i_1) — J(%:))/f (@)
SM_GRAD_F / 1: || grad f(z;)]|
SM_.GRAD.F.0 / 2 : | grad f(z:)||/|l grad f(zo)|
SM_FUN_VAL.0 / 3 : f(x;)
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Tolerance

Algorithm stops if
“Stop_Criterion”
< tolerance

10-6

greater than 0

Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f’%‘lgﬁﬁlégggggél Oi)tn;} itﬁeririi;e‘s‘lgztput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

Acceptence_.Rho | Accept candidate 0.1 between 0 and 0.25, i.e., € (0,0.25)
if Rho > Accep-
tence_Rho
Shrinked_tau coefficient in re- 0.25 between 0 and 1, i.e., € (0,1)
ducing radius
Magnified _tau coefficient in in- 2 greater than 1

creasing radius

minimum_Delta

minimum allowed
radius

machine eps

greater than 0 and smaller than or equal to
maximum_Delta

maximum_Delta maximum allowed 10000 greater than or equal to minimum_Delta
radius
useRand whether use Rand false / 0 false / 0 or true / 1
in truncate conju-
gate gradient
Min_Inner_Iter minimum number 0 greater than or equal to ZERO and smaller
of iterations in than or equal to Max_Inner_Iter
truncate conjugate
gradient
Max_Inner_Iter maximum number 1000 greater than or equal to Min_Inner_Iter
of iterations in
truncate conjugate
gradient
theta in JAMSO08| (7.10) 0.1 greater than or equal to 0
kappa in [AMSO08], (7.10) 0.1 between 0 and 1, i.e., € (0,1)
initial_Delta initial radius 1 greater than 0
isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
LengthSY the same as ¢ in 4 greater than or equal to 0

[HGATS,

rithm 2]

Algo-

Table 7: Output notation of LRTRSR1. Note that the first time an action of a vector transport T, is
computed will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (flwiz1) = f(@:))/f ()
ef Terad (@)
time computational time (second)
nf the number of function evaluations
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ness of gradient
and Hessian

ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport

nH the number of actions of Hessian
rho IAMSO08), (7.7)]

radius the radius of trust region

tCGstatus status of truncate conjugate gradient
innerlter the number of iterations in truncate conjugate gradient

gamma i, i) /(s Yi)

inpss (54, 54)

inpsy (D)

inpyy (yi, yi)

IsUpdateHessian Whether update Hessian approximation or not
B.4 RTRSD
Table 8: Input Parameters of RTRSD
. Default value Applicable values
Name of field Interpretation C++/Matlab C++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL / 0 : (f(@i—1) — F(z:))/F(z1)
SM_.GRAD.F / 1: | grad f(z:)||

SM.GRAD.F.0 / 2 : || grad f(z:)||/ grad f(zo)|l

SM_FUN_VALLO / 3 : f(;)

Tolerance Algorithm stops if 10-° greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%ggﬁ%g%g%?él Ogtnpl ztﬁerzilr;ei]é)lfltput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

Acceptence_Rho Accept candidate 0.1 between 0 and 0.25, i.e., € (0,0.25)
if Rho > Accep-
tence_Rho
Shrinked_tau coefficient in re- 0.25 between 0 and 1, i.e., € (0,1)
ducing radius
Magnified _tau coefficient in in- 2 greater than 1

creasing radius

minimum_Delta

minimum allowed
radius

machine eps

greater than 0 and smaller than or equal to
maximum_Delta

maximum_Delta maximum allowed 10000 greater than or equal to minimum_Delta
radius
useRand whether use Rand false / 0 false / 0 or true / 1

in truncate conju-
gate gradient
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greater than or equal to ZERO and smaller
than or equal to Max_Inner_Iter

minimum number 0
of iterations in
truncate conjugate
gradient

Min_Inner_Iter

Max_Inner_Iter maximum number 1000 greater than or equal to Min_Inner_Iter
of iterations in
truncate conjugate
gradient
theta in JAMSO08| (7.10) 0.1 greater than or equal to 0
kappa in [AMSO08], (7.10) 0.9 between 0 and 1, i.e., € (0,1)
initial_Delta initial radius 1 greater than 0

Table 9: Output notation of RTRSD. Note that the first time an action of a vector transport T, is computed
will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating Tp&a usually can use some results from computations of Tp&1. nV denotes the number of evaluations
of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) — f(=:))/f (i)
gf Il grad f(z:)ll
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
nH the number of actions of Hessian
rho IAMSO08, (7.7)]
radius the radius of trust region
tCGstatus status of truncate conjugate gradient
innerlter the number of iterations in truncate conjugate gradient
B.5 RNewton
Table 10: Input Parameters of RNewton
Name of field Interpretation Default value Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL / 0: (f(zi—1) — f(z:))/f(zi)
SM_GRAD_F / 1: | grad f(z;)|
SM_-GRAD_F0 / 2 : | grad f(z:)|l/|l grad f(zo)||
SM_FUN_VALO / 3 : f(=z;)

Tolerance Algorithm stops if 10-° greater than 0

“Stop-Criterion”
< tolerance

Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration

Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations

OutputGap Output every 1 greater than or equal to 1

“OutputGap”
iterations
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NOOUTPUT / 0 : no output
FINALRESULT / 1 : Only final result

Verbose output information ITERRESULT / 2 ITERRESULT /2 : Output every “Output-
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 x 24 * 365 greater than 0

tational time

LineSearch_LS

Algorithm in linesea

ch LSSM_ARMIJO /0

LSSM_ARMIJO / 0 : Back tracking

LSSM_WOLFE / 1 : [DS83, Algorithm A6.3.1mod]
LSSM_STRONGWOLFE / 2 : [NW06], Algorithm 3.5]

LSSM_EXACT / 3 : scaled BFGS
LSSM_INPUTFUN / 4 : Given by users

IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0,1]
lgfull/llgfoll < ac-
curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
lgfell/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0

computed func-
tions values stored
for nonmonotonic
linesearch

LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s, s) / g(s, y)

InitSteptype Initial step size LSSM_QUADINTMOD / 3 | LSSM_QUADINT / 2 : [NW06, (3.60)]
LSSM_QUADINTMOD / 3 : [NW06l page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB
useRand whether use Rand false / 0 false / 0 or true / 1
in truncate conju-
gate gradient
Min_Inner_Iter minimum number 0 greater than or equal to ZERO and smaller
of iterations in than or equal to Max_Inner_Iter
truncate conjugate
gradient
Max_Inner_Iter maximum number 1000 greater than or equal to Min_Inner_Iter
of iterations in
truncate conjugate
gradient
theta in [AMSO08] (7.10) 1 greater than or equal to 0
kappa in [AMSO08] (7.10) 0.1 between 0 and 1, i.e., € (0,1)
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Table 11: Output notation of RNewton. Note that the first time an action of a vector transport T, is
computed will usually have higher complezity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of T,§1. nV denotes the number of

evaluations of vector transport first time. nVp denotes the number of other times.

Notation

Interpretation

1

the number of iterations

f

function value

df/t

(f(zi—1) = fx))/f(xi)

gf

[l grad £ (@)l

time

computational time (second)

nf

the number of function evaluations

ng

the number of gradient evaluations

nR

the number of retraction evaluations

nV/nVp

the number of actions of vector transport

LSstatus

status of line search result

initslope

initial slope in line search

newslope

the slope of final point in line search

initstepsize

initial step size in line search

stepsize

the final stepsize

nH

the number of actions of Hessian

tCGstatus

status of truncate conjugate gradient

innerlter

the number of iterations in truncate conjugate gradient

B.6 RBroydenFamily

Table 12: Input Parameters of RBroydenFamily

Default value

Applicable values

Name of field Interpretation C++/Matlab C++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1

ness of gradient
and Hessian

Stop-Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL /0 : (f(®i—1) — F(@:))/f(®:)
SM_GRAD_F / 1: | grad f(z;)]|
SM_GRAD_F_0/ 2 : | grad f(z;)||/|l grad £(zo)||
SM_FUN_VALO / 3 : f(zs)

Tolerance Algorithm stops if 10-° greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 f%ggﬁ%g%g%q} /21 O(jtnpl Ztﬁel:/illr;e‘s‘lé)ttput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

LineSearch_LS

Algorithm in linesea

ch  LSSM_ARMIJO / 0

29

LSSM-ARMIJO / 0 : Back tracking

LSSM_WOLFE / 1 : Algorithm A6.3.1mod]
LSSM_STRONGWOLFE / 2 : [NW06}, Algorithm 3.5]
LSSM_EXACT / 3 : scaled BFGS




LSSM_INPUTFUN / 4 : Given by users

IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0,1]
llgfell/llgfoll < ac-
curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
llgfell/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0

computed func-
tions values stored
for nonmonotonic
linesearch

LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s, s) / g(s, y)

InitSteptype Initial step size LSSM_QUADINTMOD / 3 | LSSM_QUADINT / 2 : [NW06, (3.60)]
LSSM_-QUADINTMOD / 3 : [NW06| page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB
isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
nu the same as € in 10~4 greater than or equal to 0 and smaller than
[LFO (3.2)] 1
mu the same as « in 1 greater than or equal to 0
[LFOLL (3.2)]

Table 13: Output notation of RBroydenFamily. Note that the first time an action of a vector transport T, is
computed will usually have higher complezity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of Tp,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) — f(®:))/f (i)
sf [ grad f(z:)]
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
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newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
betay iNi/ TRy, n, (ain;) see [HGA1B, Step 6 of Algorithm 1]
Phic the coefficient ¢; in the update [HGA15, (2.3)]
inpss (si, Si)
inpsy (si,93)
IsUpdateHessian | Whether update inverse Hessian approximation or not
B.7 RWRBFGS
Table 14: Input Parameters of RWRBFGS
Name of field Interpretation Default value Applicable values

C++/Matlab C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_FUNREL / 0: (f(zi—1) — f(z:))/f(zi)
SM_GRAD_F / 1: | grad f(z;)|
SM_-GRAD._F0 / 2 : | grad f(z:)|l/|l grad f(zo)||
SM_FUN_VALO / 3 : f(=z;)

SM_GRAD_F.0 / 2

Tolerance Algorithm stops if 10~° greater than 0
“Stop-Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 f%l;ﬁ%{%ls{s}lﬂ%’[) /21 OStnpl ztﬁeriilr;e‘s‘gztput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 x 24 * 365 greater than 0

tational time

LineSearch_LS

Algorithm in linesea

LSSM_ARMIJO / 0 : Back tracking

LSSM_WOLFE / 1 : [DS8&3, Algorithm A6.3.1mod]
LSSM_STRONGWOLFE / 2 : [NW06, Algorithm 3.5]
LSSM_EXACT / 3 : scaled BFGS
LSSM_INPUTFUN / 4 : Given by users

ch LSSM_ARMIJO /0

IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize

step size
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Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0,1]
llgfill/llgfoll < ac-

curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
lgfell/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0

computed func-
tions values stored
for nonmonotonic
linesearch

LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s, s) / g(s, y)
InitSteptype Initial step size LSSM_QUADINTMOD / 3 | LSSM_QUADINT / 2 : [NW06, (3.60)]
LSSM_QUADINTMOD / 3 : [NW06| page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB

isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
nu the same as € in 10~ greater than or equal to 0 and smaller than
[LFOTL (3.2)] 1
mu the same as « in 1 greater than or equal to 0
[LEOT (3.2)]

Table 15: Output notation of RWRBFGS. Note that the first time an action of a vector transport Ty is
computed will usually have higher complezity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of Tp&1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) — f(=:))/f (i)
gf Il grad f ()]
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
inpss (si,8:)
inpsy (si,9i)
IsUpdateHessian | Whether update inverse Hessian approximation or not

B.8 RBFGS
Table 16: Input Parameters of RBFGS
. Default value Applicable values
Name of field Interpretation C++/Matlab C++/Matlab : interpretation
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IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_.GRAD_F0 / 2

SM_FUNREL /0 : (f(wi—1) — f(:))/f(zs)
SM_GRAD_F / 1: | grad f(z;)|]
SM_-GRAD._F0 / 2 : | grad f(z:)|l/|l grad f(zo)]
SM_FUN_VAL0 / 3 : f(zs)

Tolerance Algorithm stops if 10-° greater than 0
“Stop-Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 IFTHEQ%{%S[SJE%T/ /21 Ogtnpl ztﬁ;/ilr;e‘s‘gltltput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 x 24 * 365 greater than 0

tational time

LineSearch_LS

Algorithm in linesea

ch LSSM_ARMILJO /0

LSSM_ARMIJO / 0 : Back tracking

LSSM_WOLFE / 1 : [DS83, Algorithm A6.3.1mod]
LSSM_STRONGWOLFE / 2 : [NW06], Algorithm 3.5]
LSSM_EXACT / 3 : scaled BFGS
LSSM_INPUTFUN / 4 : Given by users

IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0,1]
lgfell/llgfoll < ac-
curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
llgfell/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0

computed func-
tions values stored
for nonmonotonic
linesearch
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LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s,s) / g(s, y)
InitSteptype Initial step size LSSM_QUADINTMOD / 3 | LSSM_QUADINT / 2 : [NW06, (3.60)]
LSSM_QUADINTMOD / 3 : [NW06} page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB
isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
nu the same as € in 10—4 greater than or equal to 0 and smaller than
[LFO1, (3.2)] 1
mu the same as « in 1 greater than or equal to 0
[LFOLL (3.2)]
Diffx the same as 7, in 10-° greater than 0
[LOT13] Section 6.3]

Table 17: Output notation of RBFGS. Note that the first time an action of a vector transport Ty is computed
will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating T,& usually can use some results from computations of Ty&1. nV denotes the number of evaluations
of vector transport first time. n'Vp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
aiT T —J @) /I @)
ef [ grad f(z:)]
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
betay @i [ TRa,,, (i) see [HGAL5| Step 6 of Algorithm 1]
inpss (si,8:)
inpsy (si,9i)
IsUpdateHessian | Whether update inverse Hessian approximation or not
B.9 LRBFGS
Table 18: Input Parameters of LRBFGS
Name of field Interpretation Default value Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oorl

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUNREL /0 : (f(zi_1) — f(:))/f(x:)
SM_GRAD_F / 1: | grad f(z;)|
SM_GRAD_F.0 / 2: | grad f(z;)|l/|l grad f(zo)l
SM_FUN_VAL.O / 3 : f(x;)

Tolerance Algorithm stops if 10~© greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than

of iterations

or equal to Max_Iteration
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Max_ Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 f%gg{i%g(s}g%? /21 Ogtnpl ztﬁ;zlr;e‘s‘l(l)lztput-
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

LineSearch_LS

Algorithm in linesea

ch  LSSM_ARMIJO / 0

LSSM_ARMIJO / 0 : Back tracking

LSSM_WOLFE / 1 : [DS83, Algorithm A6.3.1mod]
LSSM_STRONGWOLFE / 2 : [NW06], Algorithm 3.5]

LSSM_EXACT / 3 : scaled BFGS
LSSM_INPUTFUN / 4 : Given by users

IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0, 1]
llgfell/llgfoll < ac-
curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
llgfell/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0

computed func-
tions values stored
for nonmonotonic
linesearch

LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s,s) / g(s, y)

InitSteptype Initial step size LSSM_QUADINTMOD / 3 | LSSM_QUADINT / 2 : [NW0G6, (3.60)]
LSSM_QUADINTMOD / 3 : [NW06, page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB
isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
nu the same as € in 10—% greater than or equal to 0 and smaller than
[LFOT, (3.2)] 1
mu the same as « in 1 greater than or equal to 0
[LFOLL (3.2)
LengthSY the same as £ in 4 greater than or equal to 0

[HGAI5,  Algo-

rithm 2]
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Table 19: Output notation of LRBFGS. Note that the first time an action of a vector transport Ty is com-
puted will usually have higher complexity than subsequent times. Specifically, if Tp&1 has been computed,
then evaluating T,&2 usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) = f(=:))/f (i)
f Terad 7@
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport ||
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
betay @i [ TRq,,, (ini) see [HGAT5! Step 6 of Algorithm 1]
rho 1/ <5i7 yi)
gamma (805 Y3) /i Yi)
inpss (si,8:)
inpsy (si,vs)
IsUpdateHessian | Whether update inverse Hessian approximation or not
B.10 RCG
Table 20: Input Parameters of RCG
. Default value Applicable values
Name of field Interpretation C++/Matlab C++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l

ness of gradient
and Hessian

Stop_Criterion

Stopping criterion

SM_GRAD_F.0 / 2

SM_FUN_REL /0 : (f(zi—1) — f(@:))/f(xs)
SM_GRAD_F / 1: | grad f(z;)]|
SM_GRAD_F.0 / 2 : | grad f(z;)||/| grad f(zo)
SM_FUN_VAL.0 / 3 : f(;)

Tolerance Algorithm stops if 10-° greater than 0
“Stop-Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 f%l;ﬁ%{%ls{s}lﬂ%’[) /21 Ogtnpl ztﬁeriilr;e‘s‘gztput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 x 365 greater than 0

tational time
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LineSearch_LS

Algorithm in lineseal

ch LSSM_ARMIJO / 0

LSSM_ARMIJO / 0 : Back tracking

LSSM_WOLFE / 1 : [DS8&3, Algorithm A6.3.1mod]
LSSM_STRONGWOLFE / 2 : [NW06], Algorithm 3.5]
LSSM_EXACT / 3 : scaled BFGS
LSSM_INPUTFUN / 4 : Given by users

IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0, 1]
lfell/lafoll < ac-
curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
lgfell/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0
computed func-

tions values stored
for nonmonotonic
linesearch

LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s, s) / g(s, y)

InitSteptype Initial step size LSSM_QUADINTMOD / 3 | LSSM_QUADINT / 2 : [NW06, (3.60)]
LSSM_QUADINTMOD / 3 : [NW06, page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB
FLETCHER-REEVES / 0 : [AMSO08, (8.28)]
POLAK_RIBIERE_MOD / 1 : Riemannian
generalization of [NW06, (5.45)]
RCGmethod method in choos- | HESTENES_STIEFEL / 2 | HESTENES_STIEFEL / 2 : Riemannian
ing B in [AMSO0S, generalization of [NW06], (5.46)]
(8.26)]
FR-PR / 3 : Riemannian generalization of
[NW08, (5.48)]
DAIYUAN / 4 : Riemannian generalization
of [NW08, (5.49)]
HAGER_ZHANG / 5 : Riemannian general-
ization of [NW06, (5.50)]
ManDim search direction machine maximum integer greater than or equal to 0
is reset every
“ManDim” itera-
tions
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Table 21: Output notation of RCG. Note that the first time an action of a vector transport T, is computed will
usually have higher complexity than subsequent times. Specifically, if Tp&1 has been computed, then evaluating
Tn&2 usually can use some results from computations of Th&1. nV denotes the number of evaluations of vector
transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f@i-1) = f(@:))/f(xs)
af Tgrad 7z
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
sigma the coefficient between grad f(z;) and Ta,n, (1:)
B.11 RSD
Table 22: Input Parameters of RSD
. Default value Applicable values
Name of field Interpretation C++/Matlab C++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oorl
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1
ness of gradient
and Hessian
SM_FUN_REL / 0: (f(zi—1) — f(z:))/f(z:)
Stop-Criterion Stopping criterion SM_GRAD_F.0 /2 SM.GRAD.F /1 | grad f(z:)]|

SM_GRAD_F.0 / 2 : |grad f(a;)|l/ | grad f(zo)|
SM_FUN_VALLO / 3 : f(=;)

Tolerance Algorithm stops if 10-° greater than 0
“Stop_Criterion”
< tolerance

Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations

NOOUTPUT / 0 : no output
FINALRESULT / 1 : Only final result

Verbose output information ITERRESULT / 2 ITERRESULT /2 : Output every “Output-
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 x 24 * 365 greater than 0

tational time

LSSM_ARMIJO / 0 : Back tracking

LSSM_-WOLFE / 1: Algorithm A6.3.1mod]
LineSearch_LS Algorithm in lineseaych LSSM_ARMIJO / 0 LSSM_STRONGWOLFE / 2 : [NW06, Algorithm 3.5]
LSSM_EXACT / 3 : scaled BFGS
LSSM_INPUTFUN / 4 : Given by users
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IsPureLSInput Whether back- false / 0 false / 0 or true / 1
tracking is used for
step size given by
users’ algorithm
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Accuracy fixed the stepsize if 0 between 0 and 1, i.e., € [0, 1]
llgfell/llgfoll < ac-
curacy
Finalstepsize Use this step size if 1 all real number (negative number means the
lgfill/llgfoll < ac- stepsize by method in “Initstepsize” is used)
curacy
LS_ratiol coefficient in the 0.1 between 0 and 1, i.e., € (0,1)
Armijo condition
LS_ratio2 coefficient in the 0.9 between 0 and 1, i.e., € (0,1)
Armijo condition
Initstepsize initial step size in 1 greater than 0
first iteration
Num_pre_funs the number of 0 greater than or equal to 0

computed func-
tions values stored
for nonmonotonic
linesearch

InitSteptype

Initial step size

LSSM_QUADINTMOD / 3

LSSM_ONESTEP / 0 : use one
LSSM_BBSTEP / 1: g(s,s) / g(s, y)
LSSM_QUADINT / 2 : [NW06, (3.60)]
LSSM_QUADINTMOD / 3 : [NW08, page 60]
LSSM_EXTRBBSTEP / 4 : extrinsic BB

Table 23: Output notation of RSD. Note that the first time an action of a vector transport T, is computed will
usually have higher complexity than subsequent times. Specifically, if Tp&1 has been computed, then evaluating
Tn&2 usually can use some results from computations of Th&1. nV denotes the number of evaluations of vector
transport first time. nVp denotes the number of other times.

B.12

RBFGSSub

Notation Interpretation
i the number of iterations
f function value
dijt UG — T@) /@)
gf | grad f(z:)l
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
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Table 24: Input Parameters of RBFGSLPSub

Name of field

Interpretation

Default value

Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1
ness of gradient
and Hessian
Tolerance Algorithm stops if 10—6 greater than 0
llgfllp < tolerance
and Eps equals
Min_Eps
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f;ggﬁ%g%g%l}él O(L?tnpl itﬁeriza;lr;e‘s‘lé)litput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 x 365 greater than 0

tational time

Stop_Criterion

Stopping criterion

NSM.DIR.F.0 /3

NSM_FUN /0 : J(z;)
NSM_FUN_REL / 1: |f(zi—1) — f(za)|/(If (@:)] + 1)
NSM_DIR.F / 2 : ||na, |

7

NSM.DIR.F0 / 4 : |7 ||/l Il

NumExtraGF the number of ex- 9 greater than 0
tra vectors that
creates a convex
hull
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
lambdaLower Ain [HHY18| 102 greater than 0 and smaller than lambdaUp-
per
lambdaUpper A in [HHY1S8| 102 greater than lambdaLower
Eps e in [HHY18 1 in (0,1)
Theta_eps 0s in [HHY18| 0.01 in (0, 1)
Min_Eps lower bound of ¢ 10—© in (0,1)
Del 0 in [HHY18| 1 in (0,1)
Theta_del 05 in [HHY18] 0.01 in (0,1)

Table 25: Output notation of RBFGSLPSub. Note that the first time an action of a vector transport Ty is
computed will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&> usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.
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Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) — f(=:))/f (i)
gf | grad f(z:)]
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
betay iNi/ TRy, ., (ain;) see [HGALE, Step 6 of Algorithm 1]
inpss (si,si)
inpsy (54, Yi)
IsUpdateHessian ‘Whether update inverse Hessian approximation or not
nsubprob The number of solving quadratic programming problem

B.13 LRBFGSSub

Table 26: Input Parameters of RBFGSLPSub

Name of field

Interpretation Default value Applicable values

C++/Matlab C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor 1
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1
ness of gradient
and Hessian
Tolerance Algorithm stops if 10=° greater than 0
llgfllp < tolerance
and Eps equals
Min_Eps
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%ggﬁ%g%ggl}él O(u)trg itﬁer:ilr;eigztput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 x 365 greater than 0

tational time

Stop_Criterion

NSM_FUN /0 : f(z;)

NSM_FUN_REL / 1: |f(zi—1) — f(z)|/(|f ()| + 1)
NSM.DIR.F / 2 : ||na, |

NSM_DIR.F_0 / 4 : [|na,[[/]nll

Stopping criterion NSM_DIR.F.0 /3

NumExtraGF

the number of ex- 9 greater than 0
tra vectors that
creates a convex
hull
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LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
isconvex whether the cost false / 0 false / 0 or true / 1
function is convex
lambdaLower Ain [HHY1S§| 10—2 greater than 0 and smaller than lambdaUp-
per
lambdaUpper A in [HHY18| 102 greater than lambdaLower
Eps e in [HHY18| 1 in (0, 1)
Theta_eps 05 in [HHY 18| 0.01 in (0,1)
Min_Eps lower bound of € 10—° in (0, 1)
Del 0 in [HHY18 1 in (0,1)
Theta_del 0s in [HHY18| 0.01 in (0,1)
LengthSY The same as £ 2 greater than or equal to 0
in [HGATS, Algo-
rithm 2]

Table 27: Output notation of RBFGSLPSub. Note that the first time an action of a vector transport T, is
computed will usually have higher complexity than subsequent times. Specifically, if To&1 has been computed,
then evaluating T,&2 usually can use some results from computations of Tp€1. nV denotes the number of

evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) — f(=:))/f (i)
gf ll grad f(z:)]
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
betay ami/TRavm (aim;) see [HGA15! Step 6 of Algorithm 1]
inpss (si,8:)
inpsy (si,vs)
IsUpdateHessian ‘Whether update inverse Hessian approximation or not
nsubprob The number of solving quadratic programming problem
B.14 RGS
Table 28: Input Parameters of RGS
Name of field Interpretation Default value Applicable values

C++/Matlab C++/Matlab : interpretation

IsCheckParams

output parameters
of Solvers

Matlab only : 0 Oor 1
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IsCheckGradHess

Check the correct-
ness of gradient
and Hessian

Matlab only : 0

Oor1l

Tolerance Algorithm stops if 10=° greater than 0
llgfllp < tolerance
and Eps equals
Min_Eps
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%ggﬁ%g%g%{[}él O(l?tnpl itﬁeIilaelr;e‘s‘l(l)lfltput-
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

Stop_Criterion

Stopping criterion

NSM.DIR.F0 /3

NSM_FUN /0 : f(%:)
NSM_FUN_REL / 1: |f(zi—1) — f(z)|/(|f ()| + 1)
NSM_DIR.F / 2 : ||na, |l

i

NSM.DIR.F.0 / 4 : |7 [|/ln2 Il

NumExtraGF the number of ex- 9 greater than 0
tra vectors that
creates a convex
hull
LS_alpha coefficient in the 0.0001 between 0 and 0.5, i.e. € (0,0.5)
Wolfe first condi-
tion
LS_beta coefficient in the 0.999 between 0 and 1, i.e., € (0,1)
Wolfe second con-
dition
Minstepsize minimum allowed machine eps greater than 0 and smaller than or equal to
step size Maxstepsize
Maxstepsize maximum allowed 1000 greater than or equal to Minstepsize
step size
Eps e in [HHY18]| 1 in (0,1)
Theta_eps 0s in [HHY18| 0.01 in (0,1)
Min_Eps lower bound of € 10—° in (0,1)
Del 0 in [HHY 18] 1 in (0,1)
Theta_del 05 in [HHY18| 0.01 in (0,1)
lambdaLower lower bound for 10~7 in (0,1)
curvature of func-
tion
lambdaUpper upper bound for 107 greater than 1

curvature of func-
tion

Table 29: Output notation of RGS. Note that the first time an action of a vector transport T, is computed will
usually have higher complexity than subsequent times. Specifically, if Tp&1 has been computed, then evaluating
Tné2 usually can use some results from computations of Tp&1. nV denotes the number of evaluations of vector
transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations

f function value
df/f (f@i—1) = f(@:i))/ f(xs)
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et Terad J @]
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
LSstatus status of line search result
initslope initial slope in line search
newslope the slope of final point in line search
initstepsize initial step size in line search
stepsize the final stepsize
nsubprob The number of solving quadratic programming problem
B.15 IRPG
Table 30: Input Parameters of IRPG
Name of field Interpretation Default value Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oorl
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian
Tolerance Algorithm stops if 10— greater than 0
[lvllp < tolerance,
where v is the Rie-
mannian proximal
gradient direction
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 f%gﬁﬁ%ggg%q;él Ogtnpl ztﬁilzlr;e‘s‘gztput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 x 24 * 365 greater than 0

tational time

Stop_Criterion

Stopping criterion

NSM_DIR.F.0 / 3

NSM_FUN / 0 : f(z;)

NSM_FUN_REL / 1: |f(zi—1) — f(z:)|/(|f(z:)] + 1)
NSM.DIR.F / 2 : ||na, ||

NSM.DIR.F-0 / 4 : ||z, ||/l

Adaptive or fixed L

LSPG_.REGULAR / 0 : fixed L

RPGLSVariant see LSPG_ADALIPSCHITZ / 1 | LSPG_ADALIPSCHITZ / 1 : adaptive L
LSPG_BB / 1 : BB update for L

Stopping criterion LSPG_GLOBAL / 0 : global convergence

ProxMapType for Riemannian LSPG_GLOBAL / 0 LSPG_UNILIMIT / 1 : unique limit point
proximal mapping
see LSPG_LOCAL / 2 : local convergence rate

SMtol initial stopping 1 greater than 0
criterion for the
semi-smooth New-
ton method
LS_alpha coefficient in the 0.0001 between 0 and 1, i.e. € (0,1)

Armijo condition
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LS_ratio shrinking parame- 0.5 between 0 and 1, i.e., € (0,1)
ter in line search
Minstepsize minimum allowed 0.02 between 0 and 1, i.e., € (0,1]
step size

Table 31: Output notation of IRPG. Note that the first time an action of a vector transport T, is computed will
usually have higher complexity than subsequent times. Specifically, if Tp&1 has been computed, then evaluating
Tné2 usually can use some results from computations of Th&1. nV denotes the number of evaluations of vector
transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(wi—1) — f(®:))/f (i)
[nd] Tt |
t0 initial step size
t accepted step size
s0 initial slope
s slope at accepted step size
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
SMlambda tolerance in CG of semi-smooth Newton
SMtol tolerance of semi-smooth Newton
SMiter number of iterations in semi-smooth Newton
SMCGiter total number of CG iterations in semi-smooth Newton
PMiter the number of extra iterations for solving Riemannian proximal mapping

B.16 IARPG

Table 32: Input Parameters of IARPG

Name of field

Interpretation

Default value

Applicable values

C+—+/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oorl
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian
Tolerance Algorithm stops if 10~ greater than 0
[lv]|p < tolerance,
where v is the Rie-
mannian proximal
gradient direction
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2 FINALRESULT /1 : Only final result

ITERRESULT / 2 : Output every “Output-
Gap” iterations

DETAILED / 3: Output Detailed informa-
tion
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TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0
tational time
NSM_FUN /0 : f(x;)
Stop_Criterion | Stopping criterion NSM_DIR.F.0 / 3 Egﬁ:ﬁg—;{% / Hln;i‘ﬁc (@i—1) = f@)l/(|f (@) + 1)
NSM_DIR_F_0 / 4 : [le, |/llnsoll]
Adaptive or fixed L LSPG_REGULAR / 0 : fixed L
RPGLSVariant see [CMSZ20] LSPG_ADALIPSCHITZ /1 | LSPG_ADALIPSCHITZ / 1 : adaptive L
LSPG_BB / 1 : BB update for L
Stopping criterion LSPG_GLOBAL / 0 : global convergence
ProxMapType for Riemannian LSPG_GLOBAL / 0 LSPG_UNILIMIT / 1 : unique limit point
proximal mapping
see [HW21a) LSPG_LOCAL / 2 : local convergence rate
SMtol initial stopping 1 greater than 0
criterion for the
semi-smooth New-
ton method
LS_alpha coefficient in the 0.0001 between 0 and 1, i.e. € (0,1)
Armijo condition
LS_ratio shrinking parame- 0.5 between 0 and 1, i.e., € (0,1)
ter in line search
Minstepsize minimum allowed 0.02 between 0 and 1, i.e., € (0,1]
step size
SGlIterGap Safeguard gap 5 greater than 1

Table 33: Output notation of IARPG. Note that the first time an action of a vector transport Ty, is computed
will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating T,&2 usually can use some results from computations of Ty&1. nV denotes the number of evaluations
of vector transport first time. nVp denotes the number of other times.

B.17 RSGD

Notation Interpretation
i the number of iterations
f function value
df/f (f(mi—1) — f(%:))/f(xi)
[nd] T 1
t0 initial step size
t accepted step size
s0 initial slope
s slope at accepted step size
time computational time (second)
nf the number of function evaluations
ng the number of gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport
SMlambda tolerance in CG of semi-smooth Newton
SMtol tolerance of semi-smooth Newton
SMiter number of iterations in semi-smooth Newton
SMCGiter | total number of CG iterations in semi-smooth Newton

Table 34: Input Parameters of RSGD

. Default value Applicable values
N f fiel I
ame of field nterpretation C++/Matlab C++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
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IsCheckGradHess

Check the correct-
ness of gradient
and Hessian

Matlab only : 0 Oor1l

Tolerance Algorithm stops if 100 greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%gﬁﬁ%g%g%rf)él OS;)I ztﬁ(;/aelr;e‘s‘gfltput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

Stop_Criterion

Stopping criterion

SM_FUNREL /0 : (f(zi—1) — f(%:))/f(zs)
SM_GRAD.F / 1: || grad f(z;)]]
SM_GRAD_F.0 / 2 : | grad f(=;)||/| grad f(zo0)||
SM_FUN_VAL.0 / 3 : f(z;)

SM_GRAD_F0 / 2

Accuracy not used in this al- 10-° NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gamma2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / 0 : Initstepsize or Initstepsize * burnin_multiplier;
StepsizeType Prescribed step sizes STO_STEPLR /1 STO-STEPLR / 1 : Initstepsize * burninimultiplier or % )
STO_-EXPLR / 2 : Initstepsize * gamma2iter
STO_INVERSETIMELR / 3 : {iaistepsize
BatchSize Batch  size in 1 integer greater than 1
RSGD

Table 35: Output notation of RSGD. Note that the first time an action of a vector transport T, is computed
will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating T,& usually can use some results from computations of Ty&1. nV denotes the number of evaluations
of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) — f(®i))/f(xi)
|f] ll grad f(zi)ll
t0 initial step size
t final step size
time computational time (second)
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
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B.18

nsg

the number of batch gradient evaluations

nR

the number of retraction evaluations

RADAM

Table 36: Input Parameters of RADAM

Name of field

Interpretation

Default value

Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian
Tolerance Algorithm stops if 10—© greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%g?{%{l;gglﬁ%’[}él Ofl)tnpl Ztﬁ(:/aelr;e‘s‘lgitput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

SM_FUNREL /0 : (f(@i_1) — J(%:))/f (@)
SM_GRAD_F / 1: || grad f(z;)]]

Stop-Criterion Stopping criterion GRAD.F.0/ 2 SM_GRAD_F.0 / 2 : | grad f(z:)|/|l grad f(wo)|
SM_FUN_VAL.0 / 3 : f(z;)
Accuracy not used in this al- 10~° NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gammaz2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / O : Initstepsize or Initstepsize * burnin_multiplier;
Stepsize Type Prescribed step sized STO_STEPLR / 1 STO_STEPLR / 1 : Initstepsize * burninimultiplier or m% ;
STO_EXPLR / 2 : Initstepsize * gamma2iter
STO_INVERSETIMELR / 3 : {iaistepsize
BatchSize Batch  size in 1 integer greater than 1
RSGD
betal decay rate for gra- 0.9 in (0,1)
dient
beta2 decay rate for 0.999 in (0,1)
norms
epsilon saftguard for 10=8 in 0,1)

norms in denomi-
nator
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Table 37: Output notation of RADAM. Note that the first time an action of a vector transport T, is computed
will usually have higher complezity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating Ty&2 usually can use some results from computations of Tp&1. nV denotes the number of evaluations
of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f@i—1) = f(®:))/f (i)
|ef] | grad f(z:)l
t0 initial step size
t final step size
time computational time (second)
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
nsg the number of batch gradient evaluations
nR the number of retraction evaluations
B.19 RADAMSP
Table 38: Input Parameters of RADAMSP
Name of field Interpretation Default value Applicable values

C++/Matlab

C++/Matlab : interpretation

tational time

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian
Tolerance Algorithm stops if 10—° greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%gﬁ%{%g%}{%rf}él Ogtnpl ztﬁ;/zlr;e‘s‘gfltput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

SM_FUNREL /0 : (f(@i_1) — [ (@:))/F(z:)
SM_GRAD_F / 1: || grad f(z;)]]

Stop_Criterion Stopping criterion GRAD_F.0 /2 SM_GRAD_F.0 / 2 : || grad f(z:)|l/| grad f(zo)|
SM_FUN_VAL.0 / 3 : f(z;)
Accuracy not used in this al- 10~° NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gamma2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
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NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes

STO_FIXED_STEPSIZE / 0 : Initstepsize or Initstepsize * burnin_multiplier;
STO_STEPLR / 1 : Initstepsize * burninimultiplier or m% ;
STO_EXPLR / 2 : Initstepsize * gamma2'te*

STO_INVERSETIMELR / 3 ; -—initstepsize

l4gammalsx*iter

StepsizeType Prescribed step size§ STO_STEPLR /1

BatchSize Batch  size in 1 integer greater than 1

RSGD

betal decay rate for gra- 0.9 in (0,1)
dient

beta2 decay rate for 0.999 in (0,1)
norms

epsilon saftguard for 10=8 in [0,1)
norms in denomi-
nator

Table 39: Output notation of RADAMSP. Note that the first time an action of a vector transport T, is
computed will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&> usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) = f(@:))/f (=)
B Terad 7 (o)
t0 initial step size
t final step size
time computational time (second)
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
nsg the number of batch gradient evaluations
nR the number of retraction evaluations

B.20 RAMSGRAD

Table 40: Input Parameters of RAMSGRAD

Default value Applicable values

Name of field Interpretation C++/Matlab C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oorl
of Solvers

IsCheckGradHess | Check the correct- Matlab only : 0 Oorl
ness of gradient
and Hessian

Tolerance Algorithm stops if 10~° greater than 0
“Stop_Criterion”
< tolerance

Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations

NOOUTPUT / 0 : no output
Verbose output information ITERRESULT / 2
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FINALRESULT / 1 : Only final result
ITERRESULT / 2 : Output every “Output-
Gap” iterations

DETAILED / 3: Output Detailed informa-

tion

TimeBound

maximum compu-
tational time

60 * 60 * 24 x 365

greater than 0

SM_FUNREL /0 : (f(zi_1) — f(x:))/f(x;)
SM_GRAD_F / 1: | grad f(=:)]|

Stop_Criterion Stopping criterion GRAD.F.0/ 2 SM_GRAD_F.0 / 2 : || grad f(z:)|l/| grad f(zo)|
SM_FUN_VAL_0 / 3 : f(z;)
Accuracy not used in this al- 10~© NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gamma2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / 0 : Initstepsize or Initstepsize * burnin_multiplier;
StepsizeType Prescribed step sized STO_STEPLR / 1 STO_STEPLR / 1 : Initstepsize * burninimultiplier or m% ;
STO_EXPLR. / 2 : Initstepsize * gamma2'te*
STO_INVERSETIMELR / 3 : ioitstepsice
BatchSize Batch  size in 1 integer greater than 1
RSGD
betal decay rate for gra- 0.9 in (0,1)
dient
beta2 decay rate for 0.999 in (0,1)
norms
epsilon saftguard for 10~8 in [0,1)
norms in denomi-
nator
C used for bound the 50 greater than 0
differences of com-
ponents in search
direction
gamma used for bound the 1 greater than theta

differences of com-
ponents in search
direction

Table 41: Output notation of RAMSGRAD. Note that the first time an action of a vector transport T, is
computed will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating Tp&> usually can use some results from computations of Ty&1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
ar T@1) — F@) /T @)
e Tgrad 7o)
t0 initial step size
t final step size
time computational time (second)
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
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nsg

the number of batch gradient evaluations

nR

the number of retraction evaluations

B.21 RAMSGRADSP

Table 42: Input Parameters of RAMSGRADSP

Name of field

Interpretation

Default value

Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian
Tolerance Algorithm stops if 10—© greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%g?{%{l;gglﬁ%’[}él Ofl)tnpl Ztﬁ(:/aelr;e‘s‘lgitput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

SM_FUNREL /0 : (f(@i_1) — J(%:))/f (@)
SM_GRAD_F / 1: || grad f(z;)]]

Stop-Criterion Stopping criterion GRAD.F.0/ 2 SM_GRAD_F.0 / 2 : | grad f(z:)|/|l grad f(wo)|
SM_FUN_VAL.0 / 3 : f(z;)
Accuracy not used in this al- 10~° NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gammaz2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / O : Initstepsize or Initstepsize * burnin_multiplier;
Stepsize Type Prescribed step sized STO_STEPLR / 1 STO_STEPLR / 1 : Initstepsize * burninimultiplier or m% ;
STO_EXPLR / 2 : Initstepsize * gamma2iter
STO_INVERSETIMELR / 3 : {iaistepsize
BatchSize Batch  size in 1 integer greater than 1
RSGD
betal decay rate for gra- 0.9 in (0,1)
dient
beta2 decay rate for 0.999 in (0,1)
norms
epsilon saftguard for 10=8 in 0,1)

norms in denomi-
nator
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C used for bound the 50 greater than 0
differences of com-
ponents in search
direction

gamma used for bound the 1 greater than theta
differences of com-
ponents in search
direction

Table 43: Output notation of RAMSGRADSP. Note that the first time an action of a vector transport Ty is
computed will usually have higher complezity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(@i—1) = f(®:))/f (i)
lef] | grad f(z:)l
t0 initial step size
t final step size
time computational time (second)
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
nsg the number of batch gradient evaluations
nR the number of retraction evaluations

B.22 RSVRG

Table 44: Input Parameters of RSVRG

. Default value Applicable values
N f fiel 1
ame of field nterpretation C++/Matlab C++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers

IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian

Tolerance Algorithm stops if 10~6 greater than 0
“Stop_Criterion”
< tolerance

Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations

NOOUTPUT / 0 : no output
FINALRESULT / 1 : Only final result
ITERRESULT / 2 : Output every “Output-
Gap” iterations

DETAILED / 3: Output Detailed informa-
tion

Verbose output information | ITERRESULT / 2

TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0
tational time

SM_FUN_REL /0 : (f(@i—1) — [ (@:))/F(z:)
SM_GRAD_F / 1: || grad f(z;)]]

Stop_Criterion Stopping criterion GRAD_F.0 /2
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SM_GRAD_F_0 / 2 : ||grad f(x:)|/|| grad f(xo)|
SM_FUN_VALO / 3 : f(;)

Accuracy not used in this al- 10~© NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gamma2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / 0 : Initstepsize or Initstepsize * burnin_multiplier;
StepsizeType Prescribed step sizeq STO_STEPLR / 1 STO_STEPLR / 1 : Initstepsize * burnin_multiplier or m% ;
STO_EXPLR / 2 : Initstepsize * gamma2iter
STOINVERSETIMELR / 3 : fiitstepsize
BatchSize Batch  size in 1 integer greater than 1
RSGD
FreM the number of 10 greater than 0

local iterations,

see Algo-
rithm 6]

Table 45: Output notation of RSVRG. Note that the first time an action of a vector transport Ty is computed
will usually have higher complexity than subsequent times. Specifically, if T,&1 has been computed, then eval-
uating T,&2 usually can use some results from computations of Ty&1. nV denotes the number of evaluations
of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(wi—1) — f(xi))/f(xi)
|f] Il grad f(z4)|l
t0 initial step size
t final step size
time computational time (second)
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
nsg the number of batch gradient evaluations
nR the number of retraction evaluations
B.23 SVRLRBFGS
Table 46: Input Parameters of SVRLRBFGS
. Default value Applicable values
Name of fleld | Interpretation C++/Matlab C-++/Matlab : interpretation
IsCheckParams output parameters Matlab only : 0 Oor1l
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1l
ness of gradient
and Hessian
Tolerance Algorithm stops if 10-° greater than 0

“Stop_Criterion”
< tolerance
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Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%gﬁ%{%gig%q}él Ogtnpl itﬁeri/zlr;e‘s‘gitput—
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 x 24 * 365 greater than 0

tational time

SM_FUNREL /0 : (f(zi_1) — f(z:))/f ()
SM_GRAD_F / 1: | grad f(=:)]|

Stop_Criterion Stopping criterion GRAD.F.0/ 2 SM_GRAD_F.0 / 2 : || grad f(z:)|l/| grad f(zo)|
SM_FUN_VAL.0 / 3 : f(z;)
Accuracy not used in this al- 10~° NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gamma2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / 0 : Initstepsize or Initstepsize * burnin_multiplier;
StepsizeType Prescribed step size§ STO_STEPLR / 1 STO_STEPLR / 1 : Initstepsize * burnin,{multiplier or % ;
STO_EXPLR. / 2 : Initstepsize * gamma2'te*
STO_INVERSETIMELR / 3 : ioitstepsice
BatchSize Batch  size in 1 integer greater than 1
RSGD
FreM the number of 10 greater than 0
local iterations,
see [Zha24l Algo-
rithm 6]

Table 47: Output notation of SVRLRBFGS. Note that the first time an action of a vector transport T, is
computed will usually have higher complezity than subsequent times. Specifically, if T,&1 has been computed,
then evaluating T,&2 usually can use some results from computations of T,§1. nV denotes the number of
evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (flwiz1) = f(®:))/f (=)
lef] | grad f(z:)]
t0 initial step size
t final step size
time computational time (second)
betay @i/ TRq,,, (ini) see [HGAT5L Step 6 of Algorithm 1]
gamma (805 Y3) /(i Yi)
inpss (si,8:)
inpsy (si,vs)
inpyy (yi, yi)
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IsUpdateHessian | Whether update inverse Hessian approximation or not
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
nsg the number of batch gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport [°|

B.24 SVRLRBroydenFamily

Table 48: Input Parameters of SVRLRBroydenFamily

Name of field

Interpretation

Default value

Applicable values

C++/Matlab

C++/Matlab : interpretation

IsCheckParams output parameters Matlab only : 0 Oorl
of Solvers
IsCheckGradHess | Check the correct- Matlab only : 0 Oor1
ness of gradient
and Hessian
Tolerance Algorithm stops if 10~° greater than 0
“Stop_Criterion”
< tolerance
Min_Iteration minimum number 0 greater than or equal to 0 and smaller than
of iterations or equal to Max_Iteration
Max_Iteration maximum number 500 greater than or equal to Min_Iteration
of iterations
OutputGap Output every 1 greater than or equal to 1
“OutputGap”
iterations
NOOUTPUT / 0 : no output
Verbose output information | ITERRESULT / 2 f%ggﬁ%g%g%3é1 Ogtn;} ztﬁ;i}r;e‘s‘l(l)lfltput-
Gap” iterations
DETAILED / 3: Output Detailed informa-
tion
TimeBound maximum compu- 60 * 60 * 24 * 365 greater than 0

tational time

SM_FUNREL / 0: (f(@i—1) — J(#:))/ (@)
SM_GRAD_F / 1: | grad f(z;)||

Stop-Criterion Stopping criterion GRAD_F.0/2 SM_GRAD_F.0 / 2 : || grad f(z:)|l/| grad f(zo)|
SM_FUN_VAL0 / 3 : f(z;)
Accuracy not used in this al- 10~6 NA
gorithm
Initstepsize initial step size in 1 greater than 0
first iteration
burnin_multiplier | used in step sizes 1 greater than 0
theta used in step sizes 0 greater than 0
gammal used in step sizes 0 greater than 0
gamma2 used in step sizes 0 in (0,1)
isFixed used in step sizes 1 for STO_STEPLR
NumFixedStep Fixed step sizes in 10 integer greater than 0
first  “NumFixed-
Step” sizes
STO_FIXED_STEPSIZE / 0 : Initstepsize or Initstepsize * burnin_multiplier;
StepsizeType Prescribed step sized STO_STEPLR / 1 STO_STEPLR / 1 : Initstepsize * burnin_multiplier or m% ;
STO_EXPLR / 2 : Initstepsize * gamma2iter
STOINVERSETIMELR / 3 : qpoistepsize
BatchSize Batch size in 1 integer greater than 1
RSGD
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FreM the number of 10 greater than 0

local iterations,
see Algo-
rithm 6]

Table 49: Output notation of SVRLRBroydenFamily. Note that the first time an action of a vector transport
T, is computed will usually have higher complexity than subsequent times. Specifically, if T,&1 has been

computed, then evaluating Tp&> usually can use some results from computations of Tp§1. nV denotes the
number of evaluations of vector transport first time. nVp denotes the number of other times.

Notation Interpretation
i the number of iterations
f function value
df/f (f(mi—1) — f(=:))/f(xi)
lf] [ grad f(z:)|
t0 initial step size
t final step size
time computational time (second)
betay iNi/ TRy, ., (ain;) see [HGA1H, Step 6 of Algorithm 1]
gamma (si,9i) /(i vi)
inpss (84, 5:)
inpsy (80, 4)
inpyy (i, yi)
IsUpdateHessian | Whether update inverse Hessian approximation or not
nf the number of total function evaluations
ng the number of gradient evaluations
nsf the number of batch function evaluations
nsg the number of batch gradient evaluations
nR the number of retraction evaluations
nV/nVp the number of actions of vector transport ||
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Manifold Parameters

Table 50: Parameters for Matlab. An example can be found in Lines 11 to 18 of Listing @

Manifolds Name of field | Applicable values
name ’CFixedRankQ2F’
. . mx nx; mxn m positive integer
Quotient manifold C**? x C;*?/GL(p) ~ Cp o positive Tntoger
P positive integer
name ’CStiefel’
Complex Stiefel manifold CSt(p,n) = {X € C"*? | XHX = I,,} n positive integer
9] positive integer
ParamSet see Table
name ’CSymFixedRankQ’
. . nxp W onxn n positive integer
Quotient manifold C; ™" /0p ~ Sy o positive integer
ParamSet see Table
name ’Euclidean’
Euclidean space R™*™ m positive integer
n positive integer
name ’FixedRankE’
Fixed rank manifold Rp**"™ m pos?t%ve %nteger
n positive integer
P positive integer
name ’FixedRankQ2F’
. . mx nx mxn m positive integer
Quotient manifold RY*™? x RY*?/GL(p) ~ R} - positive integer
P positive integer
name ’Grassmann’
Grassmann manifold: Gr(p,n) n positive integer
P positive integer
name "PoincareBall’
Poincare Ball H,, n positive integer
ParamSet see Table
name ’SPDManifold’
The manifold of symmetric positive definite matrices S, n positive integer
ParamSet see Table [54]
name ’Sphere’
Unit sphere S” = {z € R"|zTz = 1} n positive integer
ParamSet see Table
name ’Stiefel’
Stiefel manifold St(p,n) = {X € R"¥P|XTX = I,} n positive integer
9] positive integer
ParamSet see Table
name ’SymFixedRankQ’
. . nxp W enxn n positive integer
Quotient manifold Ry """ /0p ~ Sy o positive integer
ParamSet see Table
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Table 51: The complex Stiefel manifold

Matlab C++ Member function Parameters Values
ParamSet
value
Metric Euclidean
1 Retraction qf retraction [AMSO08| (4.8)]
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet1() (default) | Use intrinsic approach [Hual3l | yes
§9.5]
Metric Euclidean
9 Retraction qf retraction [AMSO08| (4.8)]
Vector transport by projection
ChooseParamsSet2() Use intrinsic approach [Hual3, | no
§9.5]
Metric Euclidean
3 Retraction polar retraction [AMSO08| (4.7)]
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet3() Use intrinsic approach [Hual3| | yes
§9.5]
Metric Euclidean
4 Retraction polar retraction [AMSO08| (4.7)]
Vector transport by projection
ChooseParamsSet4() Use intrinsic approach [Hual3l | no
§9.5]

Table 52: Quotient manifold C™F /O, which is diffeomorphic to the set of fized rank Hermitian matrices
SnX’I’L
P

Matlab C++ Member function Parameters Values
ParamSet
value
Metric Euclidean metric of S, *™
1 Retraction by projection
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet1() (default) | Use intrinsic approach [Huald, | yes
§9.5]
Metric metric in [HGZ17|
9 Retraction by projection
Vector transport by parallelization [HAG15| (2.3.1)]
ChooseParamsSet2() Use intrinsic approach [Hual3| | yes
§9.5]
Metric Euclidean metric of S %"
3 Retraction by projection
Vector transport by projection
ChooseParamsSet3() Use intrinsic approach [Hual3| | yes
§9.5]
Metric metric in [HGZ17|
4 Retraction by projection
Vector transport by projection
ChooseParamsSet4() Use intrinsic approach [Hual3l | yes
§9.5]
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Table 53: The manifold of Poincare Ball H,,

Matlab C++ Member function Parameters Values
ParamSet
value
Metric Poincare metric
1 Retraction The first order retraction in [NK17|
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet1() (default) | Use intrinsic approach [Hual3, | yes
§9.5]
Metric Poincare metric
9 Retraction Exponential mapping
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet2() Use intrinsic approach [Hual3| | yes
§9.5]
Metric Poincare metric
3 Retraction The first order retraction in [NKI17|
Vector transport parallel translation
ChooseParamsSet3() Use intrinsic approach [Hual3, | no
§9.5]
Metric Poincare metric
4 Retraction Exponential mapping
Vector transport parallel translation
ChooseParamsSet4() Use intrinsic approach [Hual3l | no
§9.5]
Table 54: The manifold of symmetric positive definite matrices S,
Matlab C++ Member function Parameters Values
ParamSet
value
Metric Affine invariance
1 Retraction A second order retraction in [YHAG19]
Vector transport by parallelization [HAG15| (2.3.1)]
ChooseParamsSet1() (default) [ Use intrinsic approach [Hual3l | yes
§9.5]
Metric Euclidean
9 Retraction A second order retraction in [YHAGI9]
Vector transport by parallelization [HAG15| (2.3.1)]
ChooseParamsSet2() Use intrinsic approach [Hual3l | yes
§9.5]
Metric Affine invariance
3 Retraction Exponential mapping of AF metric
Vector transport parallel translation of AF metric
ChooseParamsSet3() Use intrinsic approach [Hual3, | no
§9.5]
Metric Euclidean
4 Retraction Exponential mapping of AF metric
Vector transport parallel translation of AF metric
ChooseParamsSet4() Use intrinsic approach [Hual3l | no

§9.5]
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Table 55: Unit sphere

Matlab C++ Member function Parameters Values
ParamSet
value
Metric Euclidean
1 Retraction qf retraction [AMS08, (4.8)]
Vector transport by parallelization [HAGI5) (2.3.1)]
ChooseStieParamsSet1() (default) | Use intrinsic approach [Huald, | yes
§9.5)
Metric Euclidean
9 Retraction exponential mapping [AMSO08| (5.25)]
Vector transport parallel translation [HAG15) (2.3.1)]
ChooseSphereParamsSet2() Use intrinsic approach [Hual3, | no
§9.5)
Metric Euclidean
3 Retraction qf retraction [AMS08, (4.8)]
Vector transport parallel translation [HAG15| (2.3.1)]
ChooseSphereParamsSet3() Use intrinsic approach [Hual3, | no
§9.5]
Metric Euclidean
4 Retraction qf retraction [AMS08, (4.8)]
Vector transport parallel translation [HAG15, (2.3.1)]
ChooseSphereParamsSet4,() Use intrinsic approach [Hual3l | no
§9.5]
Table 56: The Stiefel manifold
Matlab C++ Member function Parameters Values
ParamSet
value
Metric Euclidean
1 Retraction qf retraction [AMSO08| (4.8)]
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet1() (default) | Use intrinsic approach [Hual3l | yes
§9.5]
Metric Euclidean
9 Retraction qf retraction [AMS08, (4.8)]
Vector transport by projection
ChooseParamsSet2() Use intrinsic approach [Hual3, | no
§9.5]
Metric Euclidean
3 Retraction polar retraction [AMSO08| (4.7)]
Vector transport by parallelization [HAG15, (2.3.1)]
ChooseParamsSet3() Use intrinsic approach [Hual3l | yes
§9.5]
Metric Euclidean
4 Retraction polar retraction [AMSO08, (4.7)]
Vector transport by projection
ChooseParamsSet4() Use intrinsic approach [Hual3l | no
§9.5]
Metric Euclidean
5 Retraction Cayley retraction [Zhul7|
Vector transport Cayley vector transport [Zhul7|
ChooseParamsSet5() Use intrinsic approach [Hual3, | no
§9.5)
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Table 57: Quotient manifold RfXP/Up which is diffeomorphic to the set of fired rank symmetric matrices

nxXn
Sp
Matlab C++ Member function Parameters Values
ParamSet
value
Metric Euclidean metric of S *™
1 Retraction by projection
Vector transport by parallelization [HAGI5) (2.3.1)]
ChooseParamsSet1() (default) | Use intrinsic approach [Hual3l | yes
§9.5]
Metric metric in [HGZ17|
9 Retraction by projection
Vector transport by parallelization [HAG15) (2.3.1)]
ChooseParamsSet2() Use intrinsic approach [Hual3, | yes
§9.5]
Metric Euclidean metric of R *P
3 Retraction by projection
Vector transport by parallelization [HAG15, (2.3.1)]
ChooseParamsSet2() Use intrinsic approach [Hual3, | yes
§9.5]
Metric Euclidean metric of S %"
4 Retraction by projection
Vector transport by projection
ChooseParamsSet3() Use intrinsic approach [Hual3, | yes
§9.5]
Metric metric in [HGZ17|
5 Retraction by projection
Vector transport by projection
ChooseParamsSet4() Use intrinsic approach [Hual3l | yes
§9.5]
Metric Euclidean metric of R®*P
6 Retraction by projection
Vector transport by projection
ChooseParamsSet4() Use intrinsic approach [Hual3l | yes
§9.5]
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