
Mid-PriceMovementPredictionusingHawkesProcesses
Yuanda Chen Major Advisor: Dr. Alec Kercheval

Financial Mathematics, Florida State University

Contribution
We introduce a 4-dimensional Hawkes processes
model to simulate the dynamics of Limit Order
Book. Each dimension corresponds to the market
events that increases/decrease the queue sizes at the
best bid/ask. Comparing to the homogeneous Pois-
son process, the Hawkes process captures the well-
observed clustering effect of each single kind of mar-
ket event. At the meanwhile, it allows us to build-in
the cross-excitation among different kinds of market
events.
Monte Carlo simulation is used to estimate the proba-
bility of the next mid-price movement being upward.
An algorithmic trading strategy is designed to evalu-
ate the performance.

M -Dimensional Hawkes Process
AnM -dimensional Hawkes process with exponential
kernel has the conditional intensity:

λm(t|F(t)) = µm +
M∑
n=1

αmn

∫ t

0

e−βmn(t−u)dNn(u).

Given the occurrence times {tni }n=1,2,...,M ,

λm(t) = µm +
M∑
n=1

αmn
∑

{k:tnk<t}

e−βmn(t−tnk ).

for m = 1, 2, . . . ,M .

Simulating Hawkes Process
Algo: Thinning Algorithm

Input: U , A, B, T
1 Initialize {ti}i=1,2,...,M = {},
s = 0, m = sum(U);

2 while s < T do
3 Draw

∆s ∼ exponential(m);
4 Set s = s+ ∆s;
5 Compute λ = sum(λ(s|Ft));
6 Draw D ∼ uniform(0, 1);
7 if D ≤ λ/m then

/* /w prob.
proportional to
intensity */

8 Accept s to tn ;
/* column sum */

9 Set m = λ+ sum(A:,n) ;
10 else
11 Set m = λ;
12 end
13 end
14 return {ti}i=1,2,...,M

Calibration
The model parameters are calibrated by numerically optimizing the likelihood:

logL
(
{tni }n=1,2,...,M

∣∣∣ θ) =
M∑
m=1

logLm

(
{tni }n=1,2,...,M

∣∣∣ θ)

=
M∑
m=1

−µmT −
M∑
n=1

αmn
βmn

∑
{k:tnk<T}

[
1− e−βmn(T−tnk )

]
+

∑
{k:tmk <T}

log

[
µm +

M∑
n=1

αmnRmn(k)

]
with the recursion: Rmn(i) =

∑
{k:tnk<t

m
i }
e−βmn(tmi −t

n
k ) = e−βmn(tmi −t

m
i−1)Rmn(i− 1) +

∑
{tmi−1≤tnk<t

m
i }
e−βmn(tmi −t

n
k )

Rmn(0) = 0

Hawkes v.s. Poisson

µ1 µ2 α11 α12 α21 α22 β11 β12 β21 β22

True (blue) 0.1 0.5 0.1 0.7 0.5 0.2 1.2 1.0 0.8 0.6
Hawkes (red) 0.12 0.58 0.08 0.61 0.55 0.21 0.71 0.95 0.91 0.60

Poisson (green) 2.37 3.05 - - - - - - - -

Diffusion Approximation

Let K = {αij

βij
}, µ̄ = (I − K)−1µT , σ̄ = (I −

K)−1
[
diag

(
(I −K)−1µ

)]1/2√
T , then N(tT )

T→∞−−−−→
µ̄t+ σ̄Wt. The queue sizes at best bid/ask can be mod-
eled as:

{
Qa(t) = Qa0 + SLN

4(t)− SMN3(t)
Qb(t) = Qb0 + SLN

2(t)− SMN1(t)

Assuming no drift terms in Qa and Qb, we have a 2-
dimensional correlated Brownian Motion.



dQa(t) =
4∑
i=1

(SLσ̄4i − SM σ̄3i)dW
i
t

=
√∑

(SLσ̄4i − SM σ̄3i)2dW 1
t

dQb(t) =
4∑
i=1

(SLσ̄2i − SM σ̄1i)dW
i
t

=
√∑

(SLσ̄2i − SM σ̄1i)2dW 2
t

ρ =
∑

(SLσ̄4i−SM σ̄3i)(SLσ̄2i−SM σ̄1i)√∑
(SLσ̄4i−SM σ̄3i)2

√∑
(SLσ̄2i−SM σ̄1i)2

This allows fast approximation of the probability for an
upward mid-price movement (i.e. Qa(t) becomes neg-
ative before Qb(t) does) from the analytical solution.

Results

This example shows an event-by-event calculation of
the probability that the mid-price moves up. The top
pane shows the result obtained in 3 ways: blue and
green are from Monte Carlo simulation and red from
diffusion approximation. From the volumes at best
bid/ask shown in the bottom pane, we can see the
mid-price doesn’t change during the whole period
and it moves down at the end. The blue curve dis-
covers this about 30 events earlier than the other two.

This is a simple trading strategy based on the prob-
ability calculation. Assuming we can freely long or
short 1 share each time, we execute a long (short)
whenever the probability is bigger than 0.9 (smaller
than 0.1). Whenever we are at a long (short) position
and the prediction is down (up), we clear our posi-
tion. Green curve is the holdings throughout the day
and blue is the cash value every time we hold no po-
sition. The prediction is made by Monte Carlo simu-
lation (top) and diffusion approximation (bottom).

Cython Parallel Computing
The Monte Carlo simulations are very time consuming. Al-
l experiments are done using 80-core parallel computing
in the Research Computing Center of FSU. By modifying
Python code to Cython we obtain about x100 speed increase
to get near C-performance. The single-core performance of
MATLAB/Python/Cython/C is compared and the scala-
bility of Cython and C with MPI is studied for the parallel
computing.
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